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= 


In preparing this volume the authors have endeavored to write 
a drill book for beginners which presents the elements of the 
subject in a manner conforming with modern ideas. The scope 
of the book is limited only by the assumption that a knowledge 
of Algebra through quadratics must suffice for any investigation. 
This does not mean a treatise on conic sections. In fact, the 
authors have intentionally avoided giving the book this form. 
Conic sections naturally appear, but chiefly as illustrative of 
general analytic methods. A chapter is devoted to their study, 
but the numerous properties of these curves are developed inci- 
dentally as applications of methods of general importance. 

The subject-matter is rather more than is necessary for the 
usual course of sixty exercises. It has been made so intentionally, 
to permit of choice on the part of the teacher, and also in order 
to include all topics strictly elementary in the sense defined 
above. The table of contents will show topics not usually treated. 
For example, in discussing the nature of the locus of the general 
equation of the second degree (Chapter XII), invariants are 
introduced. Again, three chapters are devoted to the simple 
- transformations in the plane. After mastering the entire book, 
the student is assured of an acquaintance with all that is funda- 
mental in modern Analytic Euclidean Geometry. 

Attention is called to the method of treatment. The subject is 


developed after the Euclidean method of definition and theorem, 
iii 
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without, however, adhering to formal presentation. The advan- 
tage is obvious, for the student is made sure of the exact nature 
of each acquisition. Again, each method is summarized in a rule 
stated in consecutive steps. This is a gain in clearness. Many 
illustrative examples are worked out in the text. 

Emphasis has everywhere been put upon the analytic side, 
that is, the student is taught to start from the equation. He is 
shown how to work with the figure as a guide, but is warned not 
to use it in any other way. Chapter III may be referred to in 
this connection. 

The same methods have been used uniformly for the plane and 
for space. In this way the extension to three dimensions is made 
easy and profitable. 

Acknowledgments are due to Dr. W. A. Granville for many 
helpful suggestions, to Professor E. H. Lockwood for suggestions 
regarding some of the drawings, and to Mr. L. C. Weeks for 


assistance in proof reading. 


New Haven, Connecricur 
December, 1904 
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ANALYTIC GEOMETRY 


CHAPTER I 
REVIEW OF ALGEBRA AND TRIGONOMETRY 


1. Numbers. The numbers arising in carrying out the opera- 
tions of Algebra are of two kinds, real and imaginary. 

A real number is a number whose square is a positive number. 
Zero also is a real number. 

A pure imaginary number is a number whose square is a nega- 
tive number. Every such number reduces to the square root of 
a negative number, and hence has the form 6 V—1, where 0 is a 
real number, and AY =1) = — Lt: 

An imaginary or complex number is a number which may be 
written in the form a +6 -V—1, where a and b are real numbers, 
and § is not zero. Evidently the square of an imaginary number 
is in general also an imaginary number, since 


(a +6 V—1)? =a? — 0? + 208 V—1, 


which is imaginary if @ is not equal to zero. 


« 


2. Constants. A quantity whose value remains unchanged is 
called a constant. ; 

Numerical or absolute constants retain the same values in all 
problems, as 2, — 3, V7, 1, ete. 

Arbitrary constants, or parameters, are constants to which any 
one of an unlimited set of numerical values may be assigned, and 
these assigned values are retained throughout the investigation. 

Arbitrary constants are denoted by letters, usually by letters from the 


first part of the alphabet. In order to increase the number of symbols at our 
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disposal, it is conyenient to use primes (accents) or subscripts or both. For 
example: 

Using primes, 

a (read “a prime or a first’), a” (read ‘‘a double prime or @ second”’), 
a” (read ‘‘a third’’), are all different constants. 

Using subscripts, 

b, (read “‘b one’’), b, (read ‘‘b two’’), are different constants. 

Using both, 

c/ (read ‘‘¢ one prime”), ¢,” (read ‘‘¢ three double prime’’), are different 
constants. 


3. The quadratic. Typical form. Any quadratic equation 
may by transposing and collecting the terms be written in the 
Typical Form 


(1) Av? + Be+C=0, 


in which the wnknown is denoted by x. The coefficients A, B,C 
are arbitrary constants, and may have any values whatever, 
except that A cannot equal zero, since in that case the equation 
would be no longer of the second degree. C is called the con- 
stant term. 

The left-hand member 


(2) Az? +- Bae 4- C 


is called a quadratic, and any quadratic may be written in this 
Typical Form, in which the letter x represents the unknown. 
The quantity B? —4 AC is called the discriminant of either (1) 
or (2), and is denoted by A. 

That is, the discriminant A of a quadratic or quadratic equa- 
tion in the Typical Form is equal to the square of the coefficient 
of the first power of the unknown diminished by four times the 
product of the coefficient of the second power of the unknown 
by the constant term. 

The roots of a quadratic are those numbers which make the 
quadratic equal to zero when substituted for the unknown. 

The roots of the quadratic (2) are also said to be roots of the 
quadratic equation (1). A root of a quadratic equation is said 
to satisfy that equation. 
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In Algebra it is shown that (2) or (1) has two roots, 7, and a, 
obtained by solving (1), namely, 


a B 1 2, 
n= 57 toy VB 4AC, 


(3) ae 
7 — 54 VB 440. 


Ses, 
Adding these values, we have 
B 
4 ees 
( ) X + We A 
Multiplying gives 
Gi 
(5) XiXHo = Fa % 
Hence 


Theorem I. The sum of the roots of a quadratic is equal to the 
coefficient of the first power of the unknown with its sign changed 
divided by the coefficient of the second power. 

The product of the roots equals the constant term divided by the 
coefficient of the second power. 


The quadratic (2) may be written in the form 
(6) Ax? + Bu + C=* A(x — x) (a — 2), 
as may be readily shown by multiplying out the right-hand 
member and substituting from (4) and (5). 

For example, since the roots of 3x2 —4%-+1=0 are 1 and 3, we have iden- 


tically 342 —4% +1=3(e —1) (x — 3). 


The character of the roots x, and x, as numbers (§ 1) when the 
coefficients A, B, C are real numbers evidently depends entirely 
upon the discriminant. This dependence is stated in 


Theorem II. Jf the coefficients of a quadratic are real numbers, 
and if the discriminant be denoted by A, then 
when A is positive the roots are real and unequal ; 
when A is zero the roots are real and equal ; 
when A is negative the roots are imaginary. 


*The sign = is read “is identical with,’ and means that the two expressions 
connected by this sign differ only in form. 
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In the three cases distinguished by Theorem IJ the quadratic 
may be written in three forms in which only real numbers appear. 
These are 1 Roe So set 
Ax? + Be +C =A (x—x,) (x — x2), from (6), of A is positive ; 
Ax? + Be+C =A(x—2)*, from (6), ¢f A ts zero ; 


4AC—B? 


(7) 
BY? ee ; 
Ax?+ Ba+C=A | (= +34) ae a} if Ats negative. 


The last identity is proved thus: 


ees oS 
= 4( 245 Bk ae -=.) 
ae eT eg fat A 4A2/’ 
adding and subtracting YS within the parenthesis. 
B\?2 4AC— B?2 
DGPS Be +0=A4|(a+57) a 4A2 |. Q.E.D. 


4. Special quadratics. If one or both of the coefficients B and 
C in (1), p. 2, is zero, the quadratic is said to be special. 


Case Il. C= 0. 


Equation (1) now becomes, by factoring, 


ek Ax? + Ba =a2(Ax + B)=0 
eae 
Hence the roots are x, = 0, x, =— a Therefore one root of 


a quadratic equation is zero if the constant term of that equation 
is zero. And conversely, if zero is a root of a quadratic, the con- 
stant term must disappear. For if «=0 satisfies (1), p. 2, by 
substitution we have C=0.  ~ 


‘Case II. B=0. 

Equation (1), p. 2, now becomes 
(2) \  AwtteG =0, 

From Theorem I, p. 3, x; + x, = 0, that is, 
(3) a = — By 
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Therefore, if the coefficient of the first power of the unknown 
in a quadratic equation is zero, the roots are equal numerically 
but have opposite signs. Conversely, if the roots of a quadratic 
equation are numerically equal but opposite in sign, then the 
coefficient of the first power of the unknown must disappear. For, 
since the sum of the roots is zero, we must have, by Theorem I, 
153 = 0, 


Ash dil B= C= 0. 
Equation (1), p. 2, now becomes 
(4) Ag? ==)(), 


Hence the roots are both equal to zero, since this equation 
requires that x7=0, the coefficient A being, by hypothesis, 
always different from zero. 


* 


5. Cases when the roots of a quadratic are not independent. 
If a relation exists between the roots x, and x, of the Typical 
ae Az? + Ba +C =0, 
then this relation imposes a condition upon the coefficients A, 
B, and C, which is expressed by an equation involving these 
constants. 

For example, if the roots are equal, that is, if x, =, then 
B?—4AC=0, by Theorem II, p. 3. 

Again, if one root is zero, then x,%;=0; hence C=0, by 
Theorem d, p. 3. 

This correspondence may be stated in parallel columns thus: - 


Quadratic in Typical Form 


elation between the Equation of condition satisfied 
roots ‘ by the coefficients 


In many problems the coefficients involve one or more arbitrary 
constants, and it is often required to find the equation of condi- 
tion satisfied by the latter when a given relation exists between 
the roots. Several examples of this kind will now be worked out 
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Ex. 1. What must be the value of the parameter & if zero is a root of 
the equation 
(1) 2a?-62+k?-38k—4=0? 
Solution. Here A=2, B=—6, C=k?—3k—4. By Casel, p. 4, zero 
is a root when, and only when, C= 0. 
o k2—-38k—-4=0. 
Solving, ; k=4or—1. Ans. 


Ex. 2. For what values of k are the roots of the equation 


: ka? +2ka—42=2-—3k 
real and equal ? 


Solution. Writing the equation in the Typical Form, we have 
(2) ka? + (2k — 4) + (8k —2)=0. 

Hence, in this case, 

A=k, B=2k—4, C=3k—-2. 
Calculating the discriminant A, we get 
A= (2k — 4)? —4k(8k — 2) 
=— 8k?—8k+16=— 8(k? +k — 2). 

By Theorem II, p. 3, the roots are real and equal when, and only when, 
ae: Sa eee =) 

Solving, Ki 2 OTe cA gS: 

Verifying by substituting these answers in the given equation (2) : 
when k= —2, the equation (2) becomes —2 22?—8%—8=0, or —2(%+2)?=0; 
when k= 1, the equation (2) becomes x2—2%+1=0, or (e—1)?=0. 

Hence, for these values of k, the left-hand member of (2) may be trans- 
formed as in (7), p. 4. 

Ex. 3. What equation of condition must be satisfied by the constants 
a, b, k, and m if the roots of the equation 
(8) (0? + a?m?) y? + 2 a®kmy + atk? — ab? = 0 
are equal ? 

Solution. The equation (8) is already in the Typical Form; hence 

A=0b?+ atm?, B= 2a%km, C = atk? — a?bd?. 
By Theorem II, p. 3, the discriminant A must vanish ; hence 
A = 4 atk?m? — 4 (b? + a2m2) (ak? — a2b2) = 0. 
Multiplying out and reducing, 
ah? (k* — atm? — b?) = 0. Ans. 
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Ex. 4. For what values of k do the common solutions of the simultaneous 
equations 
(4) © 8a+4y=k, 
(5) 2 + y? = 25 
become identical ? 


Solution. Solving (4) for y, we have 


(6) y=i(k —32). 
Substituting in (5) and arranging in the Typical Form gives 
(7) ; 25 x — 6 ka + k? — 400 = 0. 


Let the roots of (7) be x; and gz. Then substituting in (6) will give the 

corresponding values y; and ye of y, namely, 

(8) m= Ft(k—8m), yo= p(k — 322), 

and we shall have two common solutions (x, ¥1) and (a2, Ye) of (4) and (5). 
But, by the condition of the problem, these solutions must be identical. 
Hence we must have 

(9) t= % and y = Ye. 

Tf, however, the first of these is true («] = a2), then from (8) y; and yw 
will also be equal. 

Therefore the two common solutions of (4) and (5) become identical when, 
and only when, the roots of the equation (7) are equal; that is, when the dis- 
criminant A of (7) vanishes (Theorem II, p. 3). 

-. A= 86k? — 100 (k? — 400) = 0. 

Solving, k2 = 625, 

k = 25 or — 25. Ans. 


Verification. Substituting each value of k in (7), 
when k=26, the equation (7) becomes 22—6x+9=0, or (x—8)?=0; ». =3; 
when k= — 25, the equation (7) becomes «7+ 6x+9=0, or (e+3)?=0; ..c=—3. 
Then from (6), substituting corresponding values of k and z, 
whenk= 25andz= 3, we have y = }(25—9)=4; 
when & = — 25 and « = — 3, we have y = }(— 25+ 9)=— 4. 
Therefore the two common solutions of (4) and (5) are identical for each 
of these values of k, namely, 


if = 25, the common solutions reduce to x = 3, y= 4; 


if k = — 25, the common solutions reduce to a =— 38, y=— 4. 
Q.E.D. 
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PROBLEMS 


1. Calculate the discriminant of each of the following quadratics, deter- 


mine the sum, the product, and the character of the roots, and write each 
quadratic in one of the forms (7), p. 4. 


(a) 202-6244. (i) 62%? —a@ —1. 

(b) #2 — 9a —10. (j) 722 —6¢ —1. 
(c) 1— a — #?. (k) 3a? — 5. 

(d) 4a2—4e+41. (1) 207+ 4-8. 

(e) 5424+ 10a” + 5. (m) 2a2-+ x + 8. 

(f) 82 — 5x — 22. (n) 622 —a — 5, 

(g) 20? + 138. (0) 102? + 602% + 90. 
(bh) 92? —6a +41. (p) 724+ TH+ 4. 


2. For what real values of the parameter & will one root of each of the 


following equations have the value assigned ? 


. 


One root to be zero: 


(a) 6224+ d5ka — 38h? 4+3=0. ANS ee 

(b) 2k -—322+62—k?+3=0._ Ans. k =—1 or8. 
(c) +4+10%+h?+3=0. Ans. None. 

(d) 1042 — mz + 8k? -8k4+2=0. Ans. k= +110. 
One root to be — 2: 

(ce) 2 —2ke +3=0. Ans. k=— f. 

(f) ke®—a2+3h—1=0. Ans. k=—tor —1. 
(g) kx? +. 62 = kh? — 16. Ans. None. 

(h) ka? + 2ke =— 3. Ans. None. 

(i) 10a? —7Tke + k24+9=0. Ans. k =—%. 


8. For what real values of & and m will both roots of each of the following 


quadratic equations be zero ? 


(a) 547+ me+hkh—56=2. ANS =O. — le 

(b) 22+ (8k —m)x +h? —4=0. Ans. k=4+2,m=+6. 

(c) 2a? + (m?+ 1)e+k2=0. Ans. None. 

(a) a + (m?@4+2k—8m)x+4k—6m=0. Ans. k=0,m=0. 

(e) A+ (m?+ k?—5)t+k+m+4+1=0. Ans. t=1, m=— 2 
2 ile 


4. For what reai values of the parameter are the roots of the following 


equations equal? Verify your answers. 


(a) ke? —-38”-—-1=0. Ans. k=— 3. 
(b) x? -—ke +9=0. . Ans. k=4+6. 
(c) 2ka? + 8hke +12=0. Ans. k = 22, 
(d) 22+ kx —1=0. Ans. None. 

“(e) 5a2—32+5h=0, Ans. k=+ 3 
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(f) + ka +h? 4+2=0., 

(g) #2 —2ke —k—3=0. 

(h) 224+ 26% 4+ 20?4+ 3b—4=0. 
(i) (m + 2)2? —-2m~+1=0. 
(j) (m2? + 4)a2? 4+ 824+2=0. 
(k) 2+ (1—3)e—1=0. 


Myce — 8) y? = 


(2c—l)y+i=0. 


(m) az?+ 2(a+8)2+16=0. 


Ans. 
Ans. 
Ans. 


Ans. 


Ans. 
Ans. 
Ans. 
Ans. 


b=—4orl. 
m=-—1or 2. 
None. 

None. 

None. 

= Tor9: 


5. Derive the equation of condition in order mn the roots of the following 


equations may be equal. 


(a) ma? + 2kmax — 2 px = — k?. 
(b) x2 + 2mpx + 2 bp = 0. 


(c) 2ma? + 2bz + a®@= 
(d) (1 + m?) a? + 2bma + (b2 — r2) = 0. 
2 bky = a2b2m?2 — 
(f) (A+m2B)a?+2bmBr+?B+C=0 


(e) (P— 


a2m2) y2 — 


0. 


bk. 


Ans. 
Ans. 
Ans. 
Ans. 
Ans. 
Ans, 


p(p — 2km) =0. 
p (mp — 2b) = 0. 


b2 = 2 a2m. 
b? = r2(1 + m?). 
a2b2m2 (k2— 


a?m? + b?) = 0. 


PAB+ m?BC+ AC=0. 


6. For what real values of the parameter do the common solutions of the 
following pairs of simultaneous equations become identical ? 


(a) + 2y 


Ste Ys =O 


(Diy = mz —1, 2=4y. 

(c) 2a—38y=b, 2+4+20%=3y. 
(4) y= me+10, 24 y?=10. 
(ec) wa@+y—2=0, 2-—8y=0. 
(f) ¢+4y=c, 2+ 2y2=9. 


(g) + y2-—a2—2y=0, ©+2y=Cc. 


(h) 2? +4y?—82 =0, me —y—2m=0. 


(i) 2 +y2—k=0, 8a—4y =25. 


(j) @—y?+2u—y 
(k) 2ay —B8a—y=0, y+ 38e4+k=0, 


=3, 4e@+y=ce. 


(Ql) w+ 4y?2-—8y=0, w=C. 
(m) 2+ 472—8y=0, y=b. 
(n) 202+ 3y?= 35, 44+ 9y=Kk. 


Ans. 
Ans. 
Ans. 
Ans. 
Ans. 
Ans. 
Ans. 
Ans. 
Ans. 
Ans. 
Ans. 
Ans. 
Ans. 
Ans. 


(0) 2@+ay+2e+y=0, y=—2xe+0. Ans. 


ete 
m=+1. 
Oo 0; 
m=-+ 3. 
None. 
Cima 

CS Does. 
None. 
i125; 
¢=— 12 or 3. 
k=—6o0r0. 
e¢=+ 2. 
b= 02. 
k=+ 36. 


b=—4or0. 


7. If thecommon solutions of the following pairs of simultaneous equations 
are to become identical, what is the corresponding equation of condition ? 

(a) be + ay = ab, y2 = 2px. 

(b) y= ma +b, Ax? + By = 0. 

(c) y=m(a —a), By? + Dz.=0. 

(d) bu + ay = ab, 2ay +c? =0. 

(e) ka —y=c, Ag? + By? = C. 


(f) ecosa+ysina=p, 2+y=r. 


Ans. 
Ans. 
Ans. 
Ans. 
Ans. 
Ans. 


ap (2 b2 + ap) — 


0... 


B(m?B — 4bA) = 0. 
D(4am?B — D) = 0. 
ab (ab + 2c?) =0 


c2A B— k?BC 
BE 


—-AC=0. 


*” 
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6. Variables. A variable is a quantity to which, in the same 
investigation, an unlimited number of values can be assigned. 
In a particular problem the variable may, in general, assume any 
value within certain limits imposed by the nature of the problem. 
It is convenient to indicate these limits by inequalities. 

For example, if the variable x can assume any value between — 2 and 5, that 
is, if x must be greater* than — 2 and less than 5, the simultaneous inequalities 

x>—2, «<5, 
are written in the more compact form 
Die 
Similarly, if the conditions of the problem limit the values of the variable x to 


any negative number less than or equal to — 2, and to any positive number greater 
than or equal to 5, the conditions 


x<—2 or x=—2, and x>5 or e=5 
are abbreviated to SS GL 


7. Variation in sign of a quadratic. In many problems it 
is important to determine the algebraic signs of the results 
obtained by substituting in a quadratic different values for 
the variable unknown, that is, to determine the algebraic signs 
of the values of a quadratic for given values of the variable. 
The discussion of this question depends upon the definitions of 
greater and less already given, the precise point necessary being 
the statement : 


If a is a given real constant and x a real variable, then. 


(1) 


bie x<a, x —a is a negative number; 


when x >a, x — a is a positive number. 


By the aid of this statement and the identities (7), p. 4, we 
easily prove 


*The meaning of greater and less for real numbers (§ 1) is defined as follows: a is 
greater than b when a—b is a positive number, and a is less than 6 when a—d is negative. 
Hence any negative number is less than any positive number ; and if a and } are both 
negative, then a is greater than b when the numerical value of a is less than the numer- 
ical value of b. 


Thus 3<5, but -3>—5. Therefore changing signs throughout an inequality reverses 
the inequality sign. 
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Theorem III. Jf the discriminant of a quadratic is positive, the 
value of the quadratic* and the coefficient of the second power 
differ in sign for all values of the variable lying between the roots, 
and agree in sign for all other values. 

If the discriminant is zero or negative, the value of the quadratic 
and the coefficient of the second power always agree in sign. 


Proof. Denoting the variable by x, and writing the quadratic 
_in the Typical Form, (1), p. 2, we have, by (7), p. 4, 

Casi Il, ABR SSR TO) = 7 (% — x) (« — a) if A is positive. 
Case II. Ax?+ Be+C=A(a— 21)" if A is zero. 


Case III. Axv?+ Ber +C=A| (ax +74)+ te * | if A 
is negative. eee ( re eee 
Consider these cases in turn. 
CasE IJ. Since the roots are unequal, let x,<ax,. Then, by 
(1), we have at once 
(a — 21) (# — wg) is negative when 2;<2< a, 
since x — a, is positive, and x — x, is negative; 
(a — x,) (x — aq) is positive when x < x, or © > aq, 
since « — x, and x — a, are both negative or both positive. 
Therefore the quadratic has the sign of — A in one case, and 
of A in the other. 
Case II. Since (a — x)? is positive (p. 1), the sign of the 
quadratic agrees with that of 4. 


CasE III. Since A is negative, 4 4C — B* = — A is positive; 
hence the expression within the brackets is always positive, and 
the sign is the same as that of A. Q.E.D. 


For example, consider the quadratic 
2%—3t+1. 
Here A=9—8=+1, A =2, and the roots are 4 and 1. 
v 22—8t4+1=2(¢-—4)((-1). 
*It is assumed that all the numbers involved are real. Also, since the value of the 


quadratic is zero for a value of the variable equal to a root, any such value of the 
yariable is excluded, 
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If now any real number be substituted for ¢ in the quadratic, it will be 
found that : 
when }<?¢<l, the quadratic 20 —3¢+1<0; 


when t<iort>l1, the quadratic 2# —3t+41>0. 


Again, consider the quadratic in 7, 
38r24+4r49., 


Here A = 16 —108 =— 92, and A=38. Hence, by Theorem III, if any 
real number whatever be substituted for r, the result will always be a posi-> 
tive number. 

Applications of Theorem III. The following examples illustrate appli- 
cations of Theorem III. 


Ex. 1. Determine all real values of the variable for which the following 
radicals are real. 


(a) V8 — 2a — a2; (b) V2y2+3y +49. 


Solution. Consider the quadratic under the radical. 
In (a), A=4+412=16, A =—1, and the roots are 1 and — 3. 
Applying Theorem III, 
when —3<2<1l, the quadratic 3 — 2% —2?2>0; 
when «<— 38 oraz>l1, the quadratic 3 — 24 —2?<0, 


Since under the condition of the problem the given quadratic must be 
either positive or zero, we have —3<a2<1. Ans. 

In (b), A=9 —72 = — 68, and A =2. Hence, by Theorem III, the quad- 
ratic is positive, and therefore the square root is real for every real value 
Olt eAns: 


Ex. 2. For what values of the parameter k are the roots of the equation 
(2) ka? + 2he —4¢4 =2-—8k 
(a) real and unequal? (b) imaginary ? 

Solution. Writing the equation in the Typical Form, 


ka? + (2k —4)0+3k—2=0, 
we find 
(8) A= B-4AC=~— 8(k? +k — 2). 
(See Ex. 2, p. 6.) 
By Theorem II, p. 3, 


(a) the roots are real and unequal if — 8 (k? + k — 2)>0; 
(b) the roots are imaginary if — 8(k? + k —2)<0. 
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Applying Theorem III to the quadratic 


— 8(k? + k — 2), 
we have, since A = 64 + 512 = 576, A =— 8, and the roots are — 2 and 1, 
when —2<k<1, the quadratic — 8 (k? + k — 2)>0; 


when k < — 2 or k>1, the quadratic — 8 (k? + k — 2)<0. 
Hence 
(a) the roots of (2) are real and unequal if —-2<k<1; 
(b) the roots of (2) are imaginary ifk<—2ork>1. Ans. 
d 
Ex. 3. Show that the simultaneous equations 
(4) y=me+3 
(5) 4e+y2+6¢2—-16=0 
have two real and distinct common solutions for every real value of m. 


Solution. Substituting the value of y from (4) in (5), and arranging the 
result in the Typical Form, we get 


(6) (4 + m?) x? + (6m + 6)% —7=0. 
Calculating the discriminant of (6), we find, neglecting the positive factor 4, 


(7) 16 m? + 18m + 87. 


Applying Theorem III, p. 11, to the quadratic (7), 
A = 324 — 64 - 37 is negative, A = 16. 


Therefore the quadratic (7) has a positive value for every real value of m, 
and hence the roots of (6) are, by Theorem II, p. 3, always real and unequal. 
That is, (6) always has two real roots, x; and 22, and from (4) we find the 
corresponding real values of y, namely, y; and y2, so that the equations 
(4) and. (5) have two real and distinct common solutions, (x1, y1), (2, Y2), 
for every value of m. Q.E.D. 


PROBLEMS 


1. Write inequalities to express that the values of the variable named are 
limited as stated. 
(a) « has any value from 0 to 5 inclusive. 
(b) y has any positive value. 
(c) ¢ has any negative value. 
(d) « has any value less than — 2 or greater than — 1. 
(e) r has any value from — 8 to 8 inclusive. 
(f) z has any negative value, or any positive value not less than 3. 
(g) « has any value not less than — 8 nor greater than 2. 
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2. Determine the sign of each of the quadratics of the first problem on 
p. 8 for all values of the variable. 


3. Determine all real values of the variable for which the square root of 
the quadratics of problem 1, p. 8, are real. 


4. Determine all real values of the parameter for which the roots of each 
equation of problem 4, p. 8, are (a) real and unequal; (b) imaginary. 


_ 5. In problem 6, p. 9, find all real values of the parameter in each case 
such that the two common solutions are (a) real and unequal ; (b) imaginary. 


6. Determine the algebraic sign of the value of the cubic 
2(x% + 1) (@ — 2) (@ — 4) 
for any value of the variable. 


Hint. In this case the roots are —1, 2, 4 in the order of magnitude. Hence, when 
«<-—1, each factor is negative [(1), p. 10] and the cubic is negative, ete. 


Ans. For x«< —1, cubic <0; —1<%<2, cubic>0; 2<a<4, cubic <0; 
4<2, cubic >0. 


7. Determine the sign of the value of each of the following quantics for 
any value of the variable. 


Hint. From Algebra we know that any quantic with real coefficients may be 
resolved into real factors of the first and second degrees. The sign of each factor for 
any value of the variable may then be determined by (1), p. 10, and Theorem III, p. 11. 
It is well first to arrange the real roots of the quantic in the order of magnitude, and 
then it is necessary to consider only values of the variable less than any root, lying 
between each successive pair, and greater than any root, as in problem 6. 


(a) (@ +1) (2a2— 4a +47). (£) (a2 — 9) (a2 — 16) (x? — 25). 
(b) (a? — 2a — 8) (a8 — 42%), (g) (3 22-12) (2—a) (83-22) (5244). 
(c) (3% + 8) (a2 — 4a + 4) (23-1). (bh) (@ —1)2(8 +22) (4—52) (6 —a)% 
(a) (222 + 8) (2 — 4) (at — 1). (i) 7 (a2 — 4) (9 — 22) (16 — 22). 


(e) (2@ +8) (x —1)(@+2)(a—8). (j) (w? — 8) (2a? — 8) (32? — 27). 
(k) (22 + 8)2(9 — 8a) (7— 6a) (12 — 112). 


8. Infinite roots. Consider the quadratic equation 


(1) _ Agt?+ Ba +C=0, 


whose roots are x, and a [ (3), p. 3]. 
Then the equation 


(2) uz? + Bea+A=), 


w 
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obtained from (1) by reversing the order of the coefficients, has 


1 
the roots * — and —> that is, the reciprocals of the roots of (1). 
xy 
Let us now fix ihe values t of Band C, but allow A to dimin- 


ish indefinitely in numerical value, that is, allow A to approach 
zero. Then, in (2), since A (Theorem I, p. 3) is the product of 
the roots, this product must also approach zero. Therefore one 
root of (2) must approach zero; and hence its reciprocal, that is, 
one root of (1), must increase indefinitely. 

Again, let us in (1) and (2) fix the valuet of C only, and 
assume that both B and A approach zero. Then, in (2), both the 


A 
sum, — oo and the product, o’ of the roots approach zero, and 


hence both roots also approach zero. Hence their reciprocals, 
the roots of (1), must increase indefinitely. 
This reasoning establishes 
Theorem IV. Jf the coefficient of the second power in a quadratic 
equation is variable and approaches zero as a limit, then one root 
of the equation becomes infinite.t If the coefficient of the first 
power is also variable and approaches zero as a limit, then both 
roots become infinite. 
Ex. 1. What value must the variable k approach as a limit in order that 
a root of the equation 
822 + 2khe — kx? —-3 —2ke? = 
may become infinite ? 
Solution. Arranging the equation in the Typical Form, we have 
(2 + 2k — 8) a2 — 2h + 8=0. 
If k24+2k —3=0, then one root must become infinite. Hence k must 
approach 1 or —3. Ans. 


* This theorem is demonstrated in Algebra and may be easily verified thus: 


The equation whose roots are 2 and “ is («- ~) ( )=0. 
a fh wy, ays 
Multiplying out and reducing; this becomes 22+ x*—(a#,+a,)-x+1=0. 


By Theorem I, p. 3, x,7,= c 9 &%+%Q=— B » and substitution of these values and 
_ multiplication by A gives (2). A 

+ We give C a value different from zero. 

+ A variable whose numerical value becomes greater than any assigned number is said 
to *‘ become infinite.” 
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Ex. 2. What values must k and m approach in order to make both roots 
of the equation : 2 
(b2 — a%n?).a? — 2 a2kma — a?k? — a2b? = 0 
become infinite ? 
Solution. By Theorem IV we must have 
b2 — a®m2 = 0, or mat=s 


and . 2a%km =0, or k=0. 


Hence m must approach + : or — = and & must approach zero. Ans. 


PROBLEMS 


1. What real value must the parameter approach as a limit in each of the 
following equations in order to make a root become infinite ? 


(a) ka®—82+4+5=0. (d) (m? — 4)a2 -38248=0. 
(b) (2 —1)2? +62 —5=0. (e) (C2? — 8) y? + 2cy —6=0. 
(c) 242 — 3a + ka? + 6 = ka?. (f) 2 b°y? — 38y — 3by2?+2=— 2y?2, 


2. What real values must the parameters k and m approach in order that 
both roots of each of the following equations may become infinite ? 

(a) me? + (2k —m+1)e+6=0. 

(b) (m2 — 8m + 2)y¥? + (8k —2m)y+2=0. 

(c) (m? + k? — 25)? + (m —7Tk + 25)t4+8=0. 

(d) mx? + 38kax + k2x? —4 ma + 25a — 2522 = 2. 

(e) (m@ + 3)a27+ (2k —5)24+8=0. 


9. Equations in several variables. In Analytic Geometry we 
are concerned chiefly with equations in two or more variables. 

An equation is said to be satisfied by any given set of values 
of the variables if the equation reduces to a numerical equality 
when these values are substituted for the variables. 


For example, x = 2, y =— 3 satisfy the equation 
242 + 3.y2 — 3b, 
since 2 (2)2 + 3 (— 3)2= 365. 


Similarly, x= — 1, y= 0, z= — 4 satisfy the equation 
2x2 — 3y2+ 22 —18=0, 
since 2(— 1)? — 3.04 (— 4)2-18=0. 


Y 
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An equation is said to be algebraic in any number of variables, 
for example @, y, z, if it can be transformed into an equation 
each of whose members is a sum of terms of the form aa™y"z?, 
where @ is a constant and m, n, p are positive integers or zero. 

Thus the equations wt + x2y2 — 78424 —5=0, | 


: why + 20%y2= — yB4+5a2+2—% 
are algebraic. 


The equation x? +y2= a? 
is algebraic. 
For, squaring, we get «+ Qary? +y=a4. 


Transposing, Qau2yz == t= Y- 
Squaring, 4 uy = a + v2 + y? — 2ax — 2ay + Quy. 
Transposing, w+ y2 —Qay —2ax—2ay+a2=0. ~ Q.E.D. 


The degree of an algebraic equation is equal to the highest 
degree of any of its terms.* An algebraic equation is said to 
be arranged with respect to the variables when all its terms are 
transposed to the left-hand side and written in the order of 
descending degrees. 

For example, to arrange the equation 

20/2 + 3y’ + 6x —22’y —24 73= 2/2y’ — y’2 
with respect to the variables x’, y’, we transpose and rewrite the terms in the order 
w/3 — 7/24’ +242 —2e’y’ + y24+ 6a + 3y’—2=0. 
-~ This equation is of the third degree. 


An equation which is not algebraic is said to be transcendental. 


Examples of transcendental equations are 
y=sinev, y= 2%, logy= 3x. 


PROBLEMS 


1. Show that each of the following equations is algebraic; arrange the 
terms according to the variables x, y, or x, y, z, and determine the degree. 
(a) @+Vy—5+20%=0. 
(b) 8 +y+82=0. 
(c) sy + 8at+ 6a’ —Tay?+5e—64 8y = 2ay?, 
(d) etyte24+ az — 8ay —222=65. 
(0) y¥=2 + Va?— 2a — 5b. 


* The degree of any term is the sum of the exponents of the variables in that term. 
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(f) y=u+54+V2e27—62 +43. 


1 [D? 
() PT a7 F- fn. 


(h) y= Ax + B+ VLa? + Mz + NW. 


2. Show that the homogeneous quadratic * 
Ax? + Bay + Cy? 
may be written in one of the three forms below analogous to (7), p. 4, if 
the discriminant A= B? — 4 AC satisfies the condition given : 
Case I, Agz?4+ Bey + Oy=A (a — hy) (@ — hy), if A>0; 
Case II. Ax?+ Bry + Cy=A (a — hy)’, if A= 0; 


B 2 4AC— B 
2, 2 paar ps 57} i 
Case IIL, at + Bay + Cy =4[ (2+ 557) + |, fase. 
10. Functions of an angle in a right triangle. In any right 
triangle one of whose acute angles is A, the functions of A are 
defined as follows: 


Sie) me : 
pe, obser ey es 
hy potenuse opposite side 
jacent sid h 
cos A= eee ee 
hypotenuse adjacent side 
tat ie OPPOSE A op ee 


~ opposite side’ 
From the above the theorem is easily derived: 
B In a right triangle a side is equal to the 
product of the hypotenuse and the sine of the 


adjacent side’ 


2 angle opposite to that side, or of the hypote- 
@ nuse and the cosine of the angle adjacent to 
that side. 
A b G 11. Angles in general. In Trigonometry 


an angle XOA is considered as gen- 
erated by the line OA rotating from 
an initial position OX. The angle is 
positive when OA rotates from OX 
counter-clockwise, and negative when 
the direction of rotation of OA is 
clockwise. 


* The coefficients A, B, C and the numbers J,, /, are supposed real. 
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The fixed line OX is called the initial line, the line OA the 
terminal line. 

Measurement of angles. There are two important methods 
of measuring angular magnitude, that is, there -are two unit 
angles. 

Degree measure. The unit angle is 33, of a complete revolu- 
tion, and is called a degree. 

Circular measure. The unit angle is an angle whose subtend- 
ing arc is equal to the radius of that arc, and is called a radian. 

The fundamental relation between the unit angles is given by 
the equation 

180 degrees = T radians (7 = 3.14159 .--). 


Or also, by solving this, 
Tv 
1 degree = 180 = .0174 --- radians, 


1 radian = = = 57.29 .-- degrees. 


These equations enable us to change from one measurement to 
another. In the higher mathematics circular measure is always 
used, and will be adopted in this book. 

The generating line is conceived of as rotating around O through 

-as many revolutions as we choose. Hence the important result: 


Any real number is the circular measure of some angle, and 
conversely, any angle is measured by a real number. 


12. Formulas and theorems from Trigonometry. 


1 1 
1. cot x =—— _; seca = ——-; csca 
tan x COs & sin 2 


sin 7 cose% 
2. tanxg = ——; cotx = ——_.- 
cosa sin x 


8. sin?a + cos?a =1; 14 tan?x = sec?x; 1+ cot?e = csc2z. 


4. sin (— x) =— sin z; csc(— %) =— cseg; 
Bee cos“; .sec(— x)= seca; 
tan (— x) =— tana; cot(— x) =— cota. 
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5. sin(a—2z)= sing; sin(7+%)=— sing; 
cos (7 — %) =— cosa; cos(z + %) =— cosa; 
tan(z —v)=—tanz; tan(m7+a”)= tang; 


1 
6. sin( —«) = cosa; sin (2 + ©) = cos a; 
1 , 
cos(— a) = sina; cos(7 +2)=—sine; 
2 2 
1 
tan(% — 2) = cota; tan (F +2) =— cota. 


7. sin(2 2 — x) =sin(— «) =— sing, ete. 

8. sin(x + y) =sinz cosy + cosa@ sin y. 

9. sin(« — y) = sinx cosy — cosa siny. 
10. cos(x + y) = cosx cosy — sinwsiny. 
11. cos(w — y) = cosx cosy + sinwsiny. 


tan % + tan y tan 7 — tany 


12. tan(@@+y)= 18. tan(z@ —y) = 


1— tana tany ~ 1+ tang tany 

; é S sak 2 tan x 
14. sin2¢ = 2sin%cos%; cos2a = cos*g — sin? ; tan2¢ = —=———__. 
: 1 — tan?a 


x 1—cos« + cosa aS cones a0 1— cosa 
Ns, Fb Ss ey ere oss = + tango = +4 
Bau = 2 V 2 1+ cosx 


16. Theorem. Law of sines. In any triangle the sides are proportional 
to the sines of the opposite angles ; 


Lee sth re 


hat is pees reel oe 
wnat = sinA sinB sinGd 


17. Theorem. Law of cosines. In any triangle the square of a side 
equals the sum of the squares of the two other sides diminished by twice the 
product of those sides by the cosine of their included angle; 


that is. a® = b? + c2 — 2be cos A. 

18. Theorem. Area of a triangle. The area of any triangle equals one 
half the product of two sides by the sine of their included angle; 
that is, area = tabsinC = 4bcsin A = tcasin B. 
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13. Natural values of trigonometric functions. 


Angle in | Angle in 


Radians | Degrees on eos Tan see 
-0000 0° .0000 | 1.0000 -0000 oe) 90° 1.5708 
-0873 5° 0872 .9962 .0875 | 11.480 85° 1.4835 
-1745 10° 1736 9848 1768 6.671 80° 1.38963 


.2618 15° .2588 .9659 .2679 3.782 ues 1.3090 
.3491 | +» 20° .8420 .9397 .8640 2.747 70° 1.2217 
4363 25° .4226 9063 -4663 2.145 65° 1.1345 
.5286 380° .5000 .8660 6774 1.732 60° 1.0472 
.6109 35° .5736 - 8192 7002 1.428 55° -9599 
.6981 40° .6428 -7660 .8391 1.192 50° 8727 
7854 45° 7071 -7071 | 1.0000 | 1.000 45° 7854 


Angle in | Angle in 
Degrees | Radians 


Augic'in | Angle in Sin Cos Tan Cot Sec Cse 


Radians | Degrees 


0° 0 1 0 ee) 1 ee) 


90° 
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eae in | Angle in Sin os Ten Cot Sec Cse 
Radians | Degrees 
0 ae 0 1 0 a) 1 oe) 
us ° 1 3 3 2V3 2 
7 30 ; 5 Ss V3 3 
ah 45° v2 | 2 1 1 v2 v3 
4 2 2 
= a 
4 60° V3 i V3 v3 2 2V3 
3 2 z 3 3 
2 90° 1 0 © 0 2 1 
14. Rules for signs. 

Quadrant Sin Cos Tan Cot Sec Cse 
First . ae F ae ae aR ae 
Second ae - = = i oF 
Third. — = ae af = = 
Fourth = ae = = a = 

15. Greek alphabet. 

Letters Names Letters Names Letters Names 
Aa Alpha ee Tota P p Rho 
BB Beta K x Kappa los Sigma 
Ty Gamma AX Lambda WN ee Tau 
Aé Delta M pw Mu You Upsilon 
Ee Epsilon Ny Nu oo Phi 
Ze Zeta cy xi Xx Chi 

H 7 Kta Oo Omicron Vy Psi 

(om) Theta Ilr Pi Q w Omega 


CEE ALE Re 
CARTESIAN COORDINATES 


16. Directed line. Let X'X be an indefinite straight line, and 
let a point 0, which we shall call the origin be chosen upon 
it. Let a unit of length be adopted and assume that lengths 
measured from O to the right are positive, and to the left negative. 


SO 3 oO pete E40 unit 
ele 
Xe O x 1 


Then any rea/ number (p. 1), if taken as the measure of the length 
of aline OP, will determine a point P on the line. Conversely, 
to each point P on the line will correspond a real number, namely, 
the measure of the length OP, with a positive or negative sign 
according as P is to the right or left of the origin. 

The direction established upon X'X by passing from the origin ~ 
to the points corresponding to the positive numbers is called the 
positive direction on the line. A directed line is a straight line upon 


B A O A B 


which an origin, a unit of length, and a positive direction have 
been assumed. 
An arrowhead is usually placed upon a directed line to indicate 
the positive direction. 
If A and B are any two points of a directed line such that 
OA =a, OB=b, 


then the length of the segment 4B is always given by 6 — a; that 
is, the length of 4B is the difference of the numbers correspond- 
ing to B and A. This statement is evidently equivalent to the 


following definition ; 
23 
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For all positions of two points A and B on a directed line, the 
length AB is given by 


(1) AB = OB — OA, 
where O is the origin. 
(I) (11) (111) (Iv) 
04346 -< O+38 3 0 +5 -6 -20 


OD FASS: 1B. OA! IN, B Yep HO) 
Illustrations. 
In’ Hicli I, AB — Ob — O04 — 0-3 —— 3 BA OA OE 3.6 o. 
ll. AB= OB— 0A=—4—3=—1; BA= OA— OB =3-—@H=41; 
Ill. 4B = OB— OA=+5-—(—3)=+ 8; BA=0A—OB=— 3—5=—8; 
IV. AB= OB — 0A=— 6=(—2)=—_4; BA=04— 0B==2- COs 
The following properties of lengths on a directed line are 
obvious : 
Ze B= BA. 
(3) AB is positive if the direction from A to B agrees with 
the positive direction on the line, and negative if in the contrary 
direction. 


The phrase ‘‘ distance between two points ”’ should not be used if these points 
. lie upon a directed line. Instead, we speak of the length AB, remembering that 
the lengths AB and BA are not equal, but that 4b =— BA. 


17. Cartesian* codrdinates. Let X'X and Y'Y be two directed 
lines intersecting at O, and 
let P be any point in their 
plane. Draw lines through 
P parallel to X'X and Y'Y 
respectively. Then, if 
*OM =a, ON =3, 

the numbers a, 6 are called 
the Cartesian codrdinates of 
P, a the abscissa and 0 the 
ordinate. The directed lines 
X'X and Y'Y are called the 


* So called after René Descartes, 1596-1650, who first introduced the idea of codrdinates 
into the study of Geometry. 


, CARTESIAN COORDINATES 25 


axes of codrdinates, X'X the axis of abscissas, Y'Y the axis of 
ordinates, and their intersection O the origin. 

The coordinates a, b of P are written (a, b), and the symbol 
P(a, 6) is to be read: “The point P, whose coérdinates are a 
and 0.” ; 

Any point P in the plane determines two numbers, the codrdi- 
nates of P. Conversely, given two real numbers a! and 3b’, then 
a point P' in the plane may always be constructed whose coérdi- 
nates are (a', b'). For lay off OM'=a', ON'=0’, and draw lines 
parallel to the axes through M' and N'. These lines intersect at 
P'(a', 6'). Hence 

Every point determines a pair of real numbers, and conversely, 
a parr of real numbers determines a point. 


The imaginary numbers of Algebra have no place in this repre: 
sentation, and for this reason elementary Analytic Geometry is 
concerned only with the real numbers of Algebra. 


18. Rectangular codrdinates. A rectangular system of codérdi- 
nates is determined when the axes X'X and Y'Y are perpendicular 


BEERS 


NN ey 
Perinat 

SSG EE eg 
Seabee EH 
Bena siieat Seatac 
fab OS OS jae 


to each other. This is the usual case, and will be assumed unless 
otherwise stated. 
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The work of plotting points in a rectangular system is much 
simplified by the use of codrdinate or plotting paper, constructed 
by ruling off the plane into equal squares, the sides being parallel 
to the axes. 

In the figure, p. 25, several points are plotted, the unit of length 
being assumed equal to one division on each axis. The method is 
simply this: 

Count off from O along X'X a number of divisions equal to the 
given abscissa, and then from the point so determined a number 
of divisions equal to the given ordinate, observing the 


Rule for signs : 

Abscissas wre positive or negative according as they are laid off 
to the right or left of the origin. Ordinates are 
positive or negative according as they are laid 


Firs off above or below the axis of x. 
+) 


Rectangular axes divide the plane into four 
ee * portions called guadrants ; these are numbered 
(¢,-) 8 in the figure, in which the proper signs of 
' the coordinates are also indicated. 


PROBLEMS 


1. Plot accurately the points (8, 2), (8, — 2), (— 4, 3), (6, 0), (— 5, 0), 
(0, 4). . 


2. Plot accurately the points (1, 6), (8, — 2), (— 2, 0), (4, — 8), (— 7, — 4), 
(— 2,4), (0, — 1), (V8, V2), (— V6, 0). 


8. What are the coordinates of the origin ? Ans. (0, 0). 


4. In what quadrants do the following points die if @ and 6 are positive 
numbers: (— a, b)? (—a, —b)? (b, — a)? (a, b)? 


5. To what quadrants is a point limited if its abscissa is positive? nega- 
tive? its ordinate is positive? negative ? 


6. Plot the triangle whose vertices are (2, — 1), (— 2, 5), (— 8, — 4). 
7. Plot the triangle whose vertices are (— 2, 0), (5 V3 — 2, 5), (— 2, 10). 


8. Plot the quadrilateral whose vertices are (0, — 2), (4, 2), (0, 6), 
(—4, 2). 
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9. If a point moves parallel to the axis of 2, which of its codérdinates 
remains constant ? if parallel to the axis of y? 


10. Cana point move if its abscissa is zero? Where? Can it move if its 
ordinate is zero? Where? Can it move if both abscissa and ordinate are 
zero? Where will it be? 


11. Where may a point be found if its abscissa is 2? if its ordinate 
is — 3? 


12. Where do all those points lie whose abscissas and ordinates are equal ? 


13. Two sides of a rectangle of lengths a and 6 coincide with the axes of 
x and y respectively. What are the codrdinates of the vertices of the rec- 
tangle if it lies in the first quadrant? in the second quadrant? in fhe third 
quadrant? in the fourth quadrant ? 


14. Construct the quadrilateral whose vertices are (— 3, 6), (— 3, 0), (8, 0), 
(8, 6). What kind of a quadrilateral is it ? 


15. Join (8, 5) and (— 8, — 5); also (8, — 5) and (— 3, 5). What are the 
coérdinates of the point of intersection of the two lines ? 


16. Show that (x, y) and (a, — y) are symmetrical with respect to X’X ; 
(«, y) and (— a, y) with respect to Y’Y ; and (a, y) and (— x, — y) with respect 
to the origin. 


17. A line joining two points is bisected at the origin. If the codrdinates 
of one end are (a, — 6), what will be the codrdinates of the other end ? 


18. Consider the bisectors of the angles between the codrdinate axes. 
What is the relation between the abscissa and ordinate of any point of the 
bisector in the first and third quadrants? second and fourth quadrants ? 


19. A square whose side is 2 @ has its center at the origin. What will be 
the codrdinates of its vertices if the sides are parallel to the axes? if the diago- 
nals coincide with the axes ? 

Ans, (a, a), (a, — a), (— a, — a), (—@, a); 
(a V2, 0), (— a V2, 0), (0, a V2), (0, — a V2). 

20. An equilateral triangle whose side is a has its base on the axis of 


and the opposite vertex above X’X. What are the vertices of the triangle if 
the center of the base is at the origin? if the lower left-hand vertex is.at the 


origin ? Ans. ( 0), (-3) 0), (0, ae ; 


(0, 0), (a, 0), (¢ o~*). 
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19. Angles. The angle between two intersecting directed lines 

is defined to be the angle made by their positive 

directions. In the figures the angle between 
the directed lines is the angle marked 6. 

If the directed lines are parallel, then the 

angle between them is zero or 7 according as 

6 the positive directions agree or do not agree. 

Evidently the angle between two directed 

lines may have any value from 0 to 7 inclusive. 

Reversing the direction of either directed line 

changes 9 to the supplement 7— 6. If both directions are 

reversed, the angle is unchanged. 


TT ————— 
: 6=0 6=7 
—_________» pe 


When it is desired to assign a positive direction to a line 
intersecting X'X, we shall always assume the wpward direction 
as positive (see figures). 


Theorem I. If a and B are the angles between a line directed 
upward and the rectangular axes OX and OY, then 


(1) cos B = sina. 
Proof. The figures are typical of all possible cases. 


In Fig. 1, B=5-a, 


and hence cos B = cos (¢ i: «) = sina. (by 6, p. 20) 
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In Fig. 2, B=a—, 
and hence cos B = cos (« = 5) = sin a. 
(by 4 and 6, p. 19) 
In Fig. 3, a= 5) B=0. 
COs) 6 = 1 = gin a. Q.E.D. 


The positive direction of a line parallel to X'X will be assumed 
to agree with the positive direction of X'X, that is, to the right. 


Hence for such a line a=0, B= B and the relation (1) still 
holds, since 


7 ‘ : 
cos B = cos 5 = 0 =sin 0 = sina. 


PROBLEMS 


1. Show that for lines directed downward cos 8 = — sina. 


2. What are the values of a and f for a line directed N.E.? N.W.? S.E. ? 
S.W.? (The axes are assumed to indicate the four cardinal points of the 
compass. ) 


_ 8. Find the relation between the a’s and #’s of two perpendicular lines 
“directed upward. Ans. of — a See + B=. 
a 2 


20. Orthogonal projection. The orthogonal projection of a point 
upon a line is the foot of the perpendicular 
let fall from the point upon the line. 

Thus in the figure 
M is the orthogonal projection of P on X'X; 

N is the orthogonal projection of Pon Y'Y; X’ 
P' is the orthogonal projection of P'on X'X. 


If A and B are two points of a directed 
line, and M and N their projections upon a 
second directed line CD, then MN is called the projection of AB 
upon CD. 
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Theorem II. First theorem of projection. Jf A and B are points 
upon a directed line making an angle y with a second directed line 
CD, then the ; 
(II) projection of the length 4B upon CD = AB cos y. 

Proof. In the figures let 

a = the numerical length of AB, 

l= the numerical length of AS or BT; 
then a and / are positive numbers giving the lengths of the respec- 
tive lines, as in Plane Geometry. Now apply the definition of the 
cosine to the right triangles ABS and ABT (p. 18). 


7B As B 
Oy So tee 
In‘Fig. 1, i=acos BAS =a cos y, 
MN =1, AB=a. 
*. MN = AB cos y. 
In Fig. 2, 1=acos ABT = a cos (7 — y) 
=— @ COS y, (by 5, p. 20) 
MN =1, AB=—a. 
*, MN = AB cos y. 
In Fig. 3, 1=acos ABT = a cos (mr — y) 
=— a COS y, 
MN =—1, AB=a. 
*, MN = AB cos y. 
In Fig. 4, l=acos ABT = a4 cos y, 
MN =— if, AB=— a. 
". MN = AB cos y. 


In Fig. 5, y¥=0; MN = 48 =a: 
Hence MN = AB = AB cos 0 (since cos 0 = 1). 
*. MN = AB cos y. 
In Fig. 6, y=", MN=—tl, AB=«a. 
Hence MN =— AB = AB cos @ (since cos 7 = — 1), 


*. MN = AB cos y: Q.E.D. 
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Consider any two given points 
IP (x4, Y)) P, (Xo, Yo): 
Then in the figure 
M,M, = projection of P,P, on X'X, 
N,N; = projection of P,P, on Y'Y. 


But by (1), p. 24, 
M,M, = OM, = OM, = Xe a V1), 
NiN2 = ON, => ON, => Y2 =— Y1- 
Hence 
Theorem III. Given any two points P, (a, %), Po (a2, Yo); then 
1s — @, = projection of P,P, on XX; 


(IIT) eel 
Yo— Y1, = projection of P,P, on Y'Y. 


21. Lengths. We may now easily prove the important 
Theorem IV. The length l of the line 
joining two points P, (%, Y,), Ps (a2) Yo) 
is gwen by the formula 
(IV) 0=V (a, — 02)? + (Yi — 2)”. 
Proof. Draw lines through P, and *' 
P, parallel to the axes to form the 


‘right triangle P,SP,. Y 
Then SP, = M,M, => Uy aoe Xo, (by TIT) 
PS = NN, — Yi — Yr (by IIT) 


P,P, = V P,S’ + SP, ; 


and hence Tay ee a, ay Yo)» Q.E.D. 
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The method used in deriving (IV) for any positions of P, and 
P, is the following : 

Construct a right triangle by drawing lines parallel to the axes 
through P,; and P,. The sides of this triangle are equal to the 
projections of the length P,P, upon the axes. But these projec- 
tions are always given by (IIJ), or by (II) with one or both 
signs changed. The required length is then the square root of 
the sum of the squares of these projections, so that the change in 
sign mentioned may be neglected. A number of different figures 
should be drawn to make the method clear. 


Ex. 1. Find the length of the line joining the points (1, 8) and (— 5, 5). 
Solution. Call (1, 3) Pi, and (— 5, 5) Po. 


Then 
t=) gs, and % =—"d, yoo, 


and-substituting in (IV), we have 


l=V(1+ 5)? + (8 — 5)? = V40 = 2 V10. 


It should be noticed that we are simply 
finding the hypotenuse of a right triangle 
-whose sides are 6 and 2. 


Remark. The fact that formulas (IIT) and (IV) are true for al/ 
positions of the points P,; and P, is of fundamental importance. 
The application of these formulas to any given problem is there- 
fore simply a matter of direct substitution, as the example worked 
out above illustrates. In deriving such general formulas, since 
if is immaterial in what quadrants the assumed points lie, it is 
most convenient to draw the figure so that the points le in the 
first quadrant, or, in general, so that all the quantities assumed 
as known shall be positive. 


PROBLEMS 


1. Find the projections on the axes and the length of the lines joining 
the following points: 
(a) (— 4, —4) and (1, 3). _ Ans. Projections 5, 7; length = V 74. 
(b) (— V2,-V3) and (V8, V2). 
Ans. Projections V3 + V2, v2 — V3; length = V10. 


. 
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8 = 
(c) (0, 0) and | ah Ans. Projections 5? a8 length = a. 
(d) @+b,c+a) and (c+a,b+4+ 0). z 
Ans. Projections ¢ — b, b— a; length = V(b — c)?+(a — b)?2. 
2. Find the projections of the sides of the following triangles upon the 
axXes: 
(a) (0, 6), (1, 2), (3, i 5). 
(b) (1, 0), (—1, —5), (—1, — 8). 
(c) (a, 0), (, ¢), (c, a). 
8. Find the lengths of the sides of the triangles in problem 2. 
4. Work out formulas (III) and (IV), (a) if a = a2; (b) if y1: = yo. 
5. Find the lengths of the sides of the triangle whose vertices are (4, 3), 
(2, — 2), (— 8, 5). 
“=—6. Show that the points (1, 4), (4, 1), (5, 5) are the vertices of an isosceles 
triangle. 
7. Show that the points (2, 2), (— 2, — 2), (2 V3, -— 2V3) are the vertices 


of an equilateral triangle. 


8. Show that (3, 0), (6, 4), (—1, 8) are the vertices of a right triangle. 
What is its area ? 


9. Prove that (— 4, — 2), (2, 0), (8,6), (2, 4) are the vertices of a paral- 
lelogram. Also find the lengths of the diagonals. 
10. Show that (11, 2), (6, — 10), (— 6, — 5), (—1, 7) are the vertices of 
a square. Find its area. 
<1. Show that the points (1, 3), (2, v6), (2, — V6) are equidistant from 
ay the origin, that is, show that they lie on a circle with its center at the origin 
| and its radius V 10. 


12. Show that the diagonals of any rectangle are equal. 
18. Find the perimeter of the triangle whose vertices are (a, b), (— a, b), 
(—a, —b). 
14. Find the perimeter of the polygon formed by joining the following 
points two by two in order: 
(6, 4), (4, — 8), (0, — 1), (— 5, — 4), (— 2, 1). 


15. One end of a line whose length is 18 is the point (— 4, 8); the ordi- 
nate of the other end is 3. What is its abscissa ? Ans. 8 or — 16, 


b 


/ 16. What equation must the codrdinates of the point (#, y) satisfy if its 
distance from the point (7, — 2) is equal to 11? 
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Y 17. What equation expresses algebraically the fact — the point (2, y) is 
equidistant a the points (2, 38) and (4, ue 


18. If the Nase A OY (Fig., p. 24) equals w, show that the length of the 
line joining P,(#1, y1) and P2 (2, yz) is given by 


L=V (ay — ao)? + (ys — yo)? + 2 (a1 — 22) (Y1 — Y2) COS w. 


U5» LEE (6) = =; find distance between the points (— 3, 3) and (4, — 2). 


Ans. V/39. 
20 liver & find the perimeter of the triangle whose vertices are (1, 3), 
(2, 7),(—4, 4). Ans. V21 + V223 + V109. 


Pps od bi = find the perimeter of triangle (1, 2), (— 2, — 4), (8, — 4). 


Ans. 3V5 +2V3 +V¥26 —5V3 + -V58 — 14-V3. 


22. Prove that (6, 6), (7, — 1), (0, —2), (— 2, 2) lie on a circle whose 
center is at (8, 2). 


23. Ifw= , find the distance between (v3, V2), (-— V2, V3). 
Ans. V10 + V2. 
24. Show that the sum of the projections of the sides of a polygon upon 


either axis is zero if each side is given a direction established by passing 
continuously around the perimeter. 


22. Inclination and slope. The inclination of a line is the angle 
between the axis of x and the line when the latter is given the 
upward direction (p. 28). 

The slope of a line is the tangent of 
its inclination. 

The inclination of a line will be 
denoted by a, a4, a, a', etc.; its slope 
> by m, m4, m2, m', etc., so that m = tan a, 

Mm, = tan a, ete. 

The inclination may be any angle 
from 0 to m inclusive (p. 28). The 
slope may be any real number, since the tangent of an angle in 
the first two quadrants may be any number positive or negative. 
The slope of a line parallel to X'X is of course zero, since the 
inclination is 0 or 7. For a line parallel to Y'Y the slope is infinite. 


Y. 


fs 
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: L/ Theorem V. The slope m of the line. passing through two points 
ee (@1, Y1), Po (2, Yo) is given by 


(VY) 
Proof. M, My = x2 — x; (by CIID), p. 31) 
=) Pose: (by (11), p. 30) 
(1) wee P> COS a= Ly — 1. 
Similarly, ~~ NiN2 = Ya — Yn (by (IIT), p. 31) 
== PP C08 B: (by CII), p. 30) 
(2) nacelle cos B=¥2- Yr 
But cos 6 =sin a. (by (1), p. 28) 
Hence, from (2), 
(3) P,P, Sin a = Y2 — Y. 


Sees : Y2—-Y1_W—Y 
1 — — = . 
Dividing (8) by (1), tan a= m ger Vee eae Q.E.D. 


Ve 


Remark. Formula (V) may be verified by 
constructing a right triangle whose hypot- 
enuse is P,P, aS on p. 31, whence tan a 
(=tan Z SP,P,) is found directly as the ratio 
of the opposite side, SP,=y,—y,, to the 
adjacent side, P,S = x, — 2,.* 

* To construct a line passing through a given point P, whose slope is a positive frac- 
tion 2 we mark a point S b units to the right of P, anda point P, a units above S, and 


draw P,P,. If the slope is a negative fraction, —F» then either S must lie to the left of P; 
or P, must lie below S. 
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J Theorem VI. If two lines are parallel, their slopes are equal; af 
perpendicular, the slope of one is the negative POE of the slope 3 
of the other, and conversely. 


Proof. Let a, and a be the inclinations and m, and mz, the 
slopes of the lines. 

If the lines are parallel, a, =a, .°. m, = Mz. 

If the lines are perpendicular, as in the figure, 


vis 
Tape NEL OSG 


2 


a = a+ 2 
.. m, = tan a, = tan («. = = 
=— cot a, (by 4 and 6, p. 19) 


1 
ae (by 1, p. 19) 
il 
“eM, = — ae Q.E.D. 


The converse is proved by retracing the steps with the assump- 
tion, in the second part, that a, is greater than aj. 


a PROBLEMS 
1. Find the slope of the line joining (1, 3) and (2, 7). Ans. 4. 
2. Find the slope of the line joining (2, 7) and (— 4, — 4). Ans. 12, 
whe 3. Find the slope of the line joining (v8, 3, V2) and (— V2, V3). 

Ans. 2V6 — 5. 

4. Find the slope of the line joining (a + b,c +a), (ce +a,b+0¢). 
ns, (ee 
c—b 


5. Find the slopes of the sides of the triangle whose vertices are (1, 1), 


(1, =) (Vee= vey Pere eS 1-v3_ 
"1-Vv3 143 


6. Prove by means of slopes that (— 4, — 2), (2, 0), (8, 6), (2, 4) are the 
vertices of a parallelogram. 


7. Prove by means of slopes that (8, 0); (6, 4), (— 1, 3) are the vertices 
of a right triangle. 


8. Prove by means of slopes that (0, — 2), (4, 2), (0, 6), (—4, 2) are the 
vertices of a rectangle, and hence, by (IV), of a square. 
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9. Prove by means of their slopes that the diagonals of the square in 
problem 8 are perpendicular. 


10. Prove by means of slopes that (10, 0), (5, 5), (5, — 5), (— 5, 5) are 
ae vertices of a trapezoid. 


ant Show that the line joining (a, b) and (c, — d) is parallel to the line 
joining (— a, — b) and (— ¢, d). 


12. Show that the line joining the origin to (a, b) is perpendicular to the 
line joining the origin to (— 8, a). 


4. What is the slope of a line parallel to Y’Y? perpendicular to Y’Y? 


7a 
x 


15. What is the inclination of the line joining (2, 2) and (— 2, — 2)?” 


U4 
: Ans. ie 
BY L. 16. What is the inclination of the line joining (— 2, 0) and (— 5, 3)? 
- Ans. 32. 
ped 
Ay 17. What is the inclination of the line joining (3, 0) and (4, V3) ? 
' ss Us 
Ans. oy 
Ac: What is the inclination of the line joining (8, 0) and (2, V3) ? 
i 20 
, Ans. 3 
L109. What is the inclination of the line joining (0, — 4) and (— V3, — 5)?_ 
1 
oe) Ans. 6 
, Lv 20. What is the inclination of the line joining (0, 0) and (— V3, 1) ? 
H Ans. ple 
6 


f 21. Prove by means of slopes that (2, 3), (1, — — 8); (8, 9) lie on the same 
straight line. 

b (- 22. Prove that the points (a, b+ ¢), (b, ¢ +), and (c, a+ b) lie on the 

" same straight line. 

if *8. Prove that (1, 5) is on the line joining the points (0; 2) and (2, 8) 

and is equidistant from them. 


24. Prove that the line joining (8, — 2) and (5, 1) is perpendicular to the 
line joining (10, 0) and (18, — 2). 


13. What is the inclination of a line parallel to Y’Y? perpendicular to 


» 
one 
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23. Point of division. Let P, and P, be two fixed points on a 
directed line. Any third point on the line, as P or P’, is said 


P, P iP P' 


“to divide the line into two segments,” and is called a point 
of division. The division is called internal or external according 
as the point falls within or without P,P, The position of the 
point of division depends upon the ratio of its distances from P, 
and P,. Since, however, the line is directed, some convention 
must be made as to the manner of reading these distances. We 
therefore adopt the rule: 

If P is a point of division on a directed line passing through 
P, and P,, then P is said to divide P,P, into the segments P,P 


and PP,. The ratio of division is the value of the ratio* fas 
We shall denote this ratio by A, that is, ; 
ee PEP 
e Pe 


If the division is internal, P,P and PP, agree in direction and 
therefore in sign, and A is therefore positive. In external divi- 
sion A is negative. The sign of » therefore indicates whether 
the point of division P is within or without the segment P,P,; 
and the numerical value determines whether P lies nearer P,. 
or P, The distribution of » is indicated in the figure. 


-~1<\<0 A=0 A>0 Neo ~w<A<-1 
PL, L; 


That is,’ may have any positive value between P, and P., any 
negative value between 0 and — 1 to the left of P,, and any nega- 
tive value between — 1 and — o to the right of P,. The value 
—1 for d is excluded. 


* To assist the memory in writing down this ratio, notice that the point of division P 
is written last in the numerator and jirst in the denominator, 
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Introducing codrdinates, we next prove 

Theorem VII. Point of division. Zhe codrdinates (x, y) of the 
point of division P on the line joining P; (a1, 1), P2(H2) Yo), such 
that the ratio of the segments is 


ibe 


PP, a, 
are gwen by the formulas 
XH, + Ax Yr + day 
VII a pe 
ee) SACS aD Eas tee Sr ra 
M, M MAX 
_—P,P 
Proof. Given A= PP, 


Let @ be the inclination of the line P,P,. Project P,, P, Pe 
upon the axis of x. 
Then, by the first theorem of projection [(I1), p. 30], 


M,M = P,P cos a, 
MM, = PP, Cos «. 


ran MM PP 3 
Dividing, nim i a =i’ (by hypothesis) 
But MM =x — xy, 

MIE we, — 2. (by (IID), p. 31) 
Substituting, ee N, 
Lg — © 


Clearing of fractions and solving for 2, 

__ & + AL, 

anions 

nt AY> 
EN Q.E.D. 
Corollary. Middle point. Zhe codrdinates (x, y) of the middle 
point of the line joining P(x, 1), Po(@2, Y2) are found by taking 

the averages of the given abscissas and ordinates ; that is, 


Similarly, y= 


4 5 (4 + ie) Y = 5 (Yi ale Yo): 


: ; ; i iPad 
For if P is the middle point of P,P,, then \= ae eat: 
2 
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Ex. 1. Find the point P dividing P;(—1, —6), P2(8, 0) in the ratio k= —}. 
Solution. Applying ee w%=-1, y= 6, 


=F Yo = 0. 
=. 8 ear! 
a — i - = = =— 2h, 
Pete a 
_-6-}0_-6_ 
= Per = 3 Ss 3 


Hence P is (— 24, — 8). Ans. 
Ex. 2. Find the codrdinates of the point of 


fp intersection of the medians of a triangle whose 
EI Ee Leh vertices are (X1, Yi), (Ze, Y2), (3, Ys). 
Xe 


Solution. By Plane Geometry we have to find 
the point P on the median AD such that AP = 2 AD, thatis, AP: PD::2:1, 
OLN =a: 

By the Corollary, D is [1 (a2 + a3), 4 (yo + ys)]- AC tH) 
To find P, apply (VII), remembering that A corre- 
sponds to (#1, y1) and D to (Xe, y2). 


1 + 2-3 (x2 + 23) 

142 ; 

— Yt 2-3 (2+ Ys) 
> 1s 

G= $(%1 +22 +23), Y= EY +t Y2t Ys). Ans. 

Hence the abscissa of the intersection of the medians of a triangle is the 
average of the abscissas of the vertices, and similarly for the ordinate. 

The symmetry of these answers is evidence that the particular median 


chosen is immaterial, and the formulas therefore prove the fact of the intersec- 
tion of the medians. 


This gives 4 = 


(%o,Yo) . (23 ,Yq ) 


/ PROBLEMS 


7 he Find the codrdinates of the middle point of the line joining (4, — 6) 


th and (— 2, — 4). Ans. (1, — 5). 
‘ 2. Find the codrdinates of the middle point of the line joining (a+, c+d) 
“/ and (a —b, d—c). Ans. (a, d). 
8. Find the middle points of the sides of the triangle whose vertices are 
(2, 3), (4, — 5), and (— 8, — 6); also find the lengths of the medians. 
Rg 4. Find the coérdinates of the point which divides the line joining (— 1, 4) 
\ and (— 5, — 8) in the ratio 1: 3. Ans. (— 2, 1). 


5. Find the codrdinates of the point which divides the line joining 
/ JS (— 38, — 5) and (6, 9) in the ratio 2:5. Ans. (— $,-—1). 


. 
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. Find the coérdinates of the point which divides the line joining (2, 6) 
a je 4, 8) into segments whose ratio is — 4. Ans. (— 22, 14). 


. Find the codrdinates of the point which divides the line joining 
ie ( je — 4) and (5, 2) into segments whose ratio is — 3. Ans. (— 19, — 16). 


/ Xx 8. Find the coordinates of the points which trisect the line joining the 


$s (— 2, — 1) and (3, 2) Ans. (— 4, 0), (4, 1) 
|f 9. Prove that the middle point of the hypotenuse of a right triangle is 
equidistant from the three vertices. 


/ 10. Show that the diagonals of the parallelogram whose vertices are (1, 2), 
a 5, — 8), (7, — 6), (1, — 11) bisect each other. 


11. Prove that the diagonals of any vapak at mutually bisect each 
ouhigr. 


. Show that the lines joining the middle points of the opposite sides of 
. the pe tiiatorl whose vertices are (6, 8), (— 4, 0), (— 2, — 6), (4, — 4) bisect 
each other. 


ae 13. In the quadrilateral of problem 12 show by means of slopes that the 
“ines j joining the middle points of the adjacent sides form a parallelogram. 


ad 14. Show that in the trapezoid whose vertices are (— 8, 0), (— 4, — 4), 
\ (— 4, 4), and (4, — 4) the length of the line joining the middle points of the 
non-parallel sides is equal to one half the sum of the lengths of the parallel 
sides. Also prove that it is parallel to the parallel sides. 


i 15. In what ratio does the point (— 2, 3) divide the line joining the points 

+ (—8, 5) and (4, — 9)? Ans. 4. 

; Ve ; 

z Me. In what ratio does the point (16, 3) divide the line joining the points 
5, 0) and (2, 1)? Ans. — 3. 


a | 
hea Given the triangle whose vertices are e 5, 3), (1, — 8), (7, 5); show 
“that a line joining the middle points of any two sides is parallel to the third 
sl é and equal to one half of it. 
"| 18. If (2, 1), (8, 3), (6, 2) are the middle points of the sides of a triangle, 
what are the coérdinates of the vertices of the triangle ? 
if Ans. (—1, 2), (5, 0), (7, 4). 
Y 19. Three vertices of a parallelogram are (1, 2), (— 5, — 8), (7, —6). 
What are the coordinates of the fourth vertex ? 
(1, —11), (— 11, 5), or (13, — 1). 
Ago, The middle point of a line is (6, 4), and one end of the line is (6, 7). 
What are the codrdinates of the other end ? Ans. (7, 1). 
21. The vertices of a triangle are (2, 3), (4, — 5), (— 8, — 6). Find the 
coordinates of the point where the medians intersect (center of gravity). 
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{ 


Me, Find the area of the isosceles triangle whose vertices are (1, 5), (5, 1), 
(— 9, — 9) by finding the lengths of the base and altitude. 


// 28. Aline ABis produced to Cso that BC =} AB. Ifthe points A and B 
have the codrdinates (5, 6) and (7, 2) respectively, what are the codrdinates 
of C? Ans. (8, 0). 


24. Show that formula’(VII) holds for oblique codrdinates, that is, Z XOY 
may have any value. 


25. How far is the point bisecting the line joining the points (5, 5) and (8, 7) 
from the origin? What is the slope of this last line ? Ans. 2V18, 3. 


24. Areas. In this section the problem of determining the area 
of any polygon the codrdinates of whose vertices are given will 
be solved. We begin with 


Theorem VIII. The area of a triangle whose vertices are the 
origin, Py(a, y1), and Py (x2, Y2) ws given by the formula 


(VIII) Area of triangle OP, P, = 3 (ay, — ©). 
Pa) Proof. In the figure let 

: 29 Yo 

F(21,y,) a Za XOP,, 


(Eee. 
C= ZF OR. 
(1) 0 = 8 =a. 


By 18, p. 20, 
(2) Area A OP,P, = 


OP,- OP, sin 6 
OP,- OP, sin(B — a) [by (1)] 
(3) =40P,- OP, (sin B cos a — cos B sin a). 


by 9, p. 20 
But in the figure OL Ee 


aS AS GIES mn Aa OM, _ he 
OoeaO OP, OP, 

SIM a= al A » COSa= eel = eI 
OF, WOR, OP, OP, 


Substituting in (3) and reducing, we obtain 


Area A OP,P, = } («12 — 22%). Q.E.D. 
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Ex. 1. Find the area of the triangle whose vertices are the origin, (— 2, 4), 
and (— 5, — 1). 

Solution. Denote (—2, 4) by Pi, (—5, —1) by Pe. 
Then 

4 =— 2, y= 4, %=— 5, ye=—1. 
Substituting in (VII]), 
Area = 1[—2-—1—(—5)-4]J=11. Jt x 
Then Area = 11 unit squares. 5}-1)| 


If, however, the formula (VIII) is applied by denoting (— 2, 4) by Po, and 
(— 5, —1) by Pi, the result will be — 11. 
The two figures are as follows: 


(2) 
The cases of positive and negative area are distinguished by 
Theorem IX. Passing around the perimeter in the order of the 
vertices O, P, Po, 
if the area is on the left, as in Fig. 1, then (VIII) gives a posi- 
tive result ; 

if the area is on the right, as in Fig. 2, then (VIII) gives a 
negative result. 

Proof. When the area is on the left as in Fig. 1, then in (1), 

p. 42, we have 8 >a, and hence @ is positive. Therefore sin 6 

is positive and the product in (2), 


p. 42, which gives the area of OP,P,, ee PB Zee B 
is also positive. But when the area \ ae Mee 
is on the right, as in Fig. 2, we have 6 < ee 

8 <a, and hence 6 is negative. Then (1) (2) 

sin # is negative, and hence also the product in (2), p. 42, which 
gives the area of OP,P,. Q.E.D. 


Formula (VIII) is easily applied to any polygon by regarding 
its area as made up of triangles with the origin as a common 
vertex. Consider any triangle. 
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Theorem X. The area of a triangle whose vertices are P;(X1, Y1), 
P2 (ey Y2)) P3(Xs, Yz) ts gwen by 
(X) Area A PyPyP 3 =} (@1Y2— LY + LY3— L3Yn + LaY1 —LrYs)- 
This formula gives a positive or negative result according as the 


area lies to the left or right in passing 
around the perimeter in the order P,P,P3. 


Proof. Two cases must be distin- 
guished according as the origin is 
within or without the triangle. 

Fig. 1, origin within the triangle. 
By inspection, 

(5) Area A P,P,P, = A OP,P, + A OP,P; + A OP3Py 


since these areas all have the same sign. 


Fig. 2, origin without the triangle. By inspection, 
(6) Area:A P P,P, = A OPP A OPP, +L OPsP;, 
since OP,P,, OP;P, have the same sign, but OP,P, the opposite 
sign, the algebraic sum giving the desired area. 

By (VIII), A OP,P, = 4 (a@yy_ — Fe), 

A OPPs = }(®Ys3 — Layo), A OP3P; = } (Xs — LrYs). 

Substituting in (5) and (6), we have (X),. 

Also in (5) the area is positive, in (6) negative. Q.E.D. 

An easy way to apply (X) is given by the following 

Rule for finding the area of a triangle. 

First step. Write down the vertices in two columns, % 1 
abscissas in one, ordinates in the other, repeating the _ 
coordinates of the first vertex. 1 Yi 

Second step. Multiply each abscissa by the ordinate of the next 
row, and add results. This gives xyy_ + Xoy3 + Xs. 

Third step. Multiply each ordinate by the abscissa of the neat 
row, and add results. This gives yy%_ + Yoxs + Yet. 

Fourth step. Subtract the result of the third step from that of 
the second step, and divide by 2. This gives the required area, 
namely, formula (X). 


* 
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It is easy to show in the same manner that the rule applies to 
any polygon, if the following caution be observed in the first step : 


Write down the codrdinates of the vertices in an order agreeing 
with that established by passing continuously around the perimeter, 
and repeat the coordinates of the first vertex. 


Ex. 2. Find the area of the quadrilateral whose vertices are (1, 6), 
C3, —4, @, —2), (—1,3). 


Solution. Plotting, we have the figure from which a Rlrvs 
we choose the order of the vertices as indi- 1 6 a) 
cated by the arrows. Followingtherule: _ 4 3 
First step. Write down the verticesin —3 —4 Ale 
order. 2-2 ries 
Second step. Multiply each abscissa 6 Bar 
by the ordinate of the next row, and add. This gives | 
1x3+(-1x-—4)4 (-8 x—2)+2 x 6=25. 2 Ix 
Third step. Multiply each ordinate by the abscissa (7) 
of the next row and add. This gives ans 
6x —1+3x-—84(—4x 2) 4 (—2 x1) =— 25. (-3,-4) 


Fourth step. Subtract the result of the third step 
from the result of the second step, and divide by 2. 


25 + 25 


ATCA = 25 unit squares. Ans. 


The result has the positive sign, since the area is on the left. 


PROBLEMS 


1. Find the area of the triangle whose vertices are (2, 8), (1, 5), (—1, — 2). 
Ans. 43. 


_/-2. Find the area of the triangle whose vertices are (2, 3), (4, —5), (—3, —6). 
Ans. 29. 


‘8. Find the area of the triangle whose vertices are (8, 3), (— 2, 3), (4, — 5). 
Ans. 40. 


4, Find the area of the triangle whose vertices are (a, 0), (— a, 0), (0, 0). 
. Ans. ab. 


5. Find the area of the triangle whose vertices are (0, 0), (1, 1), (2, Y2). 
Leas *1Y2 z Cay | 
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‘6. Find the area of the triangle whose vertices are (a, 1), (0, b), (c¢, 1). 
‘Ans, = Oban 
/ 2 
17. Find the area of the triangle.whose vertices are (a, 5), (b, a), (c, — ¢). 
Ans. 4(a? — 6). 
8. Find the area of the triangle whose vertices are (3, 0), (0,3 V3), (6,3 V8). 
Ans. 9V3. 


. 
9. Prove that the area of the triangle whose vertices are the points 
(2, 3), (5, 4), (— 4, 1) is zero, and hence that these points all lie on the same 
straight line. St ee 
——~~" --* 10. Prove that the area of the triangle whose vertices are the points 
(a,b +c), (b, e+ 4), (c, a+ bd) is zero, and hence that these points all lie on 
the same straight line. 


=~ 11. Prove that the area of the triangle whose vertices are the points 
(a, ¢ + a), (— ¢, 0), (— a, ¢ — a) is zero, and hence that these points all lie 
on the same straight line. 


|/ 12. Find the area of the quadrilateral whose vertices are (— 2, 3), 


(—8, —4), (5, —1), (2, 2). Ans. 31. 
18. Find the area of the pentagon whose vertices are (1, 2), (8, — 1), 
(6, — 2), (2, 5), (4, 4). Ans. 18. 
,_, 14. Find the area of the parallelogram whose vertices are (10, 5), (— 2, 5), 
(— 5, — 3), (7, — 3). Ans. 96. 
A 15. Find the area of the quadrilateral whose vertices are (0, 0), (5, 0), 
(9, 11), (0, 3). Ans. 41. 
/ ..°16. Find the area of the quadrilateral whose vertices are (7, 0), (11, 9), 
a2 ‘ 5), (0, 0). Ans. 59. 


"17. Show that the area of the triangle whose vertices are (4, 6), (2, — 4), 
___ (—4, 2) is four times the area of the triangle formed by joining the middle 
points of the sides. 


y 18. Show that the lines drawn from the vertices (8, — 8), (— 4, 6), (7, 0) 
‘to the medial point of the triangle divide it into three triangles of equal area. 


4 19. Given the quadrilateral whose vertices are (0, 0), (6, 8), (10, — 2), 

| (4, —4); show that the area of the quadrilateral formed by joining the 
middle points of its adjacent sides is equal to one half the area of the given 
quadrilateral. 


oo a 
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25. Second theorem of projection. 
Lemmal. /f M,, M,, M, are any three points on a directed line, 


then in all cases 
M,M, = M,M, + MpM,. 


O M, M2 
ep np 
O Mm Ms My 


Proof. Let O be the origin. 
By (4), p. 24, M,M, = OM, — OM, 
M,M, = OM, — OM. 
Adding, M,M, + M,M, = OM, — OM. 
But by (1), p. 24, M,M,; = OM, — OM, 
“. 1M; = M,M, + M,M,. Q.E.D. 


This result is easily extended to prove 
Lemma II. Jf M,, M,, Mg, ---, M,_,, M, are any n points on a 
directed line, then in all cases 
MM, = M,M, + M,M, + M,M,+---+ M,_\M,, 
the lengths in the right-hand member being so written that the 
second point of each length is the first point of the next. 


The line joining the first and last points of a broken line is 


called the closing line. 


! 
CM, M, MzD C MM, y M, D 
B, 
(1) *(2) 


Thus in Fig. 1 the closing line is P,P;; in Fig. 2 the closing 


line is P,Ps. 
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Theorem XI. Second theorem of projection. Jf each segment of a 
broken line be given the direction determined in passing continuously 
from one extremity to the other, then the algebraic sum of the pro- 
jections of the segments upon any directed line equals the projection 
of the closing line. 


Proof. The proof results immediately from the Lemmas. For 
in Fig. 1 . 
M,M, = projection of P,P; 
M,M; = projection of P,P3; 
M,M, = projection of closing line P,P. 
But by Lemma I 
M,M, + M,M; = M,Ms3, ; 
and the theorem follows. 
Similarly in Fig. 2. ace 


Corollary. If the sides of a closed polygon be given the direction 
established by passing continuously around the perimeter, the sum 
of the projections of the sides upon any directed line is zero. 


For the closing line is now zero. 


Ex. 1. Find the projection of the line joining the origin and (5, 3) upon 
a line passing through (— 6, 0) whose 


ede ee, PLA 
inclination is r% 


Solution. In the figure, applying the 
second theorem of projection, 


proj. of OP on AB 
= proj. of OM + proj. of MP 
= OM cos © a MP cos * 


(by first theorem of projection, p. 30) 
=$V2+4+3V2=4-V2. Ans, 


aX 


The essential point in the solution of problems like Ex. 1 is the replacing 
of the given line, by means of Theorem XI, by a broken line with two seg- ~ 
ments which are parallel to the axes. 


Sa 
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Ex. 2. Find the perpendicular distance from the line passing through 
(4, 0), whose inclination is 7, to the 
point (10, 2). . 

Solution. In the figure draw OC 
perpendicular to the given line AB. 


ZXAS = =, or 120°. 


So ZXOSSBY ZAsKOpe— er 


Required the perpendicular dis- 
tance RP. 

Project the broken line OMP upon 
OC. Then, by the second theorem of 


projection, 
proj. of OP = proj. of OM + proj. of MP 
= OM cos Z XOS + MP cos Z SOY 
=10-4V3 42-4 
(1) =1+5 v3. 


But in the figure 
proj. of OP=OS+4ST 
= OA cos XOS + RP 
(2) =4.4V3 + RP. 
From (1) and (2), 
RP 4+2V3=145V3. 
RP=1+38%V3. Ans. 


PROBLEMS 


; LA. Four points lie on the axis of abscissas at distances of 1, 3, 6, and 10 
| /respectively from the origin. Find P,P, by Lemma II. 
4 ee. A broken line joins continuously the points (— 1, 4), (8, 6), (6, — 2), 
| (8, 1), (1, —1). Show that the second theorem of projection holds when the 
segments are projected on the X-axis. 


3. Show by means of a figure that the projection of the broken line join- 
‘ing the points (1, 2), (5, 4), (— 1, — 4), (8, —1), and (1, 2) upon any line is 
Zero. 


(/ 4, Find the projection of the line joining the points (2, 1) and (5, 3) upon 


\ 


6 
Ans. 


a line passing through the point (— 1, 1) whose inclination is =. 


8V342 
2 
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+s, What is the projection of the line joining these same points upon any 
2 : < . w 
line whose inclination is 6 ? Why? 
if 6. Find the projection of the line joining the points (— 1, 8) and (2, 4) 
upon any line whose inclination is ? 7. Ans. —V2. 
c¥Y %, Find the projection of the broken line joining the points (—1, 4), 
(8, 6), and (5, 0) upon a line whose inclination is = Verify your result by 
finding the projection of the closing line. | Ans. V2. 
48. Find the projection of the broken line joining (0, 0), (4, 2), and (6, — 3) 
—623 V3. 
2 
9. Show that the projection of the sides of the triangle (2, 1), (— 1,°5), 


: eth cee PN RAITE 
upon a line whose inclination is 37 Ans. 


: SN ern h cen TE 
(— 3, 1) upon a line whose inclination is @ i8 zero. 


10. Find the perpendicular distance from the point (6, 3) to a line passing 
through the point (— 4, 0) with an inclination of 2p “ANS ea 
4 v2 


11. Find the perpendicular distance from the point (— 5, —1) to a line 
passing through the point (6, 0) and having an inclination of 27. 
Ans. 6 V2. 


12. A line of inclination _ passes through the point (5, 0). Find the per- 


pendicular distance to the parallel line passing through the point (0, 2). 
5 V3 
Ans. aoe 


CHAPTER III 
THE CURVE AND THE EQUATION 


26. Locus of a point satisfying a given condition. The curve* 
(or group of curves) passing through all points which satisfy a 
given condition, and through no other points, is called the locus 
of the point satisfying that condition. 

For example, in Plane Geometry, the following results are 
proved : 

The perpendicular bisector of the line joining two fixed points 
is the locus of all points equidistant from these points. 

The bisectors of the adjacent angles formed by two lines is 
the locus of all points equidistant from these lines. 

To solve any locus problem involves two things : 

1. To draw the locus by constructing a sufficient number of 
points satisfying the given condition and therefore lying on the 
locus. 

2. To discuss the nature of the locus, that is, to determine 
properties of the curve.T 

Analytic Geometry is peculiarly adapted to the solution of 
both parts of a locus problem. 


27. Equation of the locus of a point satisfying a given 
condition. Let us take up the locus problem, making use of coor- 
dinates. If any point P satisfying the given condition and there- 
fore lying on the locus be given the codrdinates (a, y), then the 
given condition will lead to an equation involving the variables 
xandy. The following example illustrates this fact, which is 
of fundamental importance. 


* The word “curve” will hereafter signify any continuous line, straight or curved, 

+ As the only loci considered in Elementary Geometry are straight lines and circles, 
the complete loci may be constructed by ruler and compasses, and the second part is 
relatively unimportant. 

5] 
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Ex. 1. Find the equation in z and y if the point whose locus is required 
shall be equidistant from A (— 2, 0) and B(— 3, 8). 

Solution. Let P(x, y) be any pointonthelocus. Then by the given condition 
(1) PA=PB. 

But, by formula IV, p. 31, 

PA=V(e +2)? + (y — 0), 
PB=V (a + 3)? 4+ (y — 8)? 
Substituting in (1), 
(2) V(x + 2)? + (y — 0)? 
= V (a + 8)? + (y — 8)2. 
Squaring and reducing, 
(3) 22 —16y +69=0. 

In the equation (8), z and y are variables representing the coordinates of 
any point on the locus, that is, of any point on the perpendicular bisector of 
the line AB. This equation has two important and characteristic properties : 

1. The coérdinates of any point on the locus may be substituted for x 
and y in the equation (8), and the result will be true. 


For let P (x1, y1) be any point on the locus. Then P,A = P;B, by defi- 
nition. Hence, by formula IV, p. 31, 


(4) V (er + 2)? + y? = V(@i + 8)? + (1 — 8), 
or, squaring and reducing, 


Therefore 1 and 4 satisfy (38). 

2. Conversely, every point whose coérdinates satisfy (8) will lie upon the 
locus. 

For if Pi (21, y1) is a point whose coérdinates satisfy (8), then (5) is true, 
and hence also (4) holds. Q.E.D. 

In particular, the codrdinates of the middle point C of A and B, namely, 
“= — 24, y=4 (Corollary, p. 39), satisfy (3), since 2(—24)—16 x 4+69=0. 


This example illustrates the following correspondence between 
Pure and Analytic Geometry as regards the locus problem : 


Locus problem 


Pure Geometry ; Analytic Geometry 
The geometrical condition (satis- An equation in the variables x 
fied by every point on the and y representing coérdinates 
locus). (satisfied by the codrdinates 


of every point on the locus), 
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This discussion leads to the fundamental definition : 

The equation of the locus of a point satisfying a given condition 
is an equation in the variables x and y representing codrdinates 
such that (1) the codrdinates of every point on the locus will 
satisfy the equation; and (2) conversely, every point whose 
coérdinates satisfy the equation will lie upon the locus. 

This definition shows that the equation of the locus must be 
tested in two ways after derivation, as illustrated in the example 
of this section and in those following. 

From the above definition follows at once the 


Corollary. A point lies upon a curve when and only when its 
coordinates satisfy the equation of the curve. 


‘ 


28. First fundamental problem. Zo find the equation of a 
curve which is defined as the locus of a point satisfying a given 
condition. 

The following rule will suffice for the solution of this problem 
in many cases: 

Rule. First step. Asswme that P(x, y) is any point satisfying 
the gwen condition and is therefore on the curve. 

Second step. Write down the given condition. 

Third step. Express the given condition in codrdinates and 
simplify the result. The final equation, containing x, y, and the 
given constants of the problem, will be the required equation. 


Ex. 1. Find the equation of the straight line passing through P,(4, — 1) 
& 
and having an inclination of we 


Solution. First step. Assume P(r, y) any point 
on the line. 
Second step. The given condition, since the incli- 


5 OE . 
nation @ is i may be written 


(1) Slope of P}P = tana=—1. 
Third step. From (V), p. 35, 
- EU ae Ys are 
(2) Slope of P,P = tana = ST SET 


[By substituting («, y) for (x, y,), and (4, —1) for (x, y,).] 
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y+1 
.. from (1), mae fo 1, 
or 
(3) e+y—8=0. Ans. 


To prove that (3) is the required equation: 

1. The coérdinates (#1, yi) of any point on the line will satisfy (8), for 
the line joins (x1, y1) and (4, — 1), and its slope is —1; hence, by (V), p. 34, 
substituting (4, — 1) for (&2, y2), 


Sw +1 


—1 , or @+ ¥>—3 =0, 
a—4 


and therefore 7; and y; satisfy the equation (8). 
2. Conversely, any point whose codrdinates satisfy (3) is a point on the 
straight line. For if (x1, y1) is any such point, that is, if z} + y; — 3 =0, then 


also —1= Yat} is true, and (#1, yi) is a point on the line passing through 
he 
(4, — 1) and having an inclination equal to —- Q.E.D. 


4 


Ex. 2. Find the equation of a straight line parallel to the axis of y and 
at a distance of 6 units to the right. 


Solution. First step. Assume that P(x, y) is 
any point on the line, and draw NP perpendicular 
to OY. 

Second step. The given condition may be 
written 


(4) NP =6. 


Third step. Since NP = OM =a, (4) becomes 
(5) %=6.: Ans. 


The equation (5) is the required equation : 

1. The coérdinates of every point satisfying the given condition may be 
substituted in (5). For if P(e, y1) is any such point, then by the given 
condition x; = 6, that is, (#1, y1) satisfies (5). 

2. Conversely, if the codrdinates (#1, y;) satisfy (5), then a; =6, and 
P (v1, y1) is at a distance of six units to the right of YY’. Q.E.D. 

The method above illustrated of proving that the derived equation has the 
two characteristic properties of the equation of the locus should be carefully 
studied and applied to each of the following examples. 
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Ex. 3. Find the equation of the locus of a point whose distance from 
(—1, 2) is always equal to 4. 
Solution. First step. Assume that P(a, y) 
is any point on the locus. 
Second step. Denoting (—1, 2) by OC, 
the given condition is 
(6) PO =4. 
Third step. By formula (IV), p. 31, 
PC=V (a+ 1)? + (y — 2)2. 
Substituting in (6), 
V@+iIP+y—22=4, 
Squaring and redueing, 
(7) e+y?+2e%—4y—11=0. 
This is the required equation, namely, the equation of the circle whose 
center is (—1, 2) and radius equals 4. The method+of proof is the same 
as that of the preceding examples. 


PROBLEMS 


| A. Find the equation of a line parallel to OY and 


(a) at a distance of 4 units to the right. 

(b) at a distance of 7 units to the left. 

(c) at a distance of 2 units to the right of (8, 2). 
(d) at a distance of 5 units to the left of (2, — 2). 


_ £ 2. What is the equation of a line parallel to OY and a — b units from it? 
dj How does this line lie relative to OY ifa>b>0? if0>b>a? 
34 3. Find the equation of a line parallel to OX and 


(a) at a distance of 3 units above OX. 

(b) at a distance of 6 units below OX. 

(c) at a distance of 7 units above (— 2, — 38). 
(d) at a distance of 5 units below (4, — 2). 


“4, What is the equation of XX’? of YY’? 

/ 5, Find the equation of a line parallel to the line « = 4 and 3 units to the 
right of it. Eight units to the left of it. : 
“6. Find the equation of a line parallel to the line y =— 2 and 4 units 
below it. Five units above it. 

\en. How does the line y=a-—bDlieifa>b>0? ifb>a>0? 
. 8. What is the equation of the axis of x? of the axis of y? 


t 
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9. What is the equation of the locus of a point which moves always at ; 


a distance of 2 units from the axis of ? from the axis of y? from the line 


* =— 5? from the line y = 4? 


10. What is the equation of the locus of a point which moves so as to 
be equidistant from the lines «= 5 and z=9? equidistant from y = 3 and 


y=—T7? 


1. What are the equations of the sides of the rectangle whose vertices 


are (5, 2), (5, 5), (— 2, 2), (— 2, 5)? 


In problems 12 and 18, P; is a given point on the required line, m is the 


slope of the line, and @ its inclination. 


12. What is the equation of a line if 


(a) P, is (0, 3) and m =— 3? Ans. 
(b) Pi is (—4, — 2) and m=? Ans. 
v2 
(c) Py is (— 2, 8) andm = ws Ans. 
A = 
ns 

(d) Py is (0, 5) and m = > Ans. 
(e) Py; is (0, 0) and m =— 3? Ans. 
(f) Pj is (a, 6) and m = 0? Ans. 
(g) Pi is (— a, 6) andm=o? Ans. 
13. What is the equation of a line if 

(a) Py is (2, 3) and a = 45°? Ans. 
(b) Py is (—1, 2) and @ = 45°? Ans. 
(c) Pi is (— a, — 6) and a@ = 45°? Ans. 
(d) Py is (5, 2) and @ = 60°? Ans. 
(e) Py is (0, — 7) and a= 60°? Ans. 
(f) Pi is (— 4, 5) and a= 0°? Ans. 
(g) Pi is (2, — 8) and a = 90°? Ans. 
(h) P, is (8, —3-V3) and w@=120°? = Ans. 
(i) P; is (0, 8) and a = 150°? Ans. 
(j) Pi is (a, 6) and-a@ = 185°? Ans. 


8e2+y—38=0. 
x—3y—2=0. 
V22—2y4+64+2V2=0. 
V3xe—2y+10=0. 
22%+3y=0. 

y = 0b. 

c=-—a4. 

z—y+1=0. 
e—-yt+3=0. 
e—y=b—a. 


V3a—y+2—5V8=0. 


V32—y—7=0. 
iO 

v= 2. 4 
V3a+y=0. 
V32+3y—9=0. 
e+y=a+d. 


14. Are the points (3, 9), (4, 6), (5, 5) on the line 8a + 2y = 25? 


15. Find the equation of the circle with 


(a) center at (8, 2) and radius = 4. Ans. 
(b) center at (12, — 5) andr=18. Ans. 
(c) center at (0, 0) and radius = r. Ans. 
(d) center at (0, 0) and r= 5. Ans. 


(e) center at (8a, 4a) andr=5a. Ans. 
(f) center at (b+ c¢,b—c)andr=c. 


Ans. 2+ y2—2(b+c)e—2(b—c)y+2R4+ = 


v2+y2—6¢4—4y—8=0. 
w+ y?—242410y=0. 


x2 + y2 = 12, 
2 + y2 = 25. 
w+ y2—2a(8a +4 4y) 


=10; 


0. 
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16. Find the equation of a circle whose center is (5, — 4) and whose 
circumference yess through the point (— 2, 8). 


17. Find the equation of a circle having the line joining (3, — 5) and 
(— 2, 2) as a diameter. 


18. Find the equation of a circle touching each axis at a distance 6 units 
from the origin. 


19. Find the equation of a circle whose center is the middle point of the 
line joining (— 6, 8) to the origin and whose circumference passes through 
the point (2, 3). 


20. A point moves so that its distances from the two fixed points (2, — 3) 
and (— 1, 4) are equal. Find the equation of the locus and plot. 
Ans. 34%—T7y+2=0. 


21, Find the equation of the perpendicular bisector of the line joining 


yet), (— 3, — 38). Ans. 102+ 8y+13=0 
(b) (3, 1), (2, 4). Ans. ©—-8y+5=0. 
ey 1 — 1), (3; 7). Ans. 2+ 2y—7=0. 
(a) (0, 4), (8, 0). Ans. 64 —8y+7=0. 


(e) (1, ¥1), (2, Y2)- 
Ans. 2 (a1 — X2) x + 2(y1 = Yo) Y aL. 22 ly x2 ats yx? e. y2 ZAI. 


22. Show that in problem 21 the codrdinates of the middle point of 
the line joining the given points satisfy the equation of the perpendicular 
bisector. 


23. Find the equations of the perpendicular bisectors of the sides of the 
triangle (4, 8), (10, 0), (6, 2). Show that they meet in the point (11, 7). 


24. Express by an equation that the point (h, k) is equidistant from 
(—1, 1) and (1, 2); also from (1, 2) and (1, — 2). Then show that the point 
(2, 0) is equidistant from (— 1, 1), (1, 2), (1, — 2). 


29. General equations of the straight line and circle. The 
methods illustrated in the preceding section enable us to state 


the following results: 
1. A straight line parallel to the axis of y has an equation of 


the form « = constant. 
2. A straight line parallel to ne axis of x has an equation of 


the form y = constant, 
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Theorem I. The equation of the straight line passing through a 
point B(0, b) on the axis of y and having its slope equal to m is 
(1) y=me« +b. 

Proof. First step. Assume that P (a, y) is any point on the line. 

Second step. The given condition may be written 

Slope of PB =m. 

Third step. Since by Theorem V, p. 35, 
y—b 
x — 0 
[Substituting (x, y) for (x1, y1) and (0, b) for (x2, y2)] 


’ 


Slope of PB = 


then pa: 


=m, or y=mae+d, Q.E.D. 


Theorem II. The equation of the circle whose center is a given 
point (a, B) and whose radius equals r is 
(iI) we+y? —2ax—2py+a+ P—2’=0. 

Proof. First step. Assume that P(a, y) is any point on the 
locus. 


Second step. If the center (a, 8) be denoted by C, the given 


condition is 
Os 7 


Third step. By (IV), p. 31, 
PC =V(e — a)? +(y — By. 
“Ve =a) +(y — py =r. 


Squaring and transposing, we have (II). Q.B.D. 


Corollary. The equation of the circle whose center is the origin 

(0, 0) and whose radius is r is 
7 yp 

The following facts should be observed : 

Any straight line is defined by an equation of the first degree 
in the variables x and y. 

Any circle is defined by an equation of the second degree in 
the variables x and y, in which the terms of the second degree 
consist of the sum of the squares of « and y. 


“THE CURVE AND THE EQUATION 59 


30. Locus of an equation. The preceding sections have illus- 
trated the fact that a locus problem in Analytic Geometry leads 
at once to an equation in the variables x and y. This equation 
having been found or being given, the complete solution of the 
locus problem requires two things, as already noted in the first 
section (p. 51) of this chapter, namely, 

1.. To draw the locus by plotting a sufficient number of points 
whose coordinates satisfy the given equation, and through which 
the locus therefore passes. 

2. To discuss the nature of the locus, that is, to determine 
properties of the curve. 

These two problems are respectively called : 

1. Plotting the locus of an equation (second fundamental 
problem). 

2. Discussing an equation (third fundamental problem). 

For the present, then, we concentrate our attention upon some 
given equation in the variables x and y (one or both) and start 
out with the definition : 

The locus of an equation in two variables representing coérdinates 
is the curve or group of curves passing through all points whose 
coérdinates satisfy that equation,* and through such points only. 

From this definition the truth of the following theorem is at 
once apparent : 


Theorem III. Jf the form of the given equation be changed in any 
way (for example, by transposition, by multiplication by a constant, 
etc.), the locus is entirely unaffected. 


* An equation in the variables x and y is not necessarily satisfied by the codrdinates of 
any points. For codrdinates are real numbers, and the form of the equation may be such 
that it is satisfied by no real values of x aud y. For example, the equation 


2+y?+1=0 


is of this sort, since, when 2 and y are real numbers, x? and y? are necessarily positive 
(or zero), and consequently 22+ y?+1 is always a positive number greater than or equal 
to 1, and therefore not equal to zero. Such an equation therefore has no locus. The 
expression ‘‘the locus of the equation is imaginary” is also used. 

An equation may be satisfied by the codrdinates of a finite number of points only. 
For example, x?+y?=0 is satisfied by z=0, y=0, but by no other real values. In this 
ease the group of points, one or more, whose coordinates satisfy the equation, is called 
the locus of the equation. 
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We now take up in order the solution of the second and third 
fundamental problems. 


31. Second fundamental problem. 

Rule to plot the locus of a given equation. 

First step. Solve the given equation for one of the variables in 
terms of the other.* 

Second step. By this formula compute the values of the vari- 
able for which the equation has been solved by assuming real 
values for the other variable. 

Third step. Plot the points corresponding to the values so 
determined.t 

Fourth step. If the points are numerous enough to suggest the 
general shape of the locus, draw a smooth curve through the points. 


Since there is no limit to the number of points which may be 
computed in this way, it is evident that the locus may be drawn 
as accurately as may be desired by simply plotting a sufficiently 
large number of points. 

Several examples will now be worked out and the arrangement 
of the work should be carefully noted. 


Ex. 1. Draw the locus of the equation 
2~—8y+6=0. 
Solution. First step. Solving for y, 
y=22+ 2. 
Second step. Assume values for x and compute 


Thus, if 
e=1,y=%2-142= 22, 
i — We y=2-242=31, 


2 
3 
a 
3 


2 
2 
3 
4 
t 


Third step. Plot the points found. 
Fourth step. Draw a smooth curve 
through these points. 


(a>) 
ct 
Q oS) 


* The form of the given equation will often be such that solving for one variable is 
simpler than solving for the other. Always choose the simpler solution, 
+ Remember that real values only may be used as codrdinates, 


. 
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Ex. 2. Plot the locus of the equation 
Hf yk — ONS as BY. 


Solution. First step. The equation as given is solved for y. 


Second step. Computing y by assuming values of «, we find the table of 
values below: 


Third step. Plot the points. 
Fourth step. Draw a smooth curve through these points. This gives the 
curve of the figure. 


Ex. 3. Plot the locus of the equation 
+ y%16%—16=0. 


First step. Solving for y, 
yY=+V16 — 6a — 2x2, 


Second step. Compute y by assuming values of x. 


0 
1 
2 
3 
4. 
5 
6 
7 


\ 
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For example, if « = 1, y=tEVIE=6—1=438; 


ife=3, y=+V1i6—18 —9=4V=11, 
an imaginary number ; 


if 2=—1, y=+ V6 +6=1= £46, 
etc. 


Third step. Plot the corresponding points. 
Fourth step. Draw a smooth curve through these points. 


PROBLEMS 
Ni 1. Plot the locus of each of the following equations. 
| (a) ©+2y=0. (p) 22 + y? = 9. 
(b) e+ 2y =3. ‘yq) 22 + y? = 25. 
(c) 8%a—y+5=0. fe) 2+ y?+9e=0. 
(d) Ne 4 a2, ot (s) a+ y2+4y=0. 
ralacan (t) a2 + y2?—62—16=0. 
orate Sas (a) @+y2—6y—16=0. 
(g) ®@+4y—5=0. Sepa ‘i 
a aia ( L,| ie anes 
i) 4a = yf ieee 
( () 4e2=y-1. 7 1+2 
~~ , ye 
Sal) y = 08-1. YG) 2S 1 a 
(m) y= 28 — 4, 2 a | lay? 
( (n) y = a8 — a? — 6. Pie ee 
\ (2) v2 + y2= 4. By 1+ y? 
2, Show that the following equations have no locus (ootnors. p. 59). 
(a) a? - yy? + 1 =0. (f) w+ y2+2%4+2y4+3=0. 
(b) 2424+ 3y2=— 8. 


(g) 402 + y? 4+ 82e+4+5=0. 

(h) y8+20?4+4=0. 

(i) 9w?4+4 y24+18e+8y+15=0. 
(j) + ayt+y2+38=0. 


Write each equation in the form of a sum of squares, or solve for one variable 


(c) 22 -p 4 = 0: 

(a) e¢+y?+8=0. 

() @+1)?74+ 7 +4=0. 
Hint. 


and apply Theorem III, p. 11, to the quadratic under the radical. 


32. Principle of comparison. In Ex. 1, p. 60, and Ex. 3, p. 61, 


we can determine the nature of the locus, that is, discuss the 
equation, by making use of the formulas (1) and (II), p. 58. The 
method is important and is known as the principle of comparison. 
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The nature of the locus of a given equation may be determined 
by comparison with a general known equation, of the latter becomes 
identical with the given equation by assigning particular values to 
its coefficients. 


The method of making the comparison is explained in the 
following : 


Rule. First step. Change the form* of the given equation (if 
necessary) so that one or more of its terms shall be ‘dentical with 
one or more terms of the general equation. 

Second step. Hquate coefficients of corresponding terms in the 
two equations, supplying any terms missing in the given equation 
with zero coefficients. 

Third step. Solve the equations found in the second step for 
the values} of the coefficients of the general equation. 


Ex. 1. Show that 2¢—3y+6=0 is the equation of a straight line 
(Fig., p. 60). 


Solution. First step. Compare with the general equation (I), p. 58, 
(1) y=mea +b. 
Put the given equation in the form of (1) by solving for y, 
(2) Y= 20 +2, 
Second step. The right-hand members are now identical. Equating 
coefficients of x, 
(8) m = 2. 
Equating constant terms, 
(4) O22! 


Third step. Equations (8) and (4) give the values of the coefficients m 
and b, and these are possible values, since, p. 34, the slope of a line may 
have any real value whatever, and of course the ordinate 6 of the point 
(0, b) in which a line crosses the Y-axis may also be any real number. There- 
fore the equation 2% — 8y + 6 = 0 represents a straight line passing through 
(0, 2) and haying a slope equal to 3. Q.E.D. 


*This transformation is called “ putting the given equation in the form” of the 
general equation. 

+The values thus found may be impossible (for example, imaginary) values. This 
may indicate one of two things, —that the given equation has no locus, or that it cannot 
be put in the form required. 


ee. 
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Ex. 2. Show that the locus of 
(5) w+y2+6e2—16=0 
is a circle (Fig., p. 61). 
Solution. First step. Compare with the general equation (II), p. 58, 
(6) ww? + y? — 2ax —2py+ a + p27? = 0. 
The right-hand members of (5) and (6) agree, and also the first two terms, ~ 


ep y?. 
Second step. Equating coefficients of z, 


(7) —2a=6. 
Equating coefficients of y, 
(8) —28=0. % 
Equating constant terms, = 
(9) eit eo a= 16. 
Third step. From (7) and (8), x 
a=—3,p=0. 
Substituting these values in (9) and solving for 7, we find Se 


T2=125, or r= 5: 


Since a, 8, r may be any real numbers whatever, the locus of (5) is a 
circle whose center is (— 3, 0) and whose radius equals 5. 


NG. oes PROBLEMS 


1. Plot the locus of each of the following equations. Prove that the locus 
- is a straight line in each case, and find the slope m and the point of inter- 
section with the axis of y, (0, 6). 


(a) 2e¢+y—6=0. Ans. m=— 2,6=6. 

(b) e—8y+8=0. Ans, mM=4, b= 22 

(c) +2y=0. \ Ans. m=— 14,b=0. 

(d) 5e—6y—5=0,  \ Ans. m=3,b=—8. 

() kz-fy-920. | Ansivm = },b =~ Ps. 

i | — 

(f) eae i Ans. m=, b=— 

(¢) 72 —8y=0. } Ans. m=, b=0. . 
Ans. m= $, b=— 1,5. 


es ae 


a ha oe 


—. 


\ 
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. Plot the locus of each of the equations following, and prove that the 
locus is a circle, finding the center (a, 8) and the radius r in each case. 


(a) 2? +°y2 —16=0. ; Ans. (a; B)= (0310) 74 

(b) #2 + y2 —49=0. a Ans, (a, 8).=(0,.0)si7= 7. 

(c) 2+ y2 — 25=0. \ Ams: (a 5BV=-(05.0) 359 = 5. 

(d) 2+ y2+42=0. \ Ans. (a, 8) =(—2, 0); r=2. 
(e) w+ y?—8y=0. \ Ans. (a, B) = (0, 4); r= 4. 

(f) + y2+42—8y=0. | Ans. (a, B) =(—2, 4); r = V20. 


(g) a+ y2-62%+4y—12=0. 
(h) w+ y7—424+9y—2=0. 
(i) 8274+ 3y%—6a- 8y=0. 


| Ans. (a, B) = (8, — 2); r=5. 
Ans. (a, 8) = (2, — $)3 r=5. 
Ansy (a; 8) — (1,4); r= 3. 


The following problems illustrate cases in which the locus 
problem is completely solved. by analytic methods, since the loci 
may be easily drawn and their nature determined. 


3. Find the equation of the locus of a point whose distances from the 
axes XX’ and YY’ are in a constant ratio equal to 2. 
Ans. The straight line 22 —3y=0. 


4. Find the equation of the locus of a point the sum of whose distances 
from the axes of coérdinates is always equal to 10. 
Ans. The straight line x + y —10=0. 


5. A point moves so that the difference of the squares of its distances 
from (8, 0) and (0, — 2) is always equal to 8. Find the equation of the 
locus and plot. 

Ans. The parallel straight lines 62+ 4y7+3=0,6%+4y-—18=0. 


6. A point moves so as to be always equidistant from the axes of coér- 
dinates. Find the equation of the locus and plot. 
Ans. The perpendicular straight lines x+y =0,2-—y=0. 


7. A point moyes so as to be always equidistant from the straight lines 


“@—4=0and y+5=0. Find the equation of the locus and plot. 


Ans. The perpendicular straight lines 7 —-y—-9=0,7+y+1=0. 


8. Find the equation of the locus of a point the sum of the squares of 
whose distances from (8, 0) and (— 3, 0) always equals 68. Plot the locus. 
Ans. The circle x2 + y? = 25. 


9. Find the equation of the locus of a point which moves so that its dis- 
tances from (8, 0) and (2, 0) are always in a constant ratio equal to 2. Plot 
the locus. Ans. The circle «2+ y? = 16. 


10. A point moves so that the ratio of its distances from (2, 1) and (— 4, 2) 
is always equal to 1. Find the equation of the locus and plot. 
Ans. The circle 82+ 8y?— 24%a—4y=0. 
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In the proofs of the following theorems the choice af the axes 
of codrdinates is left to the student, since no mention is made 
of either coérdinates or equations in the problem. In such cases 
always choose the axes in the most convenient manner possible. 


11. A point moves so that the sum of its distances from two Pepe 
lines is constant. Show that the locus is a straight line. 


Hint. Choosing the axes of codrdinates to coincide with the given lines, the equation 
is x+y= constant. 


12. A point moves so that the difference of the squares of its distances 
from two fixed points is constant. Show that the locus is a straight line. 


Hint. Draw XX’ through the fixed points, and Y Y’ through their middle point. Then 
the fixed points may be written (a, 0), (a, 0), and if the ‘‘constant difference” be denoted 
by k, we find for the locus 4az=k or 4ax=—k, 


13. A point moves so that the sum of the squares of its distances from 
two fixed points is constant. Prove that the locus is a circle. 


Hint. Choose axes as in problem 12. 


14. A point moves so that the ratio of its distances from two fixed points 
is constant. Determine the nature of the locus. 

Ans. A circle if the constant ratio is not equal to unity and a straight 
line if it is. 

The following problems illustrate the 

Theorem. Jf an equation can be put in the form of a product of 
variable factors equal to zero, the locus is found by setting each fac- 
tor equal to zero and plotting the locus of each equation separately. 


15. Draw the locus of 4x2?-—9y2=0. 


Solution. Factoring, 


(1) (2a—8y)(2%+3y)=0. 

Then, by the theorem, the locus consists of the straight lines 
(2) 2%—38y=—0, 
(3) 2%+3y=0. 


Proof. 1. The codrdinates of any point (1, yi) which satisfy (1) will 
satisfy either (2) or (8). 


For if (&1, yi) satisfies (1), 
(4) (2 xr — 3 y1) (2 t+ 3-41) =-0, 
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This product can vanish only when one of the factors is zero. Hence 
either 


2 ae bo 3 n= 0, 
and therefore (21, 71) satisfies (2) ; 
or 24,+3y,=0, 


and therefore (x1, y1) satisfies (3). 
2. A point (%1, y1) on either of the lines defined by (2) and (8) ies also 
lie on the locus of (1). 
For if (#1, yi) is on the line 2% — 38y = 0, 
then (Corollary, p. 58) 
(5) 2%, —8y,—0. 
Hence the product (221; — 3 y1) (221 + 34) also vanishes, since by (5) the 
first factor is zero, and therefore (a, y1) satisfies (1). 


Therefore every point on the locus of (1) is also on the locus of (2) and 
(8), and conversely. This proves the theorem for this example. Q.E.D. 


16. Show that the locus of each of the following equations is a pair of 
straight lines, and plot the lines. 


(a) x2—y?=0. (j) 827+ ey —2y?4+6e—4y=0. 

(b) 9a? —y2=0. (k) 2—y?+ae+y=0. 

(C\ia2 — 972. (1) w—ay+ 5e—5y=0. 

(d) #—4¢%—5=0. (m) 22—2ey+y?+62—6y=0. 

(e) y—6y=7. j/ (n) e?—4y?+ 52+ 10y=0. 

(f) y2—-5ay+6y=0. | (0) @+4ay+4y24 524+10y+6=0. 
(g) ty —22?-—82=0. | (p) 4+ 8ay+2y2+a+y=0. 

(h) ay—22=0. \ (q) 2—4ay —5y2+2%-—10y=0. 

(i) vy = 0. : \ (t) 8a? —2ay —y?+6%—5y=0. 


17. Show that the locus of Aw Be + C = 0 is a pair of parallel lines, a 
single line, or that there is no locus according as A = Bb? — 4 AC is positive, 
zero, or negative. 


18. Show that the locus of Ax? + Bry + Cy? = 0 is a pair of intersecting 
lines, a single line, or a point according as A = B? — 4 AC is positive, zero, 
or negative. 


33. Third fundamental problem. Discussion of an equation. 
The method explained of solving the second fundamental prob- 
lem gives no knowledge of the required curve except that it 
passes through all the points whose coordinates are determined 
as satisfying the given equation. Joining these points gives a 
curve more or less like the exact locus. Serious errors may be 


yrs oie 
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made in this way, however, since the nature of the curve between 
any two successive points plotted is not determined. This objection 
is somewhat obviated by determining before plotting certain prop- 
erties of the locus by a discussion of the given equation now to 
be explained. 

The nature and properties of a locus depend upon the form of 
its equation, and hence the steps of any discussion must depend 
upon the particular problem. In every case, however, the fol- 
lowing questions should be answered. 

1. Is the curve a closed curve or does it extend out infinitely far? 

2. Is the curve symmetrical with respect to either axis or the 
origin ? 

The method of deciding these questions is illustrated in the 
following examples. 


Ex. 1. Plot the locus of 
(1) x2 + 4y?2 = 16, 
Discuss the equation. 
Solution. First step. Solving for 2, 
(2) %=+2V4 — y2, 
Second step. Assume values of y and compute x. This gives the table. 


Third step. Plot the points of the table. 
Fourth step. Draw a smooth curve through these points. 


+4 0 se: 0 
+3.4/ 1 +3.4| -—1 
+2.7/ 14 ||] 42.7) —14 
0 2 0 —2 
imag. 3 imag.| — 3 


Discussion. 1. Equation (1) shows that neither @ nor y can be indefi- 
nitely great, since x? and 4y? are positive for all real values and their sum 
must equal 16. Therefore neither x nor 4y? can exceed 16. Hence the 
curve is a closed curve. 

A second way of proving this is the following: 

From (2), the ordinate y cannot exceed 2 nor be less than — 2, since the 
expression 4 — y? beneath the radical must not be negative. (2) also shows 
that 2 has values only from — 4 to 4 inclusive. Som 
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2. To determine the symmetry with respect to the axes we proceed as 
follows: 

The equation (1) contains no odd powers of # or y; hence it may be writ- 
ten in any one of the forms 


(3) (x)? + 4(— y)? = 16, replacing (a, y) by (%, — 9); 
(4) (— 2)? + 4(y)? = 16, replacing (x, y) by (—@, y); 
(5) (— #)? + 4(— y)? = 16, replacing (x, y) by (— x, — y). 


The transformation of (1) into (8) corresponds in the figure to replacing 
each point P(x, y) on the curve by the point Q(«, —y). But the points P 
and @ are symmetrical with respect to XX’, and (1) and (3) have the same 
locus (Theorem III; p. 59). Hence the locus of (1) is unchanged if each point 
is changed to a second point symmetrical to the first with respect to XX’. 
Therefore the locus is symmetrical with respect to the axis of x. Similarly 
from (4), the locus is symmetrical with respect to the axis of y, and from (5), 
the locus is symmetrical with respect to the origin. 

The locus is called an ellipse. 


Ex. 2. Plot the locus of 
(6) y2—4~%~+15=0. 
Discuss the equation. 


Solution. First step. Solve the equation for x, since a square root would 
have to be extracted if we solved for y. This gives 


+> 


(7) a =1(y2 +165). 
Y, 
(2,y) 
| 
4 
O (62,0) x 
| 
alse : 
(al-y 


Second step. Assume values for y and compute «. 
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Since y? only appears in the equation, positive and negative values of y 
give the same value of x. The calculation gives the table on p. 69. 


For example, if y=+ 3, 
then %=1(9 + 15) =6, etc. 
Third step. Plot the points of the table. 
Fourth step. Draw a smooth curve through these points. 


Discussion. 1. From (7) it is evident that x increases as y increases. 
Hence the curve extends out indefinitely far from both axes. 
2. Since (6) contains no odd powers of y, the equation may be written in 


the form (— y)? —4(e) +15 =0 
by replacing (a, y) by (@, — y). Hence the locus is symmetrical with respect 
to the axis of x. 
The curve is called a parabola. 
Ex. 3. Plot the locus of the equation 
(8) sy —2y—4=0. 
Solution. First step. Solving for y, 


4 


Second step. Compute y, assuming values for a. 


wee When QO OO 

9% y wz y In such cases we assume values differing 
slightly from 2, both less and greater, as in 
the table. 

Third step. Plot the points. 

Fourth step. Draw the curve as in the 
figure in this case, the curve haying two 
branches. 


Ce bo SL 
jor) 


8 
| 
on 
| 


| 
co 
| 
i on) 
| 
NP wir et op DO 


1. From (9) it appears that y diminishes 


-AOorRrWNN NH HK OS 
NH RR © 
— 
lon) 


al aes est and approaches zero as @ increases indefi- 
4 || etc. | ete nitely. The curve therefore extends indefi- 
> nitely far to the right and left, approaching 
: constantly the axis of ~. If we solve (8) for 
« and write the result in the form 
12 0.4 e=2+ a 
etc. etc. y 


it is evident that « approaches 2 as y increases 
indefinitely. Hence the locus extends both 
upward and downward indefinitely far, approaching in each case the line 7 =2. 
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2. The equation cannot be transformed by any one of the thr€e substitutions 
(x, y) into @, — y), 
(x, y) into (— x, y), 
(x, y) into (—, — y), 
without altering it in such a way that the new equation will not have the 


same locus. The locus is therefore not symmetrical with respect to either 
axis, nor with respect to the origin. 


; r 


| 
Y 
nee 


This curve is called an hyperbola. 


Ex. 4. Draw the locus of the equation 


(10) LO 8 
Solution. First step. Solving for y, 
x y 2 y 
Yy — 423, 

0 0 0 0 Second step. Assume values for x 
1 4 ol —i and compute y. Values of x must be 
14 a 14 af taken between the integers in order to 
2 2 —2 —2 give points not too far apart. 
24 333 —24 | — 323 For example, if 
; e ee Lee © = 25, 
Bt 105% 5 3 S 32 Y= i 125 = 125 — 8238, etc 
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Third step. Plot the points thus found. 
Fourth step. The points determine the curve of the 
figure. 


Discussion. 1. From the given equation (10), «and 
y increase simultaneously, and therefore the curve 
extends out indefinitely from both axes. 

2. In (10) there are no even powers nor constant 
term, so that by changing signs the equation may be 
written in the form 


4(—y) =(—2)% 


replacing (x, y) by (— 2, — y). 

Hence the locus is symmetrical with respect to the 
origin. 

The locus is called a cubical parabola. 


34. Symmetry. In the above examples we have assumed the 
definition : 

If the points of a curve can be arranged in pairs which are 
symmetrical with respect to an axis or a point, then the curve 
itself is said to be symmetrical with respect to that axis or point. 

The method used for testing an equation for symmetry of the 
locus was as follows: if (a, y) can be replaced by (#, — y) through- 
out the equation without affecting the ‘locus, then if (a, 6) is on 
the locus, (a, — 6) is also on the locus, and the points of the latter 
occur in pairs symmetrical with respect to XX', etc. Hence 


Theorem IV. Jf the locus of an equation is unaffected by replacing 
y by —y throughout its equation, the locus is symmetrical with 
respect to the axis of «x. , 

If the locus is unaffected by changing x to — x throughout its 
equation, the locus is symmetrical with respect to the axis of y. 

If the locus is unaffected by changing both x and y to — x and 
— y throughout its equation, the locus is symmetrical with respect 
to the origin. 


These theorems may be made to assume a somewhat different 
form if the equation is algebraic in w and y (p. 17).. The locus 
of an algebraic equation in the variables x and y is called an 
algebraic curve. Then from Theorem IV follows 
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Theorem V. Symmetry of an algebraic curve. If no odd powers 
of y occur in an equation, the locus is symmetrical with respect to 
XX; if no odd powers of x occur, the locus is symmetrical with 
respect to YY'. If every term is of even* degree, or every term of 
odd degree, the locus is symmetrical with respect to the origin. 


35. Further discussion. In this section we treat of three more 
questions which enter into the discussion of an equation. 

3. Is the origin on the curve ? 

This question is settled by 


Theorem VI. The locus of an algebraic equation passes through 
the origin when there is no constant term in the equation. 


Proof. The coordinates (0, 0) satisfy the equation when there 
is no constant term. Hence the origin lies on the curve (Corol- 
lary, p. 53). Q.E.D. 


4. What values of x and vy are to be excluded ? 
Since coédrdinates are real numbers we have the - 


Rule to determine all values of x and y which must be excluded. 

First step. Solve the equation for x in terms of y, and from this 
result determine all values of y for which the computed value of x 
will be imaginary. These values of y must be excluded. 

Second step. Solve the equation for y in terms of x, and from 
this result determine all values of x for which the computed value 
of y will be imaginary. These values of x must be excluded. 


The intercepts of a curve on the axis of 2 are the abscissas of 


the points of intersection of the curve and XX'. 


The intercepts of a curve on the axis of y are the ordinates of 
the points of intersection of the curve and YY’. 


Rule to find the intercepts. 

Substitute y = 0 and solve for real values of x. This gives the 
intercepts on the axis of x. 

Substitute « = 0 and solve for real values of y. This gives the 
intercepts on the axis of y. 


* The constant term must be regarded as of even (zero) degree. 
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The proof of the rule follows at once from the definitions. 7 
The rule just given explains how to answer the question: 
5. What are the intercepts of the locus ? 


\ 


36. Directions for discussing an equation. Given an equation, 
the following questions should be answered in order before plot- 
ting the locus. 

1. Is the origin on the locus? (Theorem V1). 

2. Is the locus symmetrical with respect to the axes or the 
origin? (Theorems IV and V). / 

3. What are the intercepts? (Rule, p. 73). 

4. What values of x and y must be excluded? (Rule, p. 73). 

5. Is the curve closed or does it pass off indefinitely Jats ? (§ 38, 
p. 68). 

Answering these questions constitutes what is called a general 
discussion of the given equation. 


Ex. 1. Give a general discussion of the equation 
(1) v2—4y?4+ 16y=0. 
Draw the locus. 


Beep aa 


1. Since the equation contains no constant term, the origin is on the curve. 

2. The equation contains no odd powers of x; hence the locus is symmet- 
rical with respect to YY’. 

3. Putting y = 0, we find x = 0, the intercept on the axis of 2. Putting 
x =0, we find y = 0 and 4, the intercepts on the axis of y. 

4. Solving for a, 
(2) e=4+2Vy2—4y, 
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Hence all values of y between 0 and 4 must be excluded, since for such a 
value y? — 4y is negative (Theorem IH, p. 11). 


Solving for y, 


(3) y=24+4V02+4 16, 


Hence no value of « is excluded, since 2? + 16 is always positive. 


5. From (8), y.increases as «% increases, and the curve extends out 


indefinitely far from both axes. 


Plotting the locus, using (2), the curve is found to be as in the figure. 


The curve is an hyperbola. 


PROBLEMS 


1. Give a general discussion of each of the following equations and draw 


the locus. 

a) a—4y=—0. y 
(bl) y2—4248=0. Rak, 
(c) v+4y?—16=0. ry S 
(@) 9a? +y2?-18=0, 
(e:) #@—4y?-16=0. 
(fa? —4y724+16=0. 
(¢) @-yY+4=0. 7 
(h) @—y+u=0. 


(i) sy —4=0. 
(ji) 9y +a =0. 
(k) 4% —72 =0. 
(l) 6@ — yt =0. 


(m) a¢—y+y=0. 


(n) 9y? — a2 =0. 

(0) 9y? + #8 = 0. t 
(p) 2ay+38e%—-4=0. © 

(q) #—ay+8=0. 

(vr) 2+ ay —4=0. 

(s) 22+ 2a2y —38y=0. 

(t) 2ay—y3+42=0. 

(u) 8a2?—-y+a=0. Ve 
(v) 4y2?-22-—y=0. YL 
(w) 22 — 4? + 62=0. 

(x) w+ 4y?+ 8y=0. 

(y) 9a? + y?+ 18a —6y=0. 
(z) 9a? -y?+18%+6y=0. 


2. Determine the general nature of the locus in each of the following 
equations by assuming particular values for the arbitrary constants, but not 
special values, that is, values which give the equation an added peculiarity.* 


(a) y2 = 2 ma. 
(b) x2 — 2my = m?. 


2 y? 
Ogre 
(da) 2ay = a?. 

g2° 2 ” 
Risa 


(f) 22 — y2 = a2 
(g) 4+ =r. 

(h) 74 y2=2re. 

(i) a4 y2=2ry. 

(j) 2 + y? = 2ax + 2 by. 
(k) ay? = 2°. 

(UY) (erry ss Be 


* For example, in (a) and (b) m=0 is a special value. In fact, in all these examples 


zero is a special value for any constant. 
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3. Draw the locus of the equation 

y? = (w — a) (« — b) (@ — ), 
(a) when a<b<e. (c) when.a <b, b=e. 
(b) when a=b<ce. (d) whena=b=c. 


The loci of the equations (a) to (f) in problem 2 are all of the 
class known as conics, or conte sections, — curves following straight 
lines and circles in the matter of their simplicity. 

A conic section is the locus of a point whose distances from a 
fixed point and a fixed line are in a constant ratio. 


~\ 4. Show that every conic is represented by an equation of the second 
‘degree in gand y. : 


Hint. Take YY’ to coincide with the fixed line, and draw XX’ through the fixed point. 
Denote the fixed point by (p, 0) and the constant ratio by e. 


Ans. (1 — e)z?+4 y2? —2pxr+ p? = 
5. Discuss and plot the locus of the equation of problem 4, 


(a) whene=1. The conic is now called a parabola (see p. 70). 
(b) whene<1. The conic is now called an ellipse (see p. 69). 
(c) when e>1. The conic is now called an hyperbola (see p. 71). 


6. Plot each of the following. 


2y—5=0. = 5 i)e= ‘ 
(a) xy (e) y yy (i) x ae 
“42 —2 

(b) ey -—y+2e=0. - @y=2 > Gyo eg a 
ane y2 

c) xy2—424+6=0. = : k) 4z¢= : 

(c) xy + (g) y¥ eri (k) aus 
—4 8y 

d sy — ‘ohiss(!); => ] aS . 
(d) wy —y+ (h) y= ee (l) « ey 


37. Points of intersection. If two curves whose equations 
are given intersect, the codrdinates of each point of intersection 
must satisfy both equations when substituted in them for the 
variables (Corollary, p. 53). In Algebra it is shown that ail 
values satisfying two equations in two unknowns may be found 
by regarding these equations as simultaneous in the unknowns 
and solving. Hence the 


Rule to find the points of intersection of two curves whose equa- 
tions are given. 
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First step. Consider the equations as simultaneous in the coérdi- 
nates, and solve as in Algebra. 

Second step. Arrange the real solutions in corresponding pairs. 
These will be the codrdinates of all the points of intersection. 

Notice that only veal solutions correspond to common points 
of the two curves, since codrdinates are always real numbers. 

Ex. 1. Find the points of intersection of 
(1) a—Ty+25=0, 
(2) Ay? = 25, 


Solution. First step. Solving 
(1) for a, 
(8) e=Ty — 26. 
Substituting in (2), 
(Ty — 25)? + y? = 25. 
Reducing, y?-—7y+12=0. 
“. ¥ = 8 and 4. 
Substituting in (8) [mot in (2)], 
%=—4and 43. 
Second step. Arranging, the points of intersection are (— 4, 3) and 
(3, 4). “Ans. 
In the figure the straight line (1) is the locus of equation (1), and the 
circle the locus of (2). 
Ex. 2. Find the points of intersection of the loci of 
(4) 242+ 38y? = 35, 
(5) 8a2-—4y=0. 


Solution. First step. Solving (5) for x?, 
(6) Cee 
Substituting in (4) and reducing, 


9y2 + 8y —105=0. 
“ y¥=3s8 and — 42. 


Substituting in (6) and solving, 
%=+2 and + %V— 106. 
Second step. Arranging the real values, we find the points of intersection 
are (+ 2, 8), (— 2, 3). Ans. 
In the figure the ellipse (4) is the locus of (4), and the parabola (5) the 
locus of (5). — 
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wa 
ae 
PROBLEMS = 
‘ 
Find the points of intersection of the following loci. : J 
7#—1ly+1=0 ow a. 
pes recy Os }. Ans. (5, 8) 
+ Y= 7 4 
ae ee Ans. (6, 1). ; 
y=3x4+2 F 
3. 4 +y2=4 Ans. (0, 2), (— &, — 8). | 
y= AG 
4. pee Ans. (0, 0), (16, 16). 
eas 3a = 
ms lan Ans. (0, a), (-= ’ 
+y2—42+6y—12=0 
ik 2y¥=32+3 }. Ans. (75, #8), (38) — 3). 
x? — y? = 16 
sey al Ans. (£4 4), 2 9 
x2 + y2= 41 i 
8. ay = 20 }. Ans. (+ 6, + 4), (ge 4, + 5). 


" 9a? +4 9y2+6e—6y—27= Ans. (— 2, 1), (— #3, — }4). 


a+ y2 = 49 o 


9 w+ y2— 64% —-—2y—15=0 \. 
0) 


10, oe wah aie For what values of 6 are the curves tangent ? . 
~3b+V400—B b43V400—8 
I pees eee ee), = eT vie ‘ 
10 10 
4, Y= 2 pe 
ins we Ans. (0, 0), (22, 27). j 
/yo 48 +y2= a 
V/ 12. eas Ans. (4, 2), (4, — 2). 

x2 = day ; 

13 Sas ale Ans. (2a, a), (—2a, a). 


y= Ans. (8, 6), (8, — 6). 


x? + es = ee) 


2 oe Rae 
ices? bia 


xt = 4ay 
Ba? + a2y? = ah? 
w+ y? =o }. 


Ans. (2a, a), (— 2a, a). 


Ce ee ee 


16. Ans. (a, 0), (—a, 0). 
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17. The two loci - - = 1 and 7+ . = 4 intersect in four points. 


Find the lengths of the sides and of the diagonals of the quadrilateral formed 
by these points. 
Ans. Points, (+ V10, + 3 V6). Sides, 2V10,3-V6. Diagonals, V94. 


Find the area of the triangles and polygons whose sides are the loci of the 


— equations 
18. 8¢+y7+4=0, 3% —5y+4+34=0, 8a—2y+1=0: Ans. 36. 


LO ey Sy Yl, Op de PAS ae 
20. e+y=a,4—-2y=4a,y—“2+7a=0. ° Ans. 12a?. 

ele te 10s y= 10,. 0 4a —i— 6. Ans, 24. 

7! 22. x—y=0,¢+y=0,27-y=a,¢r+y=b. Ans. se 
iy on oy on dy Oe ik Ans. 56. 


24. Find the distance between the points of intersection of the curves 
8e—2y+6=0,22+y2=9. Ans. 18V13. 


25. Does the locus of y2 = 4~ intersect the locus of 2%+3y1+2=0? 
Ans. Yes. 


26. For what value of a will the three lines es ase 2=0, ax+2y—3=0, © 
202 —y —3=0 meet in a point? Ans. a=5. 


27. Find the length of the common chord of 7? + y? = 18 and y= 3443. 
. Ans. 6. 


28. If the equations of the sides of a triangle are 7+ 7y+11=0, 


8x2+y—7=0,%—8y-+1=), find the length of each of the medians. 
Ans. 2V65, 3 V2, 1-V170. 


Show that the following loci intersect in two coincident points, that is, are 
tangent to each other. 


29. 42-102 —6y —31=0, 2y — 10a = 47. 
30. 922 — 4424 54a —16y +29=0, 15e—8y+11=0. 


38. Transcendental curves. The equations thus far consid- 
ered have been algebraic in x and y, since powers alone of the 
variables have appeared. We shall now see how to plot certain 
so-called transcendental curves, in which the variables appear 
otherwise than in powers. The Rule, p. 60, will be followed. 
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Ex. 1. Draw the locus of 
(1) y = logyo x. 
Solution. Assuming values for «, y may be computed by a table of loga- 
‘rithms, or, remembering the definition of a logarithm, from (1) will follow 
(2) i ap MVE, 
Hence values may also be assumed for y, and 2 computed by (2). This 


is done in the table. 
fe y In plotting, 

unit length on XX’ is 2 divisions, 

1 0 unit length on YY’ is 4 divisions. 
ae : General discussion. 1. The curve does not 
100 9 pass through the origin, since (0, 0) does not 

L Ac mm ete satisfy the equation. 
2. The curve is not symmetrical with re- 


spect to either axis or the origin. 
3. In (1), putting x = 0, 


= log 0 = — wo = intercept on YY’. 
In (2), putting y = 0, 


x = 10° =1 = intercept on XX’. 


Sl 
+ Es 
earth 
ae8e000 BES 
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4. From (2), since logarithms of negative numbers do not exist, all nega- 
tive values of x are excluded. 


From (2) no value of y is excluded. 


5. From (2), as y increases # increases, and the locus extends out indefi- 
nitely from both axes. 


From (1), as 
x approaches zero, 
y approaches negative infinity ; 


so we see that the curve extends down indefinitely and approaches nearer 
and nearer to YY’. 
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Ex. 2. Draw the locus of 
(8) y =sing 
if the abscissa x is the circular measure of an angle (Chapter I, p. 19). 


Solution. Assuming values for « and finding the corresponding number 
of degrees, we may compute y by the table of Natural Sines, p. 21. 
For example, if 
x = 1, since 1 radian = 57°.29, 
y = sin 57°.29 = .843. [by (8)] 


It will be more convenient for plotting to choose for x such values that 
the corresponding number of degrees is a whole number. Hence « is 
expressed in terms of 7 in the table. 

For example, if 


2 z ig y patie y =sin™ = sin 60° =.86. 
3 3 
2 . : 4 ee ie ane ai p. 19) 
eee oO b= ec 50 2 # : 
6 6 ; = — sin 120°= —sin 60° (5, p. 20) 
=— 86. : 
ee |. 862 — =" | 86 ; 
| 3 3 In plotting, three divisions being taken 
ua 1.00 || — TES |I5 5 1.00 as the unit of length, lay off 
2 2 AO=O0B=7z = 3.1416, 
2% 86. || — 2m) 86 and divide AO and OB up into six equal 
3 3 parts. 
on hee 5x ERO The course of the curve beyond B is 
6 6 easily determined from the relation — 
a 0 zee 0 sin (27 + @) = sin a. 
as 


Hence y=sing =sin(2z+ 2), 
that is, the curve is unchanged if x + 27 be substituted for x. This means, 
however, that every point is moved a distance 2 z to the right. Hence the arc 


Y, 
1 Q Yel 
Th PIG | : ti | 
51-21 OA iT! rT Ne 
7 re leat | CL || aT 251 lar TT 
ait ot oe ee ee es 
u t r) 
5 Wal R 
y’ 


APO may be moved parallel to XX’ until A falls on B, that is, into the 
position BRC, and it will also be a part of the curve in its new position. 
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Also, the are OQB may be displaced parallel to XX’ until O falls upon C. In 
this way it is seen that the entire locus consists of an indefinite number of 
congruent ares, alternately above and below XX’. 


General discussion. 1. The curve passes through the origin, since (0, 0) 


satisfies the equation. 
2. Since sin (— z) = — sin z, changing signs in (3), 
—y=-—sing, 
or —y=sin(— 2). 
Hence the locus is unchanged if (z, y) is replaced by (— z, — y), and 
the curve is symmetrical with respect to the origin (Theorem IV, p. 72)- 
3. In (3), if es, | 


y = sin 0 = 0 = intercepi on the axis of y. 
Solving (3) for z, 


(4) i 2 
In (4), if y=0, | = 
z=sin-10 


= nz, n being any integer. 


Hence the curve cuts the axis of z an indefinite number of times both én 
the right and left of O, these points being at a distance of z from one another. 

4. In (3), 2 may have any value, since any number is the circular meas- 
ure of an angle. 

In (4), y may have values from — 1 to + 1 inclusive, since the sine of an 
angle has values only from — 1 to +1 inclusive. 

5. The curve extends 
out indefinitely along X_X” 
in both directions, but is 
contained entirely between 
the lines y=+1, y=—1. 

The locus is called the 
Wave curve, from its shape, 
or the simusoid, from its 
equation (3). 


BEESESES| SEER 
ee! SERRE et SHEE t BRERE BEE 
[ESSSS SES 
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Ex. 3. Draw the locus 
of y = tanz. 


There is no difficulty in 
obtaining the curve of the 
figure and im verifying the 
properties indicated by a dis- 
cussion similar to the pre- 
ceding examples. 


Seneer ioaneEe SSS056 t2EER Enee enna 
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PROBLEMS 


“Plot the loci of the following equations. 


1a — COS @. 5. y = tan-1¢. oy = sin 2a. 
2. y = cote. (6. y= 2". 10. y=tan~. 
8. ye secx Ly, y = 2 logio&. : 
1 Lyi ZICose: 
t4. y=sin-1¢. 5 Op aa(Ql cede 12. y=sinz + cose. 


39. Graphical representation in general. Any equation con- 
taining two variables may be represented graphically by a curve 
called the graph of the equation by considering the variables as 
coérdinates and plotting the locus in the usual way. This 
method of representing a given law is widely used in all branches 
of science. 


_Ex. 1. Draw the graph of the Simple Interest Law, which shall represent 
the relation between amount and time for a given principal and rate per cent. 
The law is proven in Algebra to be 


(1) A=P(1+7rn), 
where A =amount, P = principal, r = rate, n = number of years. 


Solution. For convenience, take P = one dollar.* Let 


One division on OX = 1 year, S 


One division on OY = 1 dollar, 
abscissas = values of n, 
ordinates = values of A. 
, (0,1) 
Then the required graph is the locus of 


@) eet (no) X 


The locus of (2) is a straight line passing through (0, 1) and having a 
slope equal to r (Theorem I, p. 58). 

This graph may be used to solve interest problems. For if the number of 
years n is given, we merely have to measure off the corresponding ordinate 
A of the straight line, and this will give the amount of one dollar at the given 
rate for n years. 


* Any other case is obtained by multiplying all the ordinates in the figure by P. 
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Ex. 2. In Physics it isshown that the volume (v), pressure (p), and absolute 
temperature (f) of a given mass of a perfect gas are connected by the law 


(3) ° po = lt, 


k being a constant dependent upon the particular gas. 
Draw the graph if the temperature is assumed constant. 


Y. Solution. Assume 

one division on OX = unit of pressure, 

one division on OY = unit of volume, 
abscissas = pressures, 
ordinates = volumes. 


(4) zy = constant. 


Then the required graph is the locus of 


The curve is one branch* of an hyperbola extending to the right and 
upward indefinitely, approaching in each case the corresponding axis. Such 
curves are called isothermals (equal temperatures), and the figure is called 
the Pressure-Volume Diagram. 


PROBLEMS 


1, Draw the graph of the Simple Interest Law if the variables are 


(a) n and P. ' (c) A and P. (e) Pandr. 
(b) n andr. (d) A andr. 

2. Draw the graph of the law of Ex. 2 if the variables are 
(a) p and ft. (b) v and f. 


3. The amount (A) of any principal (P) at compound interest (r%) for n 
years is given by the Compound Interest Law 


A=P (Lary: 
Draw the graph of this law if the variables are 
(a) A and P. (c) A and n. (e) P and n. 
(b) A and r. (d) P andr. (f) rand n. 


Hint. Take the logarithm of both sides when convenient for computation. 


* Since negative volumes have no physical meaning, in many cases only a portion of 
the entire locus can be made use of in the representation. 


CHAPTER IV 


THE STRAIGHT LINE AND THE GENERAL EQUATION OF 
THE FIRST DEGREE 


40. The idea of codrdinates and the intimate relation connect- 
ing a curve and an equation, which results from the introduction 
of codrdinates into the study of Geometry, have been considered 
in the preceding chapters. Analytic Geometry has to do largely 
with a more detailed study of particular curves and equations. 
In this chapter we shall consider in detail the straight line and 
the general equation of the first degree in the variables x and y 
representing codrdinates. 


41. The degree of the equation of a straight line. It was 
shown in Chapter III (Theorem I, p. 58) that 


(1)  y=met+db 


is the equation of the straight line whose slope is m and whose 
intercept on the Y-axis is 6; m and 6 may have any values, 
positive, negative, or zero (p. 34). But if a line is parallel to 
the Y-axis, its equation may not be put in the form (1); for, 
in the first place, the line has no intercept on the Y-axis, and, 
in the second place, its slope is infinite and hence cannot be 
substituted for m in (1). The equation of a line parallel to the 
Y-axis is, however, of the form 


2) x =constant. . 


The equation of any line may be put either in the form (1) or 
(2). As these equations are both of the first degree in # and y 
we have 

Theorem I. The equation of any straight line is of the first degree 


in the codrdinates x and y. 
i 85 
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42. The general equation of the first degree, da + By+C=0. 
The equation « 
(1) Ax+By+C=0, 
where A, B, and C are arbitrary constants (p. 1), is called the 
general equation of the first degree in x and y because every equa- 
tion of the first degree may be reduced to that form. 

Equation (1) represents all straight lines. 

For the equation y= mx + b may be written mx — y + b = 0, which is of the 


form (1) if d =m, B=—1, C= b; and the equation x = constant may be written 
x — constant = 0, which is of the form (1) if 4 =1, B=0, C=— constant. 


Theorem II. (Converse of Theorem I.) The locus of the general 
equation of the first degree 
Ax+ By+C=0 
is a straight line. 


Proof. Solving (1) for y, we obtain 


A C 
(2) USER G RES SOM 
This equation has the same locus as (1) (Theorem ITI, p. 59). 
By Theorem I, p. 58, the locus of (2) is the straight line whose 
C 


: A . nies 
slope is m =— - and whose intercept on the Y-axis is 6 =— ee 


If, however, B = 0, it is impossible to write (1) in the form 
(2). But if B= 0, (1) becomes 
Aa +-C = 0, 
Cc 


or C=. 
A 


The locus of this equation is a straight line parallel to the 
Y-axis (1, p. 57). Hence in all cases the locus of (1) is a straight 
line. Q.E.D, 


Corollary I. The slope of the line 
Ax + By+C=0 
Oe that is, the coefficient of x with its sign changed 
divided by the coefficient of y, 
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Corollary II. The lines 
Ax + By+C=0 ‘ 
and Ale + Bly+c'=0 
are parallel when and only when the coefficients of x and y are 
proportional; that is, 


For two lines are parallel when and only when their slopes are equal (Theorem 
VI, p. 36); that is, when and only when 


A vA 
aero 
Changing the signs and applying alternation, we obtain 
PAL: 
LO ie 


Corollary III. The lines 
Ax+ By+C=0 
and A'e + Bly +cC'=0 
are perpendicular when and only when 
AA'+ BB'=0. 


For two lines are perpendicular when and only when the slope of one is the 
negative reciprocal of the slope of the second (Theorem VI, p. 36); that is, 


ONE 
: B A’ 
or AA’ + BB’=0. 


Corollary Iv. The intercepts of the line 
Ax+ By+C=0 
on the X- and Y-axes are respectively 
C 


C. 
cd oa age SF and Os 


For the intercept on the X-axis is found (p. 73) by setting y=0 and solving 
for x, and the intercept on the Y-axis has been found in the above proof. 


Corollaries I and IV are given chiefly for purposes of reference. In a numerical 
example the intercepts are found most simply by applying the general rule already 
given (p. 73); and the slope is found by reducing the equation to the form 


: y= me +b, 
when the coefficient of x will be the slope. 
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Theorems I and II may be stated together as follows: 

The locus of*an equation is a straight line when and only when 
the equation is of the first degree in x and y. 

Theorem II asserts that the locus of every equation of the first 
degree is a straight line. Then, to plot the locus of an equation 
of the first degree it is merely necessary to plot two points on the 
locus and draw the straight line passing through them. The two 
simplest points to plot are those at which the line crosses the 
axes. But if those points are very near the origin it is better to 
use but one of them.and some other point not near the origin 
whose coérdinates are found by the Rule on p. 60. 


Theorem III. When two equations of the first degree, 


(3) Ax+ By +CcC=0 
and 
(4) A'e+ By+c'=0, 


have the same locus, then the corresponding coefficients are propor- | 
tional; that is, 
. A B Cc 


At Bre 
Proof. The lines whose equations are (3) and (4) are by 
hypothesis identical and hence they have the same slope and the 


7 


same intercept on the Y-axis. Since they have the same slope, 
oe: 
= ar (Corollary I, p. 86) 


and since they have the same intercept on the Y-axis, 


CC 
eral (Corollary IV, p. 87) 
by alternation we obtain 
AE CoB 
WISN fale 
Ay Bene 


and hence = oan QED. 
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Ex. 1. Find the values of a and b for which the equations 
2a~7+2y—5=0 ® 
and 4%—8y+7b=0 
will represent the same straight line. 


Solution. These two equations will represent the same straight line if 
(Theorem II) 


20 ee = 
4 '—8 7b’ 
and hence the required values are obtained by solving 
2a _ 2 ana 2 = —5 
4 —3 —3 7b 
foraandb. This gives 
a=— 7, b=}. 


43. Geometric interpretation of the solution of two equations 
of the first degree. If we solve the equations 


(1) Ax+ By+C=0 
and 
(2) Ale + Bry +cC'=0, 


we obtain the codrdinates of the points of intersection of the 
lines whose equations are (1) and (2) (Rule,»p. 76). But if 
these lines are parallel they do not intersect, and if they are 
identical they intersect in all of their points. - The relation 
between the position of the lines whose equations are (1) and 
(2) and the number of solutions of the simultaneous equations 
(1) and (2) may be indicated as follows: 


Number of solutions 


Position of lines ‘ 
us of equations 


Intersecting lines. One solution. 
Parallel lines. No solution. 
Coincident lines. An infinite number. 


It is sometimes as convenient to be able to determine the 
number of solutions of two equations of the first degree without 
solving them as it is to be able to determine the nature of the 
roots of a quadratic equation without solving it. The following 
theorem enables us to do this. 
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Theorem IV. Two equations of the first degree, 
Ax+ By+C=0 


and Ale + Bly +Cc'=0, 
have, in general, one solution for « and y ; but of 
AB 
ray: 
there ts no solution unless 
A, Bee 
Tce ack 


when there is an infinite number of solutions. 


The proof follows at once from Corollary II, p. 87, and Theorem III. 


PROBLEMS 


1. Find the intercepts of the following lines and plot the lines. 


(a) 204+ 3y=6. Ans. 3, 2. 
b) 4051. Ans. 2, 4. 
cy 
(c) Pee view Ans. 3, — 5. 
ey 
(a) ot 5 ae Ans. 4, — 2. 
2. Plot the following lines. 
(a) 2a-8y+5=0. (0) ae aa: 
3 
cy 
b) y—5-—42=0. d)=—==1, 
(b) y Diag 


8. Find the equations, and reduce them to the general form, of the lines 
for which 


(a) m= 2, b=—3. Ans. 2ex—y—3=0. 
() n=—=s b= 8. Ans. ©+2y—3=0. 
(c) m= 2, b=— §: Ans. 4%—-10y —25=0, 
U4 
(Dearie 1.0 ane Ans. e—y—2=0. 
37 
eli Ans. 2+y—-—3=0., 


Hint, Substitute in y= ma + 6, 
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4. Find the number of solutions of the following pairs of equations and 
plot the loci of the equations. 


(a) {efor sace 


eb 80 20. Ans. No solution. 


(b) eis y a | Ans. One. 
2—82=y. 
(c) sa in Se iA Ans. An infinite number. 


—5 20= 
(d) F x Le o Ans. No solution. 


12% —15y+6=0. 


5. Plot the lines2a%—3y+6=0Oande—y=0. Also plot the locus of 
(2% —38y+4+6)+k(e —y)=0fork=0,4+1,42. 


6. Select pairs of parallel and perpendicular lines from the following. 


In: y=22%—-3. 
Ln:y=-—38 DX. 
(a) ce ares shies TNE Oe ha Pre 


Lg: y =4@ + 4. 

pease. 
(b) 5 Lo:8%+y+1=0. Ans. Ly 1 Ls. 
I3:9%—8y+2=0. 

ieee 
(c) Ig: 5y +24 =8. Ans. Lg 1 Lz. 
(Lg 85% —i4y = 8. 

7. Show that the quadrilateral whose sides are 2x—3y+4=0, 
8e—y—2=0,4%—6y—9=0, and6e —2y+4=0 isa parallelogram. 


8. Find the equation of the line whose slope is — 2 which passes through 
the point of intersection of y=382+4+4andy=—a+4. 
Ans. 24+y—4=0. 


9. What is the locus of y= mz + b if b is constant and m arbitrary ? if 
m is constant and b arbitrary ? 

10. Write an equation which will represent all lines parallel to the line 

(a) y=2a + 7. (c) y—8a2—4=0. 

(b) y=—2+4+ 9. (d) 2y—4%+38=0. 

11. Write an equation which will represent all lines having the same 
intercept on the Y-axis as (a), (b), (c), and (d) in problem 10. 

12. Find the equation of the line parallel to 2% — 3y = 0 whose intercept 
on the Y-axis is — 2. Ans. 24—8y—6=0. 


13. What is the locus of Az + By + C=0 if Band C are constant and 
A arbitrary ? if A and B are constant and C arbitrary ? 
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44. Straight lines determined by two conditions. In Ele- 
mentary Geometry we have many illustrations of the determina- 
tion of a straight line by two conditions. Thus two points 
determine a line, and through a given point one line, and only 
one, can be drawn parallel to a given line. Sometimes, however, 
there will be two or more lines satisfying the two conditions ; 
thus through a given point outside of a circle we can draw two 
lines tangent to the circle, and four lines may be drawn tangent 
to two circles if they do not intersect. 

Analytically such facts present themselves as follows. The 
equation of any straight line is of the form (Theorem II, p. 86) 
(1) At + By+C=0, 
and the line is completely determined if the values of two of the 
coefficients A, B, and C are known in terms of the third. 

For example, if A = 2B and C=— 3B, equation (1) becomes 

2Bxe+ By—3B=0, 
or 2e¢+y—3=0. 

Any geometrical condition which the line must satisfy gives 
rise to an equation between one or more of the coefficients 
Ay Band, 

Thus if the line is to pass through the origin, we must have C = 0 (Theorem VI, 
p. 73); or if the slope is to be 3, then — 5 =S0, (Corollary I, p. 86). 


Two conditions which the line must satisfy will then give rise 
to two equations in A, B, and C from which the values of two of 
the coefficients may be determined in terms of the third, and the 
line is then determined. 

If these equations are of the first degree, there will be only one 
line fulfilling the given conditions, for two equations of the first 
degree have, in general, only one solution (Theorem IV, p. 90). 
If one equation is a quadratic and the other of the first degree, 
then there will be two lines fulfilling the conditions, provided 
that the solutions of the equations are real. And, in general, 
the number of lines fulfilling the two given conditions will 
depend on the degrees of the equations in the A, B, and C to 
which they give rise. 


’ 
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Rule to determine the equation of a straight line which satisfies 
two conditions. 

First step. Assume that the equation of the line is 

Az+ By+C=0. 

Second step. Find two equations between A, B, and C each of 
which expresses algebraically the fact that the line satisfies one 
of the given conditions. 

Third step. Solve these equations for two of the coefficients A, 
B, and C in terms of the third. 

Fourth step. Substitute the results of the third step in the equa- 
tion in the first step and divide out the remaining coefficient. The 
result is the required equation. 


Ex. 1. Find the equation of the line through the two points P; (5, — 1) 
and P, (2, — 2). 

Solution. First step. Let the required equation be 
Q) Ax+ By+C=0. 

Second step. Since P, lies on the locus ~ 
of (1) (Corollary, p. 53), 


(2) 5A — Ba C=0; 
and since P2 lies on the line, . 
(8) Dil = DIL Oa 0; 


Third step. Solving (2) and (8) for A and B in terms of C, we obtain 
: A=-—1C, B=3C. 
Fourth step. Substituting in (1), . 
—10Cx+3Cy+C=0. 
Dividing by C and simplifying, the required equation is 
a—3y—8=0. 
Ex. 2. Find the equation of the line passing through P; (38, — 2) whose 
slope is — 4. 
Solution. First step. Let the re- 
quired equation be 
(4) Ac+ By+C=0. 
Second step. Since P, lies on (4), 
(5) 8A—-—2B4+C=0; 
and since the slope is — 4, 


. Boe. e 
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Third step. Solving (5) and (6) for A and C in terms of B, we obtain 
Fabres Hoy, (GOs 3 Jéy, 
Fourth step. Substituting in (4), 
1Be+ By+2B=0, 
or a+4y+5=0. 


PROBLEMS 


1. Find the equation of the line satisfying the following conditions and 
plot the lines. - 

(a) Passing through (0, 0) and (8, 2). Ans. c—4y=0. 

(b) Passing through (— 1, 1) and (— 38, 1). Ans. y—1=0. 

(c) Passing through (— 3, 1) and slope = 2. Ans. 24—y+T7=0. 

(d) Having the interceptsa=Sandb=—2. Ans. 2x—38y—6=0. 


(e) Slope = — 3, intercept on X-axis = 4. Ans. 8%+y—12=0. 

(f) Intercepts a =— 3 and b=— 4. Ans. 444+ 8y+4+12=0. 

(g) Passing through (2, 3) and (— 2, — 38). Ans. 3x —2y=0. 

(h) Passing through (8, 4) and (— 4, — 8). Ans. ©—y+1=0. 

(i) Passing through (2, 8) and slope = — 2. Ans. 22+y—T=0. 

(j) Having the intercepts 2 and — 5. Ans. : = - = Il 

2. Find the equation of the line passing through the origin parallel to the 
line 24 —3y =4. Ans. 2%—3y=0. 


3. Find the equation of the line passing through the origin perpendicular 
to the line 5% +y—2=0. Ans. c—5y=0. 


4. Find the equation of the line passing through the point (8, 2) parallel 
to the line 4% —y —3=0. Ans. 4u—y—10=0. 


5. Find the equation of the line passing through the point (8, 0) perpen- 
dicular to the line 2% + y—5=0. Ans. c—2y—8=0. 


6. Find the equation of the line whose intercept on the Y-axis is 5 which 
passes through the point (6, 3). Ans. ©+8y—15=0. 


7. Find the equation of the line whose intercept on the X-axis is 3 which 
is parallel to the line x —4y+2=0. Ans. «—4y—8=0. 


8. Find the equation of the line passing through the origin and through 
the intersection of the lines a —2y+8=0Oanda+2y—9=0. 
Ans. ©—y=0. 


9. Find the equation of the straight line whose slope is m which passes 
through the point P(x, y1). Ans. y¥ — yy =m (e& — &}). 
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10. Find the equation of the straight line whose intercepts are a and b. 
Ans. = + cay 
a 


11. Find the equation of the straight line passing through the points 


Py (a1, y1) and Pe (a2, ye). 
Ans. (Y2 — Y1)@ — (2 — %) Y + LoY1 — LiY2 = 0. 


12. Show that the result of the last problem may be put in the form 


at ee i 
sd toi i YoY 


Hint, Add and subtract 2,y,, factor, transpose, and express as a proportion. 


45. The equation of the straight line in terms of its slope 
and the coérdinates of any point on the line. In this section 
and in those immediately following, the Rule in the preceding 
section is applied to the determination of general forms of the 
equations of straight lines satisfying pairs of conditions which 
occur frequently. These general forms will then enable us to 
write the equations of certain straight lines with the same ease 
that the equation y = mx + 6 enables us to write the equation 
of the straight line whose slope and intercept on the Y-axis are 
given. 

Theorem V. Point-slope form. The equation of the straight line 
which passes through the point P, (a, y,) and has the slope m is 


(Vv) Y — Yi. = M(H — 4). 
Proof. First step. Let the equation of the given line be 
(1) Ax+ By+C=0, 
Second step. Then, by hypothesis, 
(2) Ax, + By. +C =0 
and G 
(3) 5 ee 


Third step. Solving (2) and (3) for A and C in terms of B, 


we obtain 
; A =— mB and C = B(max, — y;). 
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Fourth step. Substituting in (1), we have 
— mBu + By + B(ma, — 71)= 9. 

Dividing by B and transposing, 

Y — Yr = M(H — 2). Q.E.D. 

If P, lies on the Y-axis, 7, = 0 and y, = 8, so that this equa- 
tion becomes y = max + 0b. 

46. The equation of the straight line in terms of its intercepts. 
We pass noy to the consideration of a line determined by two 
points, and we consider first the case in which the two points lie 
on the axes. This section does not, therefore, apply to lines par- 
allel to one of the axes or to lines passing through the origin, as in 
the latter case the two points coincide and hence do not deter- 
mine a line. 


Theorem VI. Intercept form. Ifa and db are the intercepts of a line 
on the X- and Y-axes respectively, then the equation of the line is 


oY 
(VI) —+o=1 


Proof. First step. Let the equation of the given line be 
(1) Ax+ By+C=0. 
Second step. By definition of the intercepts (p. 73), the points 
(a, 0) and (0, 6) lie on the line; hence 
(2) Aa+C=0, 
(3) Bb+C=0. 
Third step. Solving (2) and (3) for A and B in terms of ©, 
we obtain 
1 1 
A=—-C and B=—=-C. 
a b 
Fourth step. Substituting in (1), we have 


Nhe | 
CRA CY het 
Dividing by C and transposing, 


co ,y 
a = 3 =—1 Q.E.D. 
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Ex.1. Write the equation of the locus of 22 —6y+3=0 in terms of 
its intercepts and plot the line. 


Solution. ‘Transposing the constant term, we have 
242-6 y¥=— 3. 


Y 
Dividing by — eres abeet Ape 
oe labo tereboeag 
—+2y=1, SOB ashen 
5 a 27 
or a SS BEPRASReS 
e —% 4 Y 
This equation is of the form (VI). Hence . 
a=—% and b=}, 


Plotting the points (— 4, 0) and (0, 4) and joining them by a straight line, 
we have the required line. 


47. The equation of the straight line passing through two 
given points. 

Theorem VII. Two-point form. The equation of the straight line 

passing through Py (a, y,) ond Pz (£2, Y2) is 


(vin) Bat _ Yah 
He—- XM Y2—- VY 


Proof. Let the equation of the line be 


(1) Az+ By+C=0. 
Then, by hypothesis, 

(2) Ax, + By +C=0 

- (3) Ag, + By, + C =0. 


To follow the Rule, p. 93, we must solve (2) and (3) for A 
and B in terms of C, substitute in (1), and divide by C; that pro- 
cedure amounts to eliminating A, B, and C from (1), (2), and (3), 
and that elimination may be more conveniently performed as 
follows : . 

Subtract (2) from (1); this gives 

A(z — m1) + By —)=0, 
or 
(4) A(z —%,)=— Bly — ). 
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Similarly, subtracting (2) from (3), we obtain 
(9) A (at, — %)=— B(y, — )- 
Dividing (4) by (5), we find 
ee ee Q.E.D. 
Ty ee Ce YO eee 
Corollary. The condition that three points, P, (21, 91), P2(@2, Y2)s 
and P; (xs, ys) should lie on a line is that 
; Lee eS 
Lg —-% Y2—-Y 


For this is the condition that P, should lie on the line (VII) passing through 
P, and P, (Corollary, p. 53). 


The method of proving the corollary should be remembered 
rather than the corollary itself, as then the condition may be 
immediately written down from (VII). 


PROBLEMS 


1. Find, by substitution in the proper formulas, the equations of the lines 
satisfying the conditions in problem 1, p. 94. 


2. Find the equations of the lines fulfilling the following conditions and 
plot the lines. 


(a) Passing through the origin, slope = 3. Ans. 8% —y=0. 

(b) Passing through (8, — 2) and (0, — 1). Ans. + 3y+3=0. 
(c) Having the intercepts 4 and — 3. Ans. 3x —4y —12=0. 
(d) Y-intercept = 5 and slope = 3. Ans. 3%—y+5=0. 
(e) Passing through (1, — 2) and (8, — 4). Ans. ©+y+1=0. 

(f) Having the intercepts — 1 and — 3. Ans. 80+y+3=0. 
(g) Passing through (— 4, $) andslope=— 2 Ans. 44+6y—7=0. 
(h) Passing through (0, 0) and slope = m. ANS, Y= Ma. 


8. Find the equations of the sides of the triangle whose vertices are 
(—8, 2), (8, — 2), and (0, — 1). 
Ans. 24+3y=0,2+3y+3=0, ande+y+1=0. 
4. Find the equations of the medians of the triangle in problem 8 and 
show that they meet in a point. 
Ans. ©=0,7%+9y+38=0, and56a2+9y+38=0. 


Hint. To show that three lines meet in a gigs find the point of intersection of two 
of them and prove that it lies on the third. ~ 
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5. Show that the medians of any triangle meet in a point. 
Hint. Taking one vertex for origin and one side for the X-axis, the vertices may then 
be called (0, 0), (a, 0), and (0, ¢). 


6. Determine whether or not the following sets of points lie on a straight 
line. 


(a) (0, 0), (1, 1), (7, 7). R Ans. Yes. 
(b) (2, 3,), (= A, rr 6), (8, 12). Ans. Yes. 
(c) (3, 4), (, 2), (5, 1). Ans. No. 
(d) (3, in 1), (= 6, 2), (= 35 1): Ans. No. 
(e) (5, 6), 3; 1), (= 1, aT; €). Ans. Yes. 
(f) (7, 6), (2, 1), (6, — 2). Ans. No. 

7. Reduce the following equations to the form (VI) and plot their loci. 
(a) 2~7+8y—6=0. (d) 8a+4y+1=0. 
(b) ©—-8y+6=0. (e) 2a—4y—-7=0. 
(c) 8a—4y+9=0. (f) 7¢ —6y —3=0. 


8. Find the equations of the lines joining the middle points of the sides 
of the triangle in problem 3 and show that they are parallel to the sides. 
Ans. 4%+6y+38=0,7+3y=0,anda+y=0. 


9. Find the equation of the line passing through the origin and through 
the intersection of the linesxa+2y=1and2e%—4y—3=0. 
Ans. ©+10y=0. 


10. Show that the diagonals of a square are perpendicular. 


Hint. Take two sides for the axes and let the length of a side be a. 


11. Show that the line joining the middle points of two sides of a triangle 
is parallel to the third. 
Hint. Choose the axes so that the vertices are (0, 0), (a, 0), and (8, ¢). 


12. Find the equation of the line passing through the point (8, — 4) which 
has the same slope as the line 2% — y= 3. Ans. 24—y—10=0. 


18. Find the equation of the line passing through the point (— 1, 4) which 
is parallel to the line 3a +y+1=0. Ans. 3%+-y—1=0. 


14. Two sides of a parallelogram are 20+8y—7=Oandz—38y+4=0. 
Find the other two sides if one vertex is the point (8, 2). 
Ans. 24+8y—12=O0anda—8y+3=0. 


15. Find the equation of the line passing through the point (— 2, 3) 
which is perpendicular to the line wa+2y=1. Ans. 24a—y+7=0. 
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16. Show that the three lines e—2y=0, ©+2y—8=0, and 7+2y 
—8+k(e«—2y)=0 meet in a point no matter what value k has. 


17. Derive (V) and (VII) by the Rule on p. 58, using Theorem V, p. 365. 


18. Derive (VI) and (VII) by the Rule on p. 58, using the theorem that 
the corresponding sides of similar triangles are proportional, : 


19. Derive y = me + b and (V) by the Rule on p. 53, using the definition 
of the tangent of an acute angle in a right triangle. 


20. Derive the equation of the straight line in terms of the perpendicular 
y distance p from the origin to the line and the angle w which 
that perpendicular makes with the positive direction of 
the X-axis. 


Hint, Find the intercepts in terms of p and w by solving the 
right triangles in the figure and substitute in (VI). 


Ans. xcosw + ysinw —p=0. 
21. What is the locus of (V) if a and 7; are constant and m arbitrary ? 


22. What is the locus of (VI) if a is constant and 6 arbitrary ? if b is con- 
stant and @ arbitrary ? 


28. Write an equation which represents all lines passing through (2, — 1). 


24. Write an equation representing all lines whose intercept on the X-axis 
is 3. 


25. Write in two different forms the equation of all lines whose intercept 
on the Y-axis is — 2. 


26. Write an equation representing all lines whose slope is — }. 


27. If the axes are oblique and make an angle of w, then the equation of a 
straight line in terms of its inclination @ and intercept on the Y-axis b is 
sin @ 


merrycress was 


y 


28. If the angle between the axes is w, the equation of the line passing 
through P;(%1, yi) whose inclination is @ is 


8 
Y¥- n= =— 


29. Show that equations (VI) and (VII) hold for oblique coérdinates, 
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48. The normal form of the equation of the straight line. 
In the preceding sections the lines considered were determined 
by two points or by a point and a direction. Both of these 
methods of determining a line are frequently used in Elementary 
Geometry, but we have now to consider a line as determined. by 
two conditions which belong essentially to Analytic Geometry. 


A 
4 


I <2 Y1 Y? 
a o 
<< Worx OTpfg x 
iB C Ne 


_ 
o W 


Let AB be any line, and let ON be drawn from the origin perpen- 
dicular to AB at C. Let the positive direction on ON be from O 
toward N, — that is, from the origin toward the line, — and denote 
the positive directed length OC by p and the positive angle 
XON, measured, as in Trigonometry (p. 18), from OX as initial 
line to ON as terminal line, by o.*% Then it is evident from the 
figures that the position of ony line is determined by « poir of 
volues of p ond wo, both p and w being positive and 0 <2 7. 

On the other hand, every line determines a single positive 
yalue of p and a single positive value of w which is less than 


yr YA 


/ * 4 


27, unless p=0. When p=0, however, AB passes through 
the origin, and the rule given above for the positive direction 
on ON becomes meaningless. From the figures we see that we 
can choose for w either of the angles XON or XON'. When 
p= we shall always suppose that «<1 ond that the positive 
direction on ON is the upward direction. 


* w ig not the angle between the directed lines OX and ON, as defined on p. Z. 
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Theorem VIII. Zhe normal form* of the equation of the straight 
line is 
(VIII) acoso +ysino — p=QO, 
where p ts the perpendicular distance or normal from the origin to 
the line and w is the positive angle which that perpendicular makes 
with the positive direction OX of the X-axis regarded as initial 
line. : 

Proof. Let P(x, y) be any point on the given line AB. 

Then since AB is perpendicular to 
ON, the projection of OP on ON is 
equal to p (definition, p. 29). By 
the second theorem of projection 
(p. 48), the projection of OP on ON 
is equal to the,sum of the projections 
of OD and DP on ON. Then the con- 
dition that P lies on AB is 


(1) proj. of OD on ON + proj. of DP on ON = p. 
By the first theorem of projection (p. 30) we have 

(2) proj. of OD on ON = OD cos w = & COS a, 

(3) proj. of DP on ON = DP cos E — ») = y SiN wo. 


For the angle between the directed lines DP and OW equals that between 
w 
OY and ON= > — ow. 


Substituting from (2) and (3) in (1), we obtain 
xcosw+ySiNnw— p= 0. Q.E.D. 
To reduce a given equation ) 
(4) Ax + By+C=0 


to the normal form, we must determine w and p so that the locus 
of (4) is identical with the locus of 


(5) xcosw+ysinw—p=0. 


* The designation of this equation is made clear by the definition of the normal in 
Chapter IX. 


Ci 
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Then we must have corresponding coefficients proportional 
(Theorem III, p. 88). 
_coSw snw —p 


A B C 


Denote the common value of these ratios by 7; then 


(6) cosw = rA, 
(7) sin w = rB, and 
(8) —p=r. 


To find 7, square (6) and (7) and add; this gives 
sin? w + cos? o = r?(A? + B?), 


But sin? » + cos?o =1; 
and hence 7? (A? + B?) = 1, or 
: il 
9 Y ma ere ly 
(9) + V4? + B? 


Equation (8) shows which sign of the radical to use; for since 
p is positive, r and C must have opposite signs, unless C= 0. If 
C = 0, then, from (8), p = 0, and hence w < 7 (p.101); then sin » 
is positive, and from (7) 7 and B must have the same signs. 

Substituting the value of 7 from (9) in (6), (7), and (8) gives 

A B C 


C0 Ol a) sin » = ——————— ) = — - —— : 
+ V4? + B tVe4rp ) $Var4 Be 


Hence (5) becomes 


ee eg 

+ VA? 4+ B? Tynan +tVA?4 BF” 
which is the normal form of (4). The result of the discussion 
may be stated in the following 


Rule to reduce Ax + By + C\=0 to the normal form. 

First step. Find the numerical value of V A? + B’. 

Second step. Give the result of the first step the sign opposite to 
that of C, or, if C = 0, the same sign as that of B. 

Third step. Divide the given equation by the result of the second 
step. The result is the required equation. 
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* . The advantages of the normal form of the equation of the 
straight line over the other forms are twofold. In the first 
place, every line may have its equation in the normal form; 
whether it is parallel to one of the axes or passes through the 
origin is immaterial. In the second place, as will be seen in the 
following section, it enables us to find immediately the distance 
from a line to a point. 


PROBLEMS 


1. In what quadrant will OW (Fig., p. 101) lie if sin w and cos w are both 
positive? both negative? if sinw is positive and cosw negative? if sinw 
is negative and cos w positive ? 


2. Find the equations and plot the lines for which 


(a) w=0, p=5. . Ans. % =. 
37 
ee Di=s: Ans. y¥+3=0. 
1 
(0°) w= 7 p=8. Ans. V22+V2y—6=0. 
a Bae 
Oe ee Ans. c—-V3y+4=0. 
72 
eer ct. pi. Ans. V22—V2y —8=0. 


3. Reduce the following equations to the normal form and find 7p and w. 
(a) 82+4y—2=0. Ans. p= 2, 


«@ = cos-12 = sin“! 4. 
(b) 8a—4y—2=0. Ans. p= 2%, w =cos-!3 = sin“! (— 4). 
(c) 12@—5y=0. Ans. p=0, w = cos-!(— 12) =sin-15, 
3 
(d) 24+5y+7=0. j 3 
Ans. p= =1 o = cos" ( ) = sin-1( : ). 
+V29 —v29 — v29 


(e) 4a—8y+1=0. Ans. p=}, w =cos—1(— 4) =sin-13. 
(f) 4e2-—5y+6=0. 


ZAMS aa a w = cOs— (a) <8 (aee 


4. Find the perpendicular distance from the origin to each of the follow- 
ing lines. _ 


(a) 12% + 5y— 26=0. Ans. 2. 
(b) e+ y+1=0. Ans. 1V2. 
(c) 84 —2y—1=0, Ans. 7,V13, 


* 
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5. Derive (VIII) when (a) — E<w <n} (b) mas; (0) <w<2%; 
(d) p=0and 0<w<t. 


6. For what values of p and w will the locus of (VIII) be parallel to the 
X-axis? the Y-axis? pass through the origin ? 


7. Find the equations of the lines whose slopes equal — 2, which are at a 
distance of 5 from the origin. 
Ans. 2V5x2+V5y —25=0and2V52+V5y + 25 =0 
8. Find the lines whose distance from the origin is 10, which pass through 
the point (5, 10). Ans. y=10and 4%+3y= 50. 
9. What is the locus of (VIII) if p is constant and w arbitrary ? if w is 
constant and p arbitrary ? 


10. Write an equation representing all lines whose distance from the 
origin is 5. 


49. The distance from a line to a point. The positive direction 
on the normal ON drawn through the origin perpendicular to AB 


(Fig. 1) is from O to AB (p. 101); and when AB passes through O 
(Fig. 2) the positive direction on ON is the upward direction. 


y’ 
(2) 


The positive direction on ON is taken to be the positive direction 
on all lines perpendicular to AB. Hence the distance from the 
line AB to the point P, is positive if P, and the origin are on 
opposite sides of AB, and negative if P, and the origin are on the 
same side of AB. When AB passes through the origin the distance 
from AB to P, is positive if that distance is in the upward direc- 
tion, and negative if it is in the downward direction. Thus in the 
- figures the distance from AB to P, is positive and from AB to P, 
is negative, 
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* Theorem IX. The distance d from the line 
xcosw+ysinw —p=0 

to the point P, (a, y;) ts 

(IX) d=, cos + y, sin — p. 


Proof. Get AB be the given line and let ON be perpendicular 
to AB. By the second theorem of projection (p. 48) we have 


proj. of OP; on ON = proj. of OD on ON + proj. of DP; on ON. 


From the figure, 
proj. of OP, on ON, 
=OE=p-+d. 
By the first theorem of 
projection (p. 30), 
proj. of OD on ON 
= OD COS w = 2, COS a, 
proj. of DP, on ON 


=—! VP. iCOs (3 = ») 


a WY sin @. 
Hence ptd=2, cos w+ y, sin a, 
and therefore d = 2%, COS w + y, SIN w — p. Q.E.D. 


From this theorem we have at once the 


Rule to find the perpendicular distance from a given line to a 
given point. 

First step. Reduce the equation of the bis line to the normal 
form (Rule, p. 103). 

Second step. Substitute the codrdinates of the given point for 
x and y in the left-hand side of the equation. The result is the 
required distance. 


The sign of the result will show on which side of the line the 
point lies. 


f THE STRAIGHT LINE 107 


Ex. 1. Find the distance from the line 4x — 3y + 15 =0 to the point 
(2, 1). 
Solution. First step. Reducing the given equation 


to normal form, we have 


—-0 ey — 3 = 0, 


Second step. Substituting 2 for # and 1 for y, 
we have 


d=—4.2 +#()—-8=—4, 


What does the negative sign mean ? 


Ex. 2. Prove that the sum of the distances from the legs of an isosceles 
triangle to any point in the base is constant. 


Solution. Take the middle point of the base for origin and the base itself 
for the X-axis. Then the values of p for the two legs are equal and the values 
of w are supplementary. Hence, if the equation 
of one leg in normal form is 

xcosw+ysinw —p=0, 
then the equation of the other leg is 
& cos (xz — w) + ¥ sin (xz — w) — p=0, 


or —xcosw+ysinw—p=0. 


Let (a, 0) be any point in the base. Then the distances from the legs to 
(a, 0) are respectively a cosw — p and — acosw — p, so that the sum of these 
distances is — 2 p, that is, a constant. 


PROBLEMS 
1. Find the distance from the line 
(a) x cos 45° + y sin 45° — V2 = 0 to (5, — 7). Ans, —2V2. 
(b) 3u—¢y—1=0 to (2, 1). Ans. — 3. 
(c) 8a+4y+15=0 to (— 2, 3). Ans. — 21, 
49 

(d) 2a—T7y+8=0 to (3, — 5). Ans. — . 

+63 

12 
(ce) «-—3y=0 to (0, 4). Ans. . 
ae LD 


2. Do the origin and the point (8, — 2) lie on the same side of the line 
x—-y+1=0? Ans. Yes. 
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3. Does the line 22 +3 y+ 2=0 pass between the origin and the point 
(— 2, 3)? - Ans. No. 


4. Find the lengths of the altitudes of the triangle formed by the lines 
22+3y=0,2+3y+3=O0,andzriyil=0. 3 6 
; , and V2. 


Ans. 
vV13 =V10 
5. Find the distance from the line Ax + By + C=0 to the point 
P, (21, ¥1)- yee Ax + Byit C 


+V A244 B 
6. Prove Theorem IX when 


(a) p=0, <=; (Os = <w<z; (0) r<w< 5; (a) <Z<w<er. 


7. Find the locus of all points which are equally distant from 
38z2—4y+1=0and424+38y—-1=0. 
Ans. 7Tx—y=Oandz+7y—2=0. 


8. Find the locus of all points which are twice as far from the line 
122+ 5y—1=0 as from the Y-axis. Ans. 14x—5y+1=0. 


9. Find the locus of points which are x times as far from 42 —3y+1=0 
as from 52 —12y=0. Ans. (52 — 25k)x — (89 — 60k)y+138=0. 


10. Find the bisectors of the angles formed by the lines in problem 9. 
Ans. T72—99y+138=0 and 272+ 21y4+138=0. 


11. Find the distance between the parallel lines, 


y=22+5, 8 3y+4=0, 1 

@ {% Pe eis Ordus ay aye 0 aed 
y=—s824+ ooh y= mz +3, 6 

w { i Ans. . = (a {7 iz Ans. ———.. ~ 
v= nga 4 = mz — 3. +Vi+ m3 


12. Derive the normal equation of the line by means of Theorem IX. 
18. Prove that the altitudes on the legs of an isosceles triangle are equal. 
14. Prove that the three altitudes of an equilateral triangle are equal. 


15. Prove that the sum of the distances from the sides of an equilateral 
triangle to any point is constant. 


Hint. Take the center of the triangle for origin, with the X-axis parallel to one side. 


| 
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16. Find the areas of the triangles formed by the following lines. 


(4) 24—3yY+W=0,2=0,2+y=0. Ans. BW. 
(b) 2+ y =2, 644+4y-—12=0,2-—y+6=0. Ans. 4. 
() 42—4Y74+12=0,4-—474+6=0,24-—y=0. Ans, 34. 
(d) 44+ 4y ~3=0,54-—y-16=0,4-y4+1=0. Ans. & 


17. Plot the following lines and find the area of the quadrilaterals of 
which they are the sides, 
(a) 2=4,¥Y =6,2+4y=0,3¢4+2y-6=0. Ans. 164. 
(b) 44+ 2y —5=0,y=9,24+4y745=0,22+y-4=0. Ans. 18. 
(¢) 24—474+8=0,2+y=0,2¢2-—-y-—4=0,22+y-3=0. 
Ans. 4745. 


50. The angle which a line makes with a second line. The 
angle between two directed lines has been defined (p. 28) as the 
angle between their positive directions. When a line is given 
by means of its equation, no positive direction along the line is 
fixed. In order to distinguish between the two pairs of equal 


' angles which two intersecting lines make with each other we - 


define the angle which a line makes with a 


second line to be the positive angle (p. 18) Li 
from the second line to the first line. iF) 
Thus the angle which L, makes with L, 
i the angle 6. We speak always of the Ls 
“angle which one line makes with a second : ix 
line,” and the use of the phrase “the angle 4 


_ between two lines” should be avoided if those 


lines are not directed lines. We have thus added a third method 
of designating angles to those given on p. 18 and p. 28. 


Theorem X. The wngle 6 which the line 
Ly: Ae + By +, =0 
makes with the line 
Lz: Ag+ By + C,=0 


is gwen by 
Ag eked, 
) oor 4: 4, ah: 
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Proof. Let a, and a, be the inclinations of L, and L, respec- 
tively. Then, since the exterior angle of a triangle equals the 
sum of the two opposite interior angles, we have 


In Fig. il [ea] =6+ a, or 6= a — a, 
In Fig. 2, a = 7 —O+ a, or O= 7 + (a — ay). 


And since (5, p. 20) 
tan (7 + $) = tan ¢, 
we have, in either case, 
tan 0 = tan (a; — @,) 


tan a, — tan a, 
1+ tan a, tan a, 


(by 13, p. 20) 


But tan a, is the slope of Z, and tan a, is the slope of Z,; hence 
(Corollary I, p. 86) 


Ai As 

B B 
tan @= ; = 
1 Sealy (per 
*()(-a) 

AgB, — A,By_ 


Reducing, we get tan@= Q.E.D. 


A,A,+ B,B, 
Corollary. Jf m, and mz, are the slopes of two lines, then the 
angle @ which the first line makes with the second is given by 


Mm, — Mz, 


tan 0 = . 
1+ mm, 
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Ex. 1. Find the angles of the triangle formed by the lines whose equations 
are 
L:2%—3y—6=0, 


M:6x—y—-6=0, 
N:64%+4y—25=0. 


Solution. To see which angles formed by the given 
lines are the angles of the triangle, we plot the lines, 
obtaining the triangle ABC. A is the angle which 
M makes with L, so that M takes the place of Z, in 
Theorem X and L of Lz. 


Hence 
Zaly SO, ea 15 
A,=2, B,=— 3. 
Then tan A — 2231 — Ar Be _ ss = 16: 
A;A,+ BB, 1243 15 
and hence A = tan-1(1§). 


B is the angle which L makes with NV, and by Corollary III, p. 87, B= — 
C is the angle which NV makes with WM, so that if 


MnCe ee 
AyAz + BiB, 
we must set AiG bee 
A,=6, Be=— 
244+6 30 15 
Hence ~ ON ree yi hee 
and C= tan-1(48 


We may verify these results. For if B= =, then A = “ — C; and hence 


1 : 
(6, p. 20, and 1, p.19)tan A = cotC = es which is 


true for the values found. 


Ex. 2. Find the equation of ig line through 


(8, 5) which makes an angle of . with the line 
“a—y+6=0. 


Solution, Let m be the slope of the required line. 
Then its equation is (Theorem V, p. 95) 


(1) y —5 =m (a — 3). 
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The slope of the given line is mz = 1, and since the angle which (1) makes 


with the given line is a we have (by the Corollary), 


4 my —1 
tan — = 
pee 1+m, 
or Veco 
1+m 
1 3 A 
whence m, = ae =— (2+ -V3). 
lL v3 


Substituting in (1), we obtain 
y ~5=—(2+ V3) 8), 
or (2 + V3)e + y — (114+ 8V3) =0. 


In Plane Geometry there would be two solutions of this problem, — the 
line just obtained and the dotted line of the figure. Why must the latter 
be excluded here ? 


PROBLEMS 


1. Find the angle which-the line 3e—y+2=0 makes with 27+y—2=0; 
also the angle which the second line makes with the first, and show that 


these angles are supplementary. Ake 38a 2 
ere lye 


2. Find the angle which the line 

(a) 24 —5y+1=0 makes with the line —-2y+38=0. 
(b) ©+y+1=0 makes with the line e—y+1=0. 

(c) 8a —4y+2=0 makes with the line a+ 8y—7=0. 
(d) 6 —3y+8=0 makes with the line «= 6. 

(e) e—7Ty+1=0 makes with the line 14+ 2y —4=0. 


In each case plot the nis and mark the angle found by a small arc. 
Ans. (a) tan~'(— 33) ; (b) = 3 (c) tan-7(,*) ; (d) tan~(— 3); (e) tan“ (35 


3. Find the angles of the triangle whose sides are 7+ 3y—4=0, 
8%—2y+1=0, ande«—y+3=0. Ans. tan-1(— 43), tan-1(2), tan-1(2). 


Hint. Plot the triangle to see which angles formed by the given lines are the angles 
of the triangle. 


4. Find the exterior angles of the triangle formed by the lines 5x—y+3=0, 
y=2,~7—4y+38=0. Ans. tan-1(5), tan-1(— 3), tan-1(— 12). 


5. Find one exterior angle and the two opposite interior angles of the 
triangle formed by the lines 2e—3y—6=0, 84+4y—12=0, w—38y+6=0. 
Verify the results by formula 12, p. 20. 
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6. Find the angles of the triangle formed by 82+2y—4=0, x—3y+6=0, 
and 4~%—3y—10=0. Verify the results by the formula 


tan A + tan B+ tan C = tan A tan Btan C, if A+ B+ C = 180°. 


7. Find the line passing through the given point and making the given 
angle with the given line. 


(a) 2,1), 5,20 —8y +2=0. Ans. 5% —y—9=0. 


3 
(b) (1, — 8), 7, e+2y+4=0. Ans. 34+y=0. 


A 
(c) CP hey SO, Ans. x—2y —12=0. 
m+ tan @ 


(d) (©1, Y1), 0, Y= med. Ans. Y—Yi= fo eae (% — 1). 
Btang— A 
(e) (®1, Y1); g, Ax SF By +C=0. Ans. y = a aa TB (x = 1). 


8. Show from a figure that it is impossible to draw a line through the inter- 
section of two lines and ‘‘making equal angles with those lines’’ in the 
sense in which we have defined ‘‘ the angle which one line makes with a 
second line.’’ Prove the same thing by formula (X). How are the bisectors 
of the angles of two lines to be defined ? 


9. Given two lines Z1:32 —4y —3=0 and Ip:4%—3y+412=0; find 
the equation of the line passing through their point of intersection such that 
the angle it makes with Ly is equal to the angle Zz makes with it. 

Ans. TH#—Ty+9=0. 


dl. Systems of straight lines. An equation of the first degree 
in « and y which contains a single arbitrary constant will repre- 
sent an infinite number of lines, for the locus of the equation 
will be a straight line for any value of the constant, and the locus 
will be different for different values of the constant. 

The lines represented by an equation of the first degree which 
contains an arbitrary constant are said to form a system. An 
equation which represents all of the lines satisfying a single con- 
dition must contain an arbitrary constant, for there is an infinite 
number of lines satisfying a single condition ; hence a single geo- 
metrical condition defines a system of lines. 

Thus the equation y = 2a + b, where b is an arbitrary constant, represents the 


system of lines having the slope 2; and the equation y — 5 = m (x — 3), where m 
is an arbitrary constant, represents the system of lines passing through (3, 5). 


* 
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Second rule to find the equation of a straight line satisfying two 
conditions. 

First step. Write the equation of the system of lines satisfying 
one condition. 

Second step. Determine the arbitrary constant in the equation 
found in the first step so that the other condition is satisfied. 

Third step. Substitute the result of the second step in the result 
of the first step. This gives the required equation. 


This rule is, in general, easier of application than the rule on 
p. 93. It has already been applied in solving Ex. 2, p. 111, and 
will find constant application in the following sections. The 
number of lines satisfying the conditions imposed will be the 
number of real values of the arbitrary constant obtained in 
the second step. 


Ex. 1. Find the equations of the straight lines having the slope $ and 
intersecting the circle 2? + y? = 4 in but one point. 


Solution. First step. The equation 
y=ix+b 
represents the system of lines whose slopes are 3 (Theorem I, p. 58). 

Second step. The codrdinates of the inter- 
section of the line and circle are found by solv- 
ing their equations simultaneously (Rule, p. 76). 
Substituting the value of y in the line in the 
equation of the circle, we have 


a+ (a+ b=4, 
or 25 x? + 24 bx + (16 b? — 64) = 0. 


The roots of this equation, by hypothesis, 
must be equal; hence the discriminant must 
vanish (Theorem II, p. 38); that is, 


576 b? — 100 (16 6? — 64) = 0, 
wiience b=4 3. 
me 


Third step. Substitute these values of b in the equation of the first step. 
We thus obtaiim the two solutions 


\ Y= FU+s 
and y = ta — 3. 
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PROBLEMS 


1. Write the equations of the systems of lines defined by the following 

conditions. 
(a) Passing through (— 2, 3). 
(b) Having the slope — 2. 
(c) Distance from the origin is 3. , 
(d) Having the intercept on the Y-axis = — 3. 
(e), Passing through (6, — 1). 
(f) Having the intercept on the X-axis = 6. 
(g) Having the slope }. 
(h) Having the intercept on the Y-axis = 5. 
(i) Distance from the origin = 4. 


2. What geometric conditions define the systems of lines represented by 
the following equations ? 
(a) 2~a—8y+4k=0. 
(b) kx —38y —T=0. 
(c) e+ y—k=0. 
(d) «+k=0. 
(e) ©+ 2ky —3=0. 
(f) 2kx —8y4+2=0. 
(g) ecosa+ysina+5=0. 
Hint. Reduce the given equation to one of the well-known forms of the equation of 
the first degree. 


8. Determine k so that 


(a) the line 22 —3y +k =0 passes through (— 2,1). Ans. k=7. 
(b) the line 2kx —5y +8 =0 has the slope 3. Ans. k= 43. 
(c) the line « + y — k = 0 passes through (8, 4). PM 15 — Ue 
(d) the line 32 — 4y +k =0 has intercept on X-axis = 2. 

Ans. k=—6. 
(e) the line x — 3ky + 4 = 0 has intercept on Y-axis = — 3. 

Ans. k=— &. 
(f) the line 4a — 3y + 6% = 0 is distant three units from the origin. 

PAM S ice ee 3. 


4. Find the equations of the straight lines with the slope — ,°, which cut 
the circle x? + y2 = 1 in but one point. Ans. 544+12y=418. 


5. Find the equations of the lines passing through the point (1, 2) which 
cut the circle 22 ++ y2=4inbutonepoint. Ans. y=2and42+4 3y= 10. 


6. Find the equation of the straight line passing through (— 2, 5) which 
makes an angle of 45° with the Y-axis. Ans. c+y—38=0. 
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7. Find the equation of the straight line which passes through the point 
(2, — 1) and which is at a distance of two units from the origin. 
Ans. ©=2and3a—4y=10. 


8. Find the equation of the straight line whose slope is 3 such that the 
distance from the line to the point (2, 4) is 2. Ans. 3%—4y=0. 


52. The system of lines parallel to a given line. 
Theorem XI. The system of lines parallel to a given line 
: Ax+ By+C=0 
is represented by 
(XI) Ax + By+k= 9, 
where k is an arbitrary constant. 


Proof. All of the lines of the system represented by (XI) are 
parallel to the given line (Corollary II, p. 87). It remains to be 
shown that add lines parallel to the given line are represented by 
(XI). Any line parallel to the given line is determined by some 
point P; (#7, y,) through which it passes. If P, les on (XI), 
then Ax, + By, +k=0; 
and hence k =— Ax, — By. 

That is, the value of k may be chosen so that the locus of (XI) 
passes through any point P;. Then (XI) represents all lines 
parallel to the given line. Q.E.D. 

It should be noticed that the coefficients of # and y in (XI) 
are the same as those of the given equation. 

Ex. 1. Find the equation of the line through the point P, (8, — 2) paral- 
lel to the line LZ}: 2a —3y—4=0. : 


Solution. Apply the Rule, p. 114. 

First step. The system of lines parallel to 
the given line is 

2%—8y+k=0. 

Second step. The required line passes 

through P;; hence 
2-3 —3(—2)+k=0, 

and therefore k=—12; = 


Third step. Substituting this value of k, 
the required equation is 
2%—3y—12=0 
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53. The system of lines perpendicular to a given line. 
Theorem XII. Zhe system of lines perpendicular to the given 


ge Ax + By +C=0 


is represented by 
(XIT) Bu — Ay+k=0, 


where k is an arbitrary constant. 


Proof. All of the lines of the system represented by (XII) 
are perpendicular to the given line, for (Corollary III, p. 87) 
AB—BA=0. It remains to be shown that ald lines perpen- 
dicular to the given line are represented by (XII). Any line 
perpendicular to the given line is determined by some point 
P, (a, y:) through which it passes. If P, lies on (XII), then 


Ba, —Ay,+k=0, 
whence k = Ay, — Bay. 


That is, the value of k may be chosen so that the locus of (XII) 
passes through any point P,. Then (XII) represents all lines 
perpendicular to the given line. Q.E.D. 

Notice that the coefficients of x and y in (XII) are respectively 
the coefficients of y and x in the given equation with the sign of 
one of them changed. 


Ex. 1. Find the equation of the line through the point P;(— 1, 8) perpen- 
dicular to the line Z}:5%@—2y+38=0. 

Solution. Apply the’Rule, p. 114. 

First step. The equation of the system of lines perpendicular to the given 
line is 

22+5y+k=0. 

Second step. The required line passes 

through P,; hence 
2(—1)+5-3+k=0, 

or k=-18. 


Third step. Substitute this value of k. The required equation is then 
22+5y—18=0. 
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PROBLEMS 


1. Find the equation of the straight line which passes through the point 
(a) (0, 0) and is parallel tow —38y+4=0. Ans. £—3y=0. 
(b) (8, — 2) and is parallel tow +y+2=0. Ans. +y—1=0. 
(c) (— 5, 6) and is parallel to2~7+4y—8=0. Ans. + 2y—7=0. 
(d) (—1, 2) and is perpendicular to 8a —4y+1=0. 

Ans. 44+8y—2=0. 
(e) (— 7, 2) and is perpendicular toz —3y+4=0. 

Ans. 8342+y+19=0. 


2. Find the equations of the lines drawn through the vertices of the 
triangle whose vertices are (— 3, 2), (8, — 2), and (0, — 1), which are parallel 
to the opposite sides. 

Ans. The sides of the triangle are 
24+3y=0,%+3y+3=0,4+y7+1=0. 
The required equations are 
27+38y4+38=0,7¢+3y—38=0,2+y—-1=0. 


8. Find the equations of the lines drawn through the vertices of the 
triangle in problem 2 which are perpendicular to the opposite sides, and 
show that they meet in a point. 

Ans. 8e—2y—2=0,384—y+11=0,2-—y—5=0. 


4. Find the equations of the perpendicular bisectors of the sides of the 
triangle in problem 2, and show that they meet in a point. 
Ans. 8u—2y=0, 8e—y—6=0,%7-—y+2=0. 


5. The equations of two sides of a parallelogram are 83a —4y+6=0 and 
zx+5y—10=0. Find the equations of the other two sides if one vertex 
is the point (4, 9). Ans. 8a—4y+24=O0andz2+ 5y—49=0. 


6. The vertices of a triangle are (2, 1), (— 2, 8), and (4, —1). Find the 
equations of (a) the sides of the triangle, (b) the perpendicular bisectors of 
the sides, and (c) the lines drawn through the vertices perpendicular to the 
opposite sides. Check the results by showing that the lines in (b) and (c) 
meet in a point, 


7. Show that the perpendicular bisectors of the sides of any triangle meet 
in a point. 


8. Show that the lines drawn through the vertices of a triangle perpen- 
dicular to the opposite sides meet in a point. 


9. Find the value of Cin terms of A and Bif Ax + By+C=0 passes 
through a given point P; (x1, y1); show that the equation of the system of 
lines through P; may be written A (a — a) + B(y —y1) =0. 


ca 
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54. The system of lines passing through the intersection of 
two given lines. 


Theorem XIII. The system of lines passing through the intersec- 
tion of two given lines 
L,:Aye+ By+C,=0 
and L,:A,x + By +C,=0 
is een by the equation 
(XD) Ave + Bry + C1 + k (Ase + Bry + C2) = 0, 


where k is an arbitrary constant. 


Proof. All of the lines represented by (XIII) pass through the 
intersection of ZL; and L,. For let P, (a, y,) be the intersection 
of ZL, and L,. Then (Corollary, p. 53) 

A,%, + By +- Cr = 0 
and Agi, ot. Boy - Cs = 0. 

Multiply the second equation by & and add to the first. This 

gives 
Aya, + By + Cy + kh (Age, + Boy +2) = 0. 


But this is the condition that P, lies on (XIII). 

That ad/ lines through the intersection of Z, and LZ, are repre- 
sented by (XIII) follows as in the proofs of Theorems XI and 

Sexi T. Q.E.D. 


Corollary. Jf L, and L, are parallel, then (XIII) represents the 
system of lines parallel to L, and Ly. 


For if Z; and Le are parallel, then 


Ara Fi 
Mao Ps 
Jake JBR 
and hence can te, 
eye A,+kAg Bi +kBz 
By composition, = a 
Ay, By 


Hence Z; and (XIII) are parallel (Corollary II, p. 87). 


Notice that (XIII) is formed by multiplying the equation of L, 
by & and adding it to the equation of J. 
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Ex. 1. Find the equation of the line passing through P; (2, 1) and the 
intersection of Z1;:32—5y—10=0 and Ze:%+y+1=0. 


Solution. Apply the Rule, p.114. The system of lines passing through the 
intersection of the given lines is represented by 
32—5y—-10+k(2@+y+4+1)=0. 

If P, lies on this line, then 
6—5—-104+k(24+1+)=0;. 
whence k= }. 
Substituting this value of k and simplifying, 
we have the required equation 
212% —1lly—31=0. 


Ex. 2. Find the equation of the line passing through the intersec- 
tion of I13:2%+y+1=0 and L2:%x—2y+1=0 and parallel to 
I3:4%—8y—7=0. 


Solution. Apply the Rule, p. 114. The equation of every line through 
the intersection of the first two given lines has the form 
2e¢+y+1l+k(e—2y+1)=0, 
or (2+k)x+(1—2k)y+(1+hk)=0. 


If this line is parallel to the third line (Corollary 
EI, p: 87), - 


whence k= 2: 


Substituting and simplifying, we obtain 
4x—38y4+8=0. 


The geometrical significance of the value of & in Theorem XIII 
is given most simply when Z, and Z, are in normal form. 


Theorem XIV. The ratio of the distances from 
L,:x coso, + y sin wo, — p, = 90 
and Ly: 2 COS w, + ¥ SIN w, — ps = 0 
to any point of the line 
L:& C08 wo, + ¥ SiN w, — pi + k(# COS we + y Sin w, — p2)= 0 


is constant and equal to — k. 
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Proof. Let P; (x, y:) be any point on L. Then 
% COS w, + Y; SIN w, — py + k (a, COS w, + Y; SiN w, — Py) = 0, 


= Hy cos Wy, + Y sin Wy, Sy 
21 COS we + ¥ SiN wy — Po 


and hence . —k 


The numerator of this fraction is the distance from LZ, to P,, 
and the denominator is the distance from L, to P, (Theorem IX, 
p. 106). Hence — x is the ratio of the distances from Z, and L, 
to any point on L. Q.E.D. 


Corollary. Jf k =+1, then L is the bisector of one of the angles 
formed by L, and L,. That is, the equations of the bisectors of the 
angles between two lines are found by reducing their equations to 
the normal form and adding and subtracting them. 


For when & = + 1 the numerical values of the distances from Z; and Le to any 
point of Z are equal. 


The angle formed by Z, and LZ, in which the origin lies, or its 
vertical angle, is called an internal angle of Z, and L,; and either 
of the other angles formed by ZL, and Ly, is 
called an external angle of those lines. From 
the rule giving the sign of the distance from a 
line to a point (p. 105) it follows that L lies in 
the internal angles of L, and L, when k is nega- ° 
tive, and in the external angles when k is posi- 
tive. If the origin lies on Z, or Ly, the lines 
must in each case be plotted and the angles in which & is posi- 
tive found from the figure. 


PROBLEMS 


1. Find the equation of the line passing through the intersection of 
22—8y+2=0and 8x —4y —2=0, without finding the point of intersec- 
tion, which 

(a) passes through the origin. 
(b) is parallel to 5a —2y+38=0. 
(c) is perpendicular to 8a —2y+4=0. 


Ans. (a) 5“—7y=0; (b) 5% —2y —50=0; (c) 2x%+8y—58=0. 
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2. Find the equations of the lines which pass through the vertices of the 
triangle formed by the lines2~a—38y+1=0,7—y=0, and3sx%+4y—2=0 


which are 
(a) parallel to the opposite sides. 


(b) perpendicular to the opposite sides. 
Ans. (a) 84+4y—7=0, 14e%—21ly4+ 2=0,17%—-17y+5=0; 
(b) 44 —3y—1=0, 2174 14y —10=0, 172+17y—9=0. 
8. Find the bisectors of the angles formed by the lines 4% —-3y —-1=0 
and 8a —4y+2=0, and show that they are perpendicular. 
Ans. 7T2—Ty+1=0ande+y-—3=0. 


4. Find the equations of the bisectors of the angles formed by the lines 
5a —12y+10=0and12%—5y+15=0. Verify the results by Theorem X. 


5. Find the locus of a point the ratio of whose distances from the lines 
4% —-8y+4=0and52+4+12y—8=0isl3to5. Ans. 9%2+9y—4=0. 


6. Find the bisectors of the interior angles of the triangle formed by the 
lines 44 — 8y =12, 54 —12y—4=0, and 12%—5y—13=0. Show that 
they meet in a point. 

Ans. Te -9y—16=0,7%+7y—9=0, 112% — 64y — 221 = 0. 

7. Find the bisectors of the interior angles of the triangle formed by the 
lines 54 —12y=0, 544+ 12y+60=0, and 12% — 5y — 60 = 0, and show 
that they meet in a point. 

Ans. 2y+5=0,17%4+7Ty=0,17x—17y—60=0. 

8. The sides of a triangle are 8%+4y—12=0, 8a—4y=0, and 
47+8y+24=0. Show that the bisector of the interior angle at the 
vertex formed by the first two lines and the bisectors of the exterior angles 
at the other vertices meet in a point. 


9. Find the equation of the line passing through the intersection of 
e+y—2=0 and «—y+6=0 and through the intersection of 2x—y+3=0 
andz«—38y+2=0. Ans. 19%+ 8y+ 26=0. 


Hint. The systems of lines passing through the points of intersection of the two pairs 


of lines are 
at+y—2+k(e—yt+6)=0 


and Qu—y+3+k'(a—3y+2)=0. 
These lines will coincide if (Theorem III, p. 88) 
te ist OC 
2+h -1-3h 3+2h 


Letting p be the common value of these ratios, we obtain 
1+ k=2p+ pk’, 
1—k=—p-3pk’, 
and —2+6k=3pt+2pk’, 
From these equations we can eliminate the terms in pk’ and p, and thus find the value 
of k which gives that line of the first system which also belongs to the second system, 


THE STRAIGHT LINE 123 


10. Find the equation of the line passing through the intersection of 
2%+5y—3+£0 and 8¢—2y—1=0 and through the intersection of 
*—y=O0ande+3y-—6=0. Ans. 43a” —35y —12=0. 

.A figure composed of four lines intersecting in six points is 
called a complete quadrilateral. The six vertices determine three 
diagonals of which two are the diagonals of the ordinary quadri- 
lateral formed by the four lines. 

11. Find the equations of the three diagonals of the complete quadrilateral 
formed by the lines 7+ 2y=0, 8a—4y+2=0, x—y+3=0, and 
8%—2y+4=0. Ans. 2e—y+1=0,%+2=0,5¢e—6y+8=0. 


12. Show that the bisectors of the angles of any two lines are perpen- 
dicular. 
13. Find a geometrical interpretation of k in (XI) and (XII). 


14, Find the geometrical interpretation of k in (XIII) when LZ, and Ly 
are not in normal form. 


15. Show that the bisectors of the interior angles of any triangle meet in 
a point. 


16. Show that the bisectors of two exterior angles of a triangle and of the 
third interior angle meet in a point. 


‘55. The parametric equations of the straight line. The 
angles a and 8 between a line directed upward* and the coérdi- 
nate axes (p. 28) are called the direction angles of the line. 
Their cosines, cos a.and cos f, are called the direction cosines of 
the line and satisfy the relation 
(1) cos? a + cos? B = As 

For (Theorem I, p. 28) cos8= sina and sin?@ + cos?a=1. 


Given a line with direction angles a and £ passing through 
P, (a, 41). Let P(#, y) be any point on this lne and denote the 
variable directed length P,P by p. The projections of P,P on 
the axes are respectively (Theorem ITI, p. 31) 

x—x and y—Y, 
or (Theorem II, p. 30) 
pcos a and p cos B. 


. Tv 
* Tf the line is horizontal we suppose that it is directed to the right, soa=Qand B= aC 
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Hence x—%,=pcose and y—¥, =p Cos B; 
whence 2 = 2%, + pcos a. 
y¥ = + p 60s B. 
Hence we have 


Theorem XV. Parametric form. The codrdinates of any point 
P (a, y) on the line through a given point P, (x1, y,) whose direction 
angles are a and B are given by 


i = #, + pcos a, 
Y =Yi + poos B, 
where p denotes the variable directed length P,P. 


(XV) 


Equations (XV) are called the parametric equations of the 
straight line because they express the variable codrdinates of any 
point (a, y) on the line in terms of a single variable parameter p. 
As p varies from — « to + & the point P (a, y) describes the line 
in the positive direction. These equations are important in deal- 
ing with problems which involve the distances from a point P; 
on a line to the intersections of that line with a given curve. 


Theorem XVI. Symmetric form. The equation of a straight line 
in terms of the codrdinates of a point P (a, y,) on the line and 
its direction cosines is 
L—% YY 

cosa = cos B 


(XVI) 
_ Hint. Solve (XV) for p and equate the two values obtained, 


Theorem XVII. The direction cosines of the line 
Ax + By+C=0 


—B A 
are cos a = —————, cos B = ——____ 
+ VA?) Be! + V4? + B? 


when the sign of the radical is the same as that of A. 


Proof. Let P,(#1, y:) be a point on the given line, Then 
(Corollary, p. 53) As, + By, +C = 0. 


Or 
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Subtracting from the given equation, we obtain 
A(@—a%)+ Bly —y%1)=0. 


Transpose the second term and divide by — AB; this gives 


Dividing this equation by (XVI), we have 


cosa __ cos B 
—B A 


Let 7 denote the common value of these ratios. Then 
cos a=— Br and cos B= Ar. 
Squaring and adding, 
cos? a + cos? B = (A? + B*)r?. 
ui 


Then from’ (1), p- 123, r= tVE LB 


and hence 


(2) cos a@ = 


Fay 2 A 
Ey AME B? ey deep? 


The sign of the radical must be the same as thatof A. q.u.p. 


and cos B = 


[For since the line is directed upward, 6 <t, and hence cos 8 is positive. ] 


Corollary. Jf cosa and cosB are proportional to two numbers 
a and b, then 


a 6 
 ? cos B = —_____- 
+ Va? +0? + Va? + b? 


cos a2 = 


The sign of the radical must be the same as that of b. 


To reduce the equation of a given straight line to the symmet- 
rical or parametric form it is necessary to know the codrdinates 
of some point on the line (which may be found by the Rule, 
p. 60) and its direction cosines (which are given by Theorem 
XVII). Then we can write the required equations by Theorem 
XV or XVI. 
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Ex. 1. Plot the line whose parametric equations arex=2—%p and 
GT ae 


Solution. Comparing with (XV) we see that 
“ie P; (2, 1) isa point on the line. A second point 
will enable us to plot the line. We have at 


dis) once the table : x 
[A Hence the line joining 
Ip the points P,(2, 1) and 
i + P2(—1, 5) is the required 
= i a= SG 2) line. 


(x, y), or (2—$p, 1+4p), 
are the codrdinates of that 
variable point P on the line whose distance 
from Py, is the variable p. 


XxX 


Ex. 2. Given the circle C: 2? + y= 25 and the line whose parametric 
equations are x= 5 —3p and y=—3-+ $p; find the product of the dis- 
tances from P,(5, — 8) to the points of intersection of the line with C, and 
the middle point of the chord formed by the line. 


Solution. By Theorem XV the codrdinates of any point on the line 
are (5— 2p, —3+ 4p), where p 
denotes the distance from P, to eines 
that point. If that point lies on 
C (Corollary, p. 53), 


(= $0) Tilo 34 $ pp = 20; 
or, simplifying, 
B)  p#— Mp +9=0. x 


The roots of this quadratic are — a iz 
the directed lengths p; = P,P, and 
p2 = P,P3, where Pz: and P3 are the (55-4) 
points of intersection of the line and r 
circle. For if P:(5 —3p;, — 3+ £1) 
is on the circle, 


(5-8)? +(—8 + $e)? = 25, 
or pv? — $491+9=0. 


Hence p;, and similarly pe, is a root of (3). 

The product of these distances is therefore 9 (Theorem I, p. 8). 

Half the sum of these roots is PiP, or 27 (Theorem I, p. 8). For p= 22 
we have = $4 and y = $3, so the middle point of the chord is the point 
P(z5, 34). 


* 
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PROBLEMS 


1, Plot the following lines: 


e=2+ Ep. jCesee ae 

Cc 

Oe cat ts ©) y= ys 

1 
x=—1—-—~p 
z=1— 5p a V5 

On eniey (a) 
Yy ash pes, 
V5 


2. Prove that if cos w and cos are the direction cosines of a line directed 
upward, then — cos a@ and — cos are the direction cosines of the same line 
directed downward. 


ct Dy nae | 
3. Find the codrdinates of the points on the line ty ~° 8 for which 


y=—2+ 3p 
p=3, —2,and4. Verify the geometric significance of p for each of these 
points by Theorem IV, p. 31. 


4. Find the product of the distances from P (2, 1) to the intersections of 
the line @ = 2 — 3p and y = 1+ #p with the circle x? + y? = 25, and explain 
the sign of the result. Ans. — 20. 


5. Given the ellipse 77+4y?=16 and the line t=2%,—4p and 
y=%¥%1+2p; find the equation whose roots are the distances from 
P, (1, yi) to the points of intersection of the line and ellipse. 

5 = 
Bie 52 we 8a, — 24y, 
25 5 

6. Find the condition that P; in problem 5 should be the middle point of 

the chord on which it lies. 


pt %7 + 44)? — 16 =0. 


Hint. The two values of p must be numerically equal, with opposite signs. 


7%. Given the parabola y2 = 4a and the line x=2+4pcosa, y=—4 
+ pcos; find the. condition which cosa and cosB must satisfy if the 
line meets the parabola in but one point. 
Ans. cos?a@ + 4cos a cos B + 2 cos?B = 0. 


8. If a and b are two numbers such that a? + 6? =1, prove that a and b 

are the direction cosines of some line. 
9. Derive equation (XVI) from Theorem V (p. 95) and Theorem I (p. 28). 
10. Prove that the common value of the ratios in (X VJ) is the length P,P. 


Hint. Square (XVI), apply the Theorem on the sum of the antecedents and of the 
consequents, and then take the square root. 


11. Derive equations (XV) from (XVI) by means of problem 10. 
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MISCELLANEOUS PROBLEMS 


1. Find the point on the line 8x — 5y + 6 = 0 which is equidistant from 
the points (8, — 4) and (2, 1). 

2. Find the equation of the line through the intersection of the lines 
Te+y—3=0 and 32+6y—11=0 which is perpendicular to the line 
joining their intersection to the origin. 


8. Find the equation of the line through the point (2, 5) such that the 
portion of the line included between the axes is bisected at that point. 


4. Find the equation of the line through the point (2, — 3) such that 
the portion of the line included between the lines 832+y—2=0 and 
~+5y+10=0 is bisected at that point. 


5. Prove that the diagonals of a rhombus are perpendicular. 


6. If the Y-axis makes an angle of w with the X-axis, find the equation of 
the straight line in terms of its intercept b on the Y-axis and its inclination a. 


7. If the Y-axis makes an angle of w with the X-axis, find the equation 
of the straight line whose inclination is a which passes through P (zi, 3). 


8. If the Y-axis makes an angle of w’ with the X-axis, find the normal 
form of the equation of the straight line. 


9. Find the tangent of the angle which one line makes with another if the 
axes are oblique. 


10. Show that all of the lines for which m =} pass through the same 
point, and find the coérdinates of that point. 


11. Show that all of the lines for which 3 - ; = constant pass through the 
same point, and find the codrdinates of that point. 


12. Prove that all of the lines Ax + By + C=O for which A + Bi C=0 
pass through the same point, and find the codrdinates of that point. 


13. Find the points in which the lines 2x -3y=0, 2+ 4y —2=0, 
2x—8y+A(u+4y — 2) =0, 2e-—3y—-— A(x —4y — 2) = 0 cut the X-axis. 
Show that the last two points divide the line joining the first two points inter- 
nally and externally in the same numerical ratio. 


14. Prove that Ax + By + C =0 represents a straight line by showing 
that if P; and Pz» lie on the locus of the equation, the point which divides P,P, 
in the ratio ) lies on the locus of the equation. 


15. Find the bisectors of the exterior angles of the triangle formed by 
2%—3y+120=0,24+y=0, and32+4y—6=0. Show that these lines 
meet the opposite sides in three points on the same straight line. 
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16. Find the equation of the line passing through the intersection of 
Ax + By+C=0 and Aw+ By + C’=0 which (a) passes through the 
origin, (b) is parallel to the X-axis, (c) is parallel to the Y-axis. 


17. Show that the lines (A + AA’) a + (B+ dB) y +(C + AC’) = 0 pass 
through a point if ) is a variable parameter and the other letters are constant. 


18. Let Aye + By +C,= 0, Agr + Boy + C2 = 0, and A3x+ Bsy + C3 = 0 
be three given lines forming a triangle. Show that the equation of any line 
Ax + By + C=0 may be written in the form 


a(Aye + By + Cy) + B(Agt + Boy + C2) + y (Asx + Bsy + Cz) = 0, 
where a, 8, and y are definite constants. 
Hint. Use Theorem III, p. 88. 


19. Find the ratio in which the line 2% — 5y + 8 = 0 divides the line join- 
ing the points P;(1, 8) and P2(7, 2). 
Hint. The coordinates of the point dividing P,P, into segments whose ratio is A are 
(- +7X 3+2A 
<n 


GLEN ; determine A so that this point lies on the given line. 
of + 


20. Find the ratio in which the line + 8y—6=0 divides the line 
joining (— 3, 2) and (6, 1). 


21. Determine m so that the line y= mz —7 divides the line joining 
(8, 2) and (1, 4) in the ratio 3:2. 


22. Find the equation of the line passing through the point (2, — 3) which 
divides the line joining (6, 8) and (2, —1) in the ratio 2: 5. 

23. Show that the ratio of the distances from the line Aw + By + C=0 to 
Az, + By, + C 


the points Py (x1, y1) and P2 (x2, yz) is MGR ran 


24. Show that the line Ax + By + C = 0 divides the line joining P (a, ¥) 
Ax, + By, 2 ¢ 


Age + Byg + U 


and P», (x2, Ye) into segments whose ratio is 


25. Show by the preceding example that any line cuts the sides of a tri- 
angle P\P2, P2Ps, and P3P in the points L, M, N such that 
PiL | PoM P3N _ 
TPs MP3 NP; 


26. Plot the line 22 —3y + 5 = 0 and indicate all of the points for which 
2%—8y+5>0. 

27. Find the area of the triangle formed by Aya + By + Cy = 0, 
Age + Boy + Cz =0, and Asx + Bsy + Cz =0. 


CHAPTER V 


THE CIRCLE AND THE EQUATION aw’? + y?4+ Dvx+ Ey+F=0 


56. The general equation of the circle. If (a, £) is the center 
of a circle whose radius is 7, then the equation of the circle is 
(Theorem II, p. 58) 


(1) e+y—2ax—2By+e4+ P—r=0, 
or 
(2) (ei =a)" Cy — B) ar 


In particular, if the center is the origin, a = 0, B = 0, and (2) 
reduces to 


(3) est a? = 7. 
Equation (1) is of the form 
(4) x*+y*?+ De+ Ey+ F=0, 
where 
(5) D=—2a, E=—2£8, and F=a?+ B?— 7. 


Can we infer, conversely, that the locus of every equation of 
the form (4) isa circle? By comparing (4) with (1) we obtain (5). 
Whence 

E 2 2 Se. 
(6) e=-F B=-> and a tet 

These values of a and £ are real, and if D? + E* — 4 F is posi- 
tive, the value of r is real and the locus of (4) is a circle. 


To plot the locus of (4) by points (Rule, p. 60), we solve for y. 
This gives 


E E? —AF 
The discriminant of the quadratic under the radical in (7) is 


E424 
© = D?— 4( »( " Java m ay, 


which is the numerator of 7? in (6). 
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If @ is positive, the quadratic under the radical is positive for 
values of « between the roots (Theorem III, p. 11) poe the equa- 
tion has a locus, as we have seen. 

If @ is zero, the roots of the quadratic are real and equal (Theo- 
remit ep..o): — Bub #0 all other values of « the quadratic is 


negative (Theorem III, p. 11). The locus therefore consists of 
5 : D E 
the single point (- 5 om 5) : 
For the quadratic in (7) equals zero when « = _2 (p. 2), and hence, from (7), 


the corresponding value of y is — = This also follows from (6) if we suppose 7 


approaches zero, for then the circle consists only of its center ( — 2 >— =) . 


If @ is negative, the quadratic in (7) is negative for all values 
of « (Theorem III, p. 11) except the roots, which are imaginary 
(Theorem II, p. 3). Hence there is no locus. 

The expression © = D?+ E?—4F is called the discriminant 
of (4). When © = 0 the locus of (4) is often called a point-circle 
or a circle whose radius is zero. 

We have thus proved 


Theorem I. Zhe locus of the equation 
Ey a? + y? + Dx + Ey + F =0, 


whose discriminant is ® = D? + E* — 4 F, is determined as follows: 


(a) When © is positive the locus is the circle whose center is 
(- a = °) and whose radius isr =4VD?+ BE? —-4F=} Vo. 
P 2 2 D E 
(6) When ® is zero the locus is the point-circle (- Cian 5) 
(c) When ® is negative there is no locus. 


Corollary. When E =0 the center of (1) ts on the X-axis, and 
when D=O the center is on the Y-axis. 


Whenever in what follows it is said that (1) is the piveugn 
of a circle it is assumed that © is positive. 
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Ex. 1. Find the locus of the equation 72 + y2-4x2%+8y—5=0. 
Solution. The given equation is of 
the form (I), where 
D=—4, H=8, F=—5, 
and hence 
6 = 16 + 64 + 20= 10050. 
The locus is therefore a circle whose 


center is the point (2, — 4) and whose 
radius is $ V100 = 5. 


The equation Ax? + Bay + Cy? 
+ Dx + Ey+F=0 is called the 
general equation of the second degree 
in x and y because it contains ali 
possible terms in x and y of the second and lower degrees. 


Theorem II. The locus of the general equation of the second 
degree, 
(1) Ax? + Bey + Cy*+ Dx + Ey + F=0, 
D? + E?—4AF 


is a circle when. and only when A =C, B= 0, and mo 


is positive. 


Proof. The equation of every circle must have the form (I); 
hence the coefficients of x? and y? must be equal and the zy term 
must be lacking; that is, the locus of (II) can be a circle only 
when A =C' and B=0. If these conditions be satisfied, (II) 
may be written in the form 


D E F 
pia eY camara nauberd p-ioret AV) 


whose locus is a circle when and only when its discriminant 
D?+ E?—4AAF 


7 is positive. Q.E.D. 


57. Circles determined by three conditions. The equation of 
any circle may be written in either one of the forms 


(@ —a)?+(y—f)? =r? 
or e+y?+ Dxe+ Ey+ F=0. 
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Each of these equations contains three arbitrary constants. 
To determine these constants three equations are necessary, and 
as any equation between the constants means that the circle sat- 
isfies some geometrical condition, it follows that a circle may be 
determined to satisfy three conditions. 


Rule to determine the equation of «a circle satisfying three 
conditions. 
First step. Let the required equation be 


(1) (@— a)? +(y—f)y=7r" 
or 
(2) xe+y?+ Dxi+ Ey+F=0, 


as may be more convenient. 

Second step. Find three equations between the constants a, B, 
and r [or D, E, and F] which express that the circle (1) [or (2) ] 
satisfies the three given conditions. 

Third step. Solve the equations found in the second step for a, B, 
and + [or D, E, and F}. 

Fourth step. Substitute the results of the third step in (1) [or 
(2)]. The result is the required equation. 


Ex. 1. Find the equation of the circle passing through the three points 
P;(0, 1), P2(0, 6), and Ps (8, 0). 

Solution. First step. Let the required equa- 
tion be 
(8) e+y?+ De+ Hy + F=0. 

Second step. Since P,, P2, and P3 lie on (8), 
their codrdinates must satisfy (8). Hence we 
have 


(5) 364+6F+F=0, 
and 
(6) 94+3D+F=0. 


* Third step. Solving (4), (5), and (6), we obtain 
i=) (ge He) 0,) Diab, 
Fourth step. Substituting in (3), the required equation is 
w+ty?—b5e—-—Ty+6=0. 
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By Theorem I we find that the radius is 3V2% and the center is the 
point (3, 4). 


Ex. 2. Find the equation of the circle passing through the points 
P,(0, — 8) and P2(4, 0) which has its center on the line «+ 2y=0. 


Solution. First step. Let the required equation be 


(7) e+ y?+ De+ Hy+ F=0. 
Second step. Since P; and Pz lie on the locus of (7), we have 
(8) 9-—38H+F=0 
and 
(9) 16+4D4 F=0. 


The center of (7) is (- = = =) » and since it 
lies on the given line, 


-2es(-B)=0 


¥ 


or 
(10) D+2E=0. 


Third step. Solving (8), (9), and (10), we obtain 
D=—14, H= 17, and F = — 24, 
Fourth step. Substituting in (7), we obtain the required equation, 
a? + y®— Ae 4+ ty—%24=0, 
or 602+ 5y? —14"%4+ Ty —24=—0. 


The center is the point (2, — 7), and the radius is }V 29. 


PROBLEMS 


1. Find the equation of the circle whose center is 


(a) (0, 1) and whose radius is 3. Ans. 224+ y2-2y—8=0. 

(b) (— 2, 0) and whose radius is 2. Ans. 24+ y?+42=0. 

(c) (— 8, 4) and whose radius is 5. Ans. w+ y?+62%—8y=0. 
' (e) (a, 0) and whose radius is @. Ans. «+ y2-—2ax=0. 

(f) (0, 8) and whose radius is £. Ans. x? + y2—2By=0. 

(g) (0, — 8) and whose radius is p. Ans. v+y?+2pBy=0. * 


* The radius is easily obtained, since V2 is the length of the diagonal of a square 
whose side is one unit. We may construct a line whose length is Vn by describing a 
semicircle on a line whose length is n+ 1 and erecting a perpendicular to the diameter 
one unit from the end. The length of that perpendicular will be Vn. 
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2. Find the locus of the following equations. 


(a) w+ y?—-6x2—16=0. (f) 2+ y2-—6¢7+4y—5=0. 
(b) 807+ 3y?—10x%—24y=0. (g) (© +1)?4+ (y —2)?=0. 
(c) w+ y2=0. (h) 7224+ 7y2?-42—y=8. 


(d) w+ y?-—82—6y+4+25=0. (i) et+y?4+2an+2by+02+0=0. 
(e) 2+ y2?—2%+2y+5=0. (j) a+ y2 +1624 100 =0. 


3. Find the equation of the circle which 


(a) has the center (2, 3) and passes through (8, — 2). 
Ans. 22+ y2—4%-—6y —18=0. 
(b) passes through the points (0, 0), (8, 0), (0, — 6). 
Ans. 22+ y2-—82+6y=0. 
(c) passes through the points (4, 0), (— 2, 5), (0, — 3). — 
Ans. 1922+ 19y24+ 2” —47y — 812 = 0. 
(d) passes through the points (8, 5) and (— 3, 7) and has its center on 
the X-axis. Ans. 227+ y2+42—46=0, 
(e) passes through the points (4, 2) and (— 6, — 2) and has its center on 
the Y-axis. Ans. 22+ y2+ 5y —30=0. 
(f) passes through the points (5, — 8) and (0, 6) and has its center on 
the line 2% —3y —6=0. Ans. 347+ 3y2— 114% — 64y 4+ 276 =0. 
(g) has the center (— 1, — 5) and is tangent to the X-axis. 
Ans. 2 +y?+22%+4+10y4+1=0. 
(h) passes through (1, 0) and (5, 0) and is tangent to the Y-axis. 
Ans. w+ y2—6a+42V5y+5=—0.* 
(i) passes through (0, 1), (5, 1), (2, — 8). 
Ans. 2424+ 2y2—10%4+y—38=0. 
(j) has the line joining (8, 2) and (— 7, 4) as a diameter. 
Ans. 22+ y27+4x2—-—6y —18=0. 
(k) has the line joining (8, — 4) and (2, — 5) as a diameter. 
Ans. «24+ y2—-524+9y+26=0. 
(1) which circumscribes the triangle formed by e—6=0,%+2y=0, 
and « —2y = 8. Ans. 2424+ 2y2— 21%+8y+60=0. 
(m) passes through the points (1, — 2), (— 2, 4), (8, — 6). Interpret the 
result by the Corollary, p. 98. 
« (n) is inscribed in the triangle formed by 4% + 3y—12=0,y—2=0, 
—-10=0. Ans. 3627 + 36 y? — 516x + 60y + 1585 = 0. 


4. Plot the locus of 22+ y2?-22+4y+k=0 for k=0, 2, 4,5-—2, —4, 
—8. What values of k must be excluded? LAS Os 
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5. What is the locus of 22 + y2+ Dz + Ey + F = Oif Dand £ are fixed 
and F varies ? 
6. For what values of k does the equation «? + y2-4%+2ky+10=0 
have a locus ? cANSH RIC > +vV6 and k< — V6. 
7%. For what values of k does the equation 22+ y?+ kx + F=0 have a 
locus when (a) F is positive; (b) Fis zero; (c) F is negative ? 
Ans. (a) k> oVF andk<—2VF; (b) and (c) all values of k. 
8. Find the number of point-circles represented by the equation in 
problem 7. Ans. (a) two; (b) one; (c) none. 
9. Find the equation of the circle in oblique codrdinates if w is the angle 
between the axes of codrdinates. 
Ans. (% — a)? + (y — B)? + 2(@ — @) (y — 8) cosw = 7". 
10. Write an equation representing all circles with the radius 5 whose 
centers lie on the X-axis; on the Y-axis. 
11. Find the number of values of & for which the locus of 
(a) w+ y2+4kx —2y+5k=0, 
(b) w+ 42+ 4ka —2y—k=0, 
(c) 2 +y?+ 4kx —2y+4k=0 
is a point-circle. Ans. (a) two; (b) none; (c) one. 
12. Plot the circles 227+ y21+42—9=0, w2+y2—4xe%—9=0, and 
ety+t4e—9+k(e2?+ y2?-—4e%—9)=0 for k=4+1, +38, +4, —5, 
—1, Must any values of k be excluded ? 
13. Plot the circles 7? + y2+42=0, 224+ y¥2—4x2=0, and a+ y?4+ 4a 
# k(x? + y? — 4x) =0 for the values of k in problem 12. Must any values 
of k be excluded ? 


14. Plot the circles 74+ y?+427+9=0, z2+y%—4x24+9=0, and 
ety?+4e4+9+4+h(x?+ y2-4e2+9)=0 for k=—38, —4, —5, — 
7, —#, —1. What values of k must be excluded ? 


58. Systems of circles. An equation of the form : 
e+y+ De+ Ey+F=0 
will define a system of circles if one or more of the coefficients 
contain an arbitrary constant. Thus the equation 
+ y2— = 0 
represents the system of concentric circles whose centers are at 
the origin. Very interesting systems of circles, and the only’ 


systems we shall consider, are represented by equations analogous 
to (XIIT), p. 119. 
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Theorem III. Given two circles, 


Qy:2+Yy+4+Dae+Ey+ F,=0 
and Cy:a?+y?+ Daw+ Ey + F,=0; 


then the locus of the equation 


(Il) at + yu? + Dwet+ By + F, 
+k(e? + y+ Dw + Ey + F,)=0 


is a circle except whenk=—1. In this case the locus is a straight 
line. 


Proof. Clearing the parenthesis in (III) and collecting like 
terms in x and y, we obtain 


(A+hk)a?+A+hk)y?+(Dit+kD,)e+ (Ei, + hE, y+(Fy+ bP;) 0; 
Dividing by 1+ k we have 


D, + kD, | Sepa oy OF 


Fy hE, 
Mea ey 1a 


(al = 0. 

The locus of this equation is a circle (Theorem I, p. 131). If, 
however, & =—1, we cannot divide by 1+ %. But in this case 
equation (IIT) becomes 


(D, — D2) + (E, — E2)y +i — Fe) = 0, 


which is of the first degree in a and y. Its locus is then a 
straight line called the radical axis of C, and C,. Q.E.D. 


Corollary I. The center of the circle (II1) lies upon the line 
' goining the centers of Cy and C, and divides that line into seg- 
ments whose ratio is equal to k. 


D E. 
For by Theorem I (p. 131) the center of Cy is Py( — a a 3) and of C2 is 


P2 ( ame a =) + The point dividing P1P:2 into segments whose ratio equals k 
2 2 Di ay 22) La i Ep 
peer) 
: 3 int , » OF 
is (Theorem VII, p. 39) the point rE Tay 


ner (-22™, Hi +kk2 
oe er see. / 2040) 


), which is the center of (III). 
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Corollary II. The equation of the radical amis of C, and Cy, ts 
(D, <= Dz) & + (Fi — E,)y + (Fi — F,)= 0. 


Corollary III. The radical axis of two circles is perpendicular to 
the line joining their centers. 

Hint. Find the line joining the centers of C, and C, (Theorem VII, p. 97) and show 
that it is perpendicular to the radical axis by Corollary III, p. 87. 


The system (III) may have three distinct forms, as illustrated 
in the following examples. These three forms correspond to the 
relative positions of C, and C,, which may intersect in two points, 
be tangent to each other, or not meet at all. 


Ex. 1. Plot the system of circles represented by 
w+ y2?+ 8a —-94+k(22?+ y2?-42%—9)=0. 
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Solution. The figure shows the circles 


e+ y2+8e%—9=0 and 224+ y2-47-—9=0 
plotted in heavy lines and the circles corresponding to 
k= 2,5, 1, 4, -—4, —§, and —4; 


these circles all pass through the intersection of the first two. 


The radical axis of the two circles plotted in heavy lines, which corre- 
sponds to k =—1, is the Y-axis. 
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_ Ex. 2. Plot the system of circles represented by 
e+ y*+ 8a+k(a? + y? 42) =0. 
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Solution. The figure shows the circles 
v+y?+8x2=0 and 22+ y2-42%=0 
plotted in heavy lines and the circles corresponding to 
k = 2, 3, 7, 5, 1, 4, —7, 4, —4, — 3, and —}. 
These circles are all tangent to the given circles at their point of tangency. 
The locus for k = 2 is the origin. 
Ex. 3. Plot the system of circles represented by 
ve+y2—10%4+9+k(e?+ y2+ 8x4 9) =0. 


ba Ve 


I2 
Solution. The figure shows the circles 
w+ y2—10%+9=0 and 2+y?+8e+9=0 
plotted in heavy lines and the circles corresponding to 
k=4, 17, 3, —10, — 7, and — 4. 
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These circles all cut the dotted circle at right angles, as will be shown 
later. For k = 3 the locus is the point-circle (8, 0), and for k =8 it is the 
point-circle (— 3, 0). 

In all three examples the radical axis, for which k =—1, is the Y-axis. 


Theorem IV. When the circles 
Ma Gill ecto Oe 
and C,:27? + y?+ Dox + Eey + Fz = 0 
intersect in two points P(x, 1) eg Ps (Xe, Yo), then the system 
of circles represented by 


e+yt+Daet+kyt+h +k(e+y + Dx + Exy + Fr) =0 
consists of all circles passing through P, and Py». 


Proof. First, every circle of the system passes through P, and 
P,. For, since P, lies on C, and C,, we have 


e?+y?+ Da+ Ly,+F,=0 


and wy" + yy? + Dy, + Exy, + Fy = 0. 
Multiply the second equation by & and add to the first; this 
gives - 


xy + yy + Dye, + By, t+ Fit k(eyr+ yy" + Dea, + Foy: + F,) = 0, 
which is the condition that P, hes on any circle of the system. 
In the same manner we can show that every circle of the system 
passes through P,. 

In the second place, every circle which passes through P, and 
P, is in the system. For any such circle is determined by P,, P, 
and a point Ps; (x3, y;) not on the line P,P,. Then if P, lies on a 
circle of the system, we have 


Le? + Ys + Dye; + Eyyg + Fy + k (a3? AF Ys" + Dot, + Eny3+ Fy.) = 0, 
ba — 8 Ys + Diss + Frys + Fi 

Xs? + Ys? + Dyas + E,y3 + Fy, 
That is, a value of k can be determined so that the corresponding 
circle passes through P;. Since P; is any point not on- P;P,, 
that circle is any circle which passes through P, and P,; and 


hence every circle which passes through P, and P, belongs to 
the system. : Q.E.D. 


and hence 
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Corollary. The radical axis of two intersecting circles is their 
common chord. 


In like manner we may prove 
Theorem V. When the circles 


Cy:2+Yy4+ De+bEy+Fr,=0 

and C,:2+y? + Dax + E,y + Fy =0 
are tangent at the point P; (a, y;), then the system of circles repre- 
sented by , 

e+y+ De+ kyt+ Fi + h(a? +y? + Dox + E,y + F,)= 0 
consists of all circles tangent to C, and C, at P,. 

These theorems show how to construct the circles of the system 
in case C, and C, intersect or are tangent, but there is no analo- 


gous theorem if C, and C, do not intersect. In what follows we 
shall consider a method which applies to all three cases. 


Theorem VI. The equation of the system (II1), (p. 187), may be 
written in the form bs 
(VI) e4+ytkioco+ F=0, 
where k' is an arbitrary constant, if the axes of x and y be respec- 
tively chosen as the line of centers and the radical axis of Cy and C3: 

Proof. No matter how the axes be chosen, the equations of 
C, and C, have the forms 

C:084+Y7+De+by+ F,=9 
and Cy: 2? + y? + Daw + Eyxy + F, = 0. 

If the centers of C, and C, lie on the X-axis, then Z, = 0 and 
E,=0 (Corollary, p. 131). The equation of the radical axis 
(Corollary II, p. 138) then becomes 

(D, — D,)2 + (Fi — F,) = 0. 

If this line is the Y-axis, whose equation is «= 0, we must 
have F, — F,=0, and hence F, = F,. Substituting F for F, 
and F, and setting EZ, = 0 and E, = 0 in (III), we obtain 

ety+De+F+k(a’+y+ D2+ F)=0. 
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Collecting like powers of x and y and dividing by 1+, we 
obtain 
D,+kD, 


2 2 
fi fom = 1k 


z+ F=0. 
The coefficient of « changes with & and may be denoted by a 
single letter; if we set 
Di + kD, 
1+k 
we obtain equation (VI). Q.E.D. 


=k’, 


Corollary. The centers of the circles of the system (V1) lie on 
the X-axis. 


The study of the system of circles (III), p. 137, may then be 
effected by the study of the system (VI), whose equation is in a 
simpler form than that of (II). 

Theorem VII. /f7r' is the radius of that circle of the system 

e+y+tkixc+F=0 
whose center is (a', 0), then 


pi? — q!2 _ Ff, 


k?—4F 
Proof. For by Theorem I (p. 131) we have Oe 
12 
and a? = i. Hence r? = a? — F, 


Corollary I. When F is negative, r' is the hypotenuse of a right 
triangle whose legs are a' and V — F.* 

Corollary II. When F is zero, then r' = a’. 

Corollary HI. When F is positive, a' is the hypotenuse of a right 
triangle whose legs are r! and VF. 


We may readily construct circles of the system (VI) by the 
use of these corollaries. With the preliminary remark that the 
centers of all of the circles of the system lie on the X-axis (by 
the Corollary), we shall consider the three cases separately. 


* When F is negative, —F is positive, and hence \/— F is a real number. 
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Casze I. F< 0. In this case 7”? = a? — F is positive for all 
real values of a', and hence every point on the X-axis may be 
used as the center of a circle belonging to the 
system. 

On OY lay off OA=V—F. With any 
point P' on the X-axis as center and with 
P'A as a radius, describe a circle; this circle 
will belong to the system. For let OP!=a’'; 
then P'A =r’ by Corollary I. The system 
is then composed of all circles whose centers 
lie on the X-axis which pass through A (0, + V—F). It is evi- 
dent that the circles will also pass through B(0, — V— F). 

CasE II. F=0. In this case r= a", and hence all points 

on the X-axis may be used as centers. Further, 

the circles of the system will all pass through 
the origin (Theorem VI, p. 73). Hence the 
x circle whose center is any point P’ on the 

X-axis and whose radius is P'O will belong to 

the system. It is evident that all of the cir- 
cles of the system are tangent to the Y-axis at the origin and 
also to each other. ‘ 

CasE III. F>0. In this case r? = a? — F is positive only 
when a’ is numerically greater than VF, and hence points on the 
X-axis for which a’ is numerically less : 
than VF cannot be used as centers. 
With O as a center and with VF as a 
radius, describe a circle, the dotted circle 
in the figure. Let P’ be any point on the 
X-axis outside of this circle. Draw P'A 
tangent to the-dotted circle. With P!' as 
center and P'A as radius, describe a circle; this circle will belong 
tothe system. For let P'O=a’'; then, since 0A = VF, and since 
A is a right angle, P'4 =r' by Corollary III. Two intersecting 
circles whose tangents at a point of intersection are perpendicu- 
lar are said to be orthogonal; hence the system is composed of all 
circles whose centers are on the X-axis which cut the dotted circle 


144 ANALYTIC GEOMETRY 


orthogonally... If P’ falls at C or D, the radius will be zero; 
that is, the point-circles C and D belong to the system and are 
called its limiting points. Hence 


Theorem VIII. Zhe circles of the system represented by 
e+y+kix+ F=0 
have their centers on the X-axis, and 
(a) pass through (0, +V—F) and (0, — 5 fae F) if F ts 
negative ; 
(6) are tangent to each other at the origin if F = 0; 
(¢) are orthogonal to the circle x* + y? = Ff F is positive. 


The constructions given in the proof were used in drawing the 
figures on pages 138 and 159. 

It is evident from the figures, and can be proved analytically, 
that there are no point-circles if F is negative, that there is one 
point-circle if F' is zero, and that there are two if F is positive. 


59. The length of the tangent. 
Theorem IX. Given a point P, (a, y;) and the circle 
C:2°+ y° + Dx + Ey + F=0, 
then the product of any secant through P, and its external seg- 
ment is 
(1X) vy" + yi" + Da, + Ey, + F. 
Proof. Let the equations of any line through P, be (Theorem 
XV, p. 124) 
x= 2%, + p COS a, 
y = 1 + p COs B. 
Then if the point (a, y) or (a+ 
P pcosa, ¥; + pcos B) lies on C, we 
; have (Corollary, p. 53) 
(a, + p cos a)? + (y. + p 008 8)? 
+ D(a, + pcos a)+ E(y, + p cos B)+ F=0. 


THE CIRCLE 145 


Simplifying, arranging according to powers of p, and using 
(1), p. 123, we have 
p’ + p[ (241+ D)cosa+(2y, + E) cos B] 
+ y+ yy” + Dx, + Ey, + F, = 0. 
The roots of this quadratic are the lengths of the secant P,P; 
and its external segment P,P,. Hence the product of P,P, and 
P,P, is (Theorem I, p. 3) 
ay” + y,” + Da, + By, + F. 
As this expression does not contain cos a or cos B it is imma- 
terial in what direction the secant be drawn. Q.E.D. 


Corollary. The square of the length of the tangent from P, to C 
is given by (IX). 
For when the secant swings around on P; until it becomes tangent to C, P1P3 
and P;P2 both become equal to PiP4. 
Theorem X. The ratio of the squares of the lengths of the tan- 
gents drawn from any point of the circle 
C,:¢8@+Y7+Dae+hy+F, 
ae he (x? =F y? + Dox + Foxy + FF.) =0 
to the circles 
C,:0+Yy7+De+ hy + Fh, =9 
and Cp:¢? +y?+ Dox+ Ey + F, =0 
is constant and is equal to — k. 


Proof. Let P,(x, y,) be any point on Cy. Then 
eet y~t+ Day + Ey +R +k (ay t+ y? + Dow, + Eyy, + Fo) = 0. 
Dividing by the parenthesis and transposing, we obtain 
tty tDey+hn+h Z 
ay + fy" + Dy, + Bay, + Pr 
By the Corollary the numerator of this fraction is the square 
of the length of the tangent from P, to C,, and the denominator 
is the square of the length of the tangent from P, to C,. Hence 
the ratio of the squares of the lengths of those tangents is con- 
stant and equal to — k. Q.E.D. 


k. 
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Corollary I. The locus of a point from which the ratio of the 
squares of the lengths of the tangents to the circles C, and Cz is 
constant and equal to —k is the circle Cy. .* 


Theorem X proves only one part of the Corollary. It remains to be proved 
that all points such that the ratio of the squares of the lengths of the tangents from 
these points to Oj and C2 equals — # lie on Cx. 


Corollary II. The locus of points from which tangents to two 
circles are equal is the radical axis of those circles. 


PROBLEMS 


1. By means of Theorem VIII plot the following systems of circles. 
(a) 2+ y24+4e2—14+k(a?+y?—-2e%—-—1)= 

(b) 2+y2?+4e+1+kh(a?+y?-—22+4+1)=0 

(c) 2+y?+404k(a?2+ y?—22)=0. 

(d) 2+ y2?+2¢%—4+kh(2?+y?+6xe—4)=0 

(ec) 2@+y?4+2e4+9+k(e?+ y2?-42+49)=0. 

(f) 2+ y2?—62+4+k(2? + y?+ 82) =0. 


2. Find the lengths of the tangents from the point 


(a) (5, 2) to the circle a? + y2? -4=0. Ans. 5. 

(b) (— 1, 2) to the circle 2? + y? -6x% —2y=0. Ans. V7. 
(c) (2, 5) to the circle 242+ 2y2+2e+4y—1=0. Ans. 3V2. 
(d) (1, 2) to the circle a? + y? = 26. Ans. V—20. 


What does the imaginary answer in (d)mean? Ans. Point is within the circle. 


3. Determine the nature of the following systems. 

(a) a+ y2?4+ 20% —4y+k(e?+ y2—-20+4+4y)=0 

(b) a + y2+ 4a —y+kh(e2?+y2?-—42%+y—4)=0. 

(c) @+y?+2e—4y+1+k(@?+y2-22+4y+1)=0 


4, Find the equation of the circle passing through the intersections of the 
Polen x2 4+ y? —1=0 and a? + y? + 2% = 0 which passes through the point 
(3, 2). Ans. 722+ Ty? — 24% —19=0. 


5. Find the equation of the circle passing through the intersections of 
x? + y*—6x=0 and «+ y2—4=0 which passes through (2, — 2). 
Ans. 22+ y2-—32—2=0. 


6. Find the equation of that circle of the system 22+ y2—42—8 
+ k(x? + y? —4y — 3) =0 whose center lies on the line «—-y—4=0. 
Ans. w+ y%—62+4+2y—3=0. 
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7. Find the equation of the circle passing through the intersections of 
w+ y2—4x%1+2y=0 and +4 y2 -2y —4=0 whose center lies on the 
line 2ea+4y—1=@Q. Ans. w+ y?—3824+y—-—1=0. 

8. Find the equations of the circles passing through the intersections of 
e+ y?—4=0 and w+ y2+ 2% —38=0 whose radii equal 4. 

Ans. 2+ y%—62 —7=0 and w+ y24+ 82=0. 

9. Find the radical axes of the circles 17+ y?—42%=0, 2?+y?+6x2—8y=0, 
and x? -+ y? +62 —8 =0 taken by pairs, and show that they meet in a point. 

10. Find the radical axes of the circles x?+y?—9=0, 342218 y?—6a24+8y 
—1=0, and x?+y?+8 y=0 taken by pairs, and show that they meet in a point. 

11. Show that the radical axes of any three circles taken by pairs meet 
in a point. 

12. By means of problem 11 show that a circle may be drawn cutting any 
three circles at right angles. 

13. By means of problem 11 prove that if several circles pass through two 
fixed points their chords of intersection with a fixed circle will pass through 
a fixed point. 

14. The square of the tangent from any point P, of one circle to another 
is proportional to the distance from the radical axis of the two circles to P}. 

15. If Cy; and C2 (Theorem III) are concentric, then all the circles of the 
system (III) are concentric. 

16. Show that when C; and C2 (Theorem III) are concentric the equation 
of the system (III) cannot be written in the form given in Theorem VI. 

17. Show that the radical axis of any pair of circles in the system (III) 
is the same as the radical axis of C, and C2. z 


18. How may problem 11 be stated if the three circles are point-circles ? 


MISCELLANEOUS PROBLEMS 


1. Find the equation of the circle which circumscribes the triangle formed 
by 7+ 2y=0, 8%—2y=6, andxe—y=65. 

2. Find the equation of the circle inscribed in the triangle in problem 1. 

8. Find the angle between the radii of the circles 22+ y? = 25 and 
a? + y2 —16x%+389=0 which are drawn to a point of intersection. 

Hint, Find the radii, the length of the line of centers, and apply 17, p. 20. 

4, Find the angle between the radii of the circles x? + y? + Div + Fy 
+ Fy =0 and 2? + y2 + Dor + Eoy + Fy = 0 which are drawn to a point of 
intersection. 
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5. Find the condition that the angle in problem 4 should be a right angle. 
6. Show that an angle inscribed in a semicircle is a right angle. 
~~ 


7. Prove that the perpendicular dropped from a point on a circle to a 
diameter is a mean proportional between the segments of the diameter. 


8. If w is the angle between the oblique axes OX and OY, then the 
locus of x? + 2 cosway + y2+ Dz + Hy + F = 0 isa circle. 


9. Given acircle C:22+y?+ Dx+ Hy+ F=0 and aline L: Ax+ By+C=0; 
show that the system of curves #?+ y?+ Dx + Ey + F+k(Ac+ By+C)=0 
consists of all circles whose centers lie on the line through the center of C 
perpendicular to L. 


10. Find the radical axis of any two circles of the system in problem 9. 
11. Find a geometric interpretation of % in the equation in problem 9. 


12. What does the equation of the system in problem 9 become if 


(a) the Y-axis is the line L and the X-axis passes through the center of C ? 
(b) the origin is the center of C and the Y-axis is chosen parailel to L? 


13. Show how to construct the circles of the system z?-+ y?—71?+ k(x—a)=0 
when (a) r<a; (b) r=a; and (c) r>a. 
14. Show that the discriminant of (III) is 
ro2k? — (d? — ry? — 19%) k + 112 
(1 +k)? 
where r; is the radius of Cj, rz of C2, and d is the length of the line joining 
the centers of Cy and C2. 


15. From problem 14 show that if there are no point-circles in (III), then 
C; and C2 intersect ; if there is one point-circle in (III), then C, and C2 are 
tangent ; if there are two point-circles in (III), C; and C, do not intersect. 


CHAPTER VI 


POLAR COORDINATES 


60. Polar codrdinates. In this chapter we shall consider a 
second method of determining points of the plane by pairs of 
real numbers. We suppose given a fixed point 0, called the 
pole, and a fixed line OA, passing through 
O, called the polar axis. Then any point 
P determines a length OP =p and an 
angle AOP = 9. The numbers p and 6 
are called the polar codrdinates of P. p is 
called the radius vector and @ the vectorial 
angle. The vectorial angle @ is positive 
or negative as in Trigonometry (p. 18)... 
The radius vector is positive if P lies on the terminal line of 6, 
and negative if P les on that line produced through the pole 0. 


\ , 
N 
SIP 


Thus in the figure the radius vector of P is positive, and that of P’ is negative. 

It is evident that every 
pair of real numbers (p, 8) 
determines a single point, 
which may be plotted by 
the 

Rule ‘for plotting a point 
whose polar codrdinates 
(p, 0) are given. 

First step. Construct the 
terminal line of the vecto- 
rial angle 0, as in Trigo- 


nometry. 

Second step. If the radius 
vector is positive, lay off a 
length OP = p.on the terminal line of 0; if negative, produce the 
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terminal line through the pole and lay off OP equal to the numer- 
ical value of p. Then P is the required point. 


In the figure on p. te are ee the points whose polar coordinates are 


(6.8), (0.82), (~8 82), 6 2, an (1,22), 


Every point a Spe an ye number of pairs of numbers (p, @). 

The values of @ will differ by some mul- 
tiple of 7, so that if ¢ is one value of @ the 
others will be of the form ¢ + kz, where x is 
a positive or negative integer. The values 


(os) of p will be the same numerically, but will 
AK ays . . . 
A 


B 


be positive or negative, if P lies on OB, 
according as the value of @ is chosen so that 
OB or OC is the terminal line. Thus, if 
OB = p the coordinates of L may be written 
in any one of the forms (p, ¢), (—p, 7+ ), 
(p; 2+ $), (— pP, P— 7), ete. 


Unless the contrary is stated, we shall always suppose that @ is 
positive, or zero, and less thun 27; that is, OS @ < 27. 


o-1 


PROBLEMS 
1. Plot the points (4, =): (6, ==), ( 2, ==), (4, *), (- Pete 
(6, 3) 3 3 3 3 


- an a the points (6, i =): ( Dee a): (3, 2), (—4, ), 6, 0), 


3. Show that the points (p, @) and (p, — 6) are symmetrical with respect 
to the polar axis. 


4. Show that the points (p, @), (— p, 0) are symmetrical with respect to 
the pole. 


5. Show that the points (— p, a — @) and (p, 6) are symmetrical with respect 
to the polar axis. 


61. Locus of an equation. If we are given an equation in the 
variables p and @, then the locus of the equation (p. 59) is a curve 
such that:. 

1. Every point whose coérdinates (p, 0) satisfy the equation lies 
on the curve. 

2. The coérdinates of every point on the curve satisfy the 
equation. 
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The curve may be plotted by solving the equation for p and 
finding the values of p for particular values of 6 until the coér- 
dinates of enough points are obtained to determine the form of 
the curve. 


The plotting is facilitated by the use of polar codrdinate paper, which enables 
us to plot values of @ by lines drawn through the pole and values of p by circles 
having the pole as center. The tables on p. 21 are to be used in constructing 
tables of values of p and 6. 


In discussing the locus of an equation the following points 
should be noticed., 

1. The intercepts on the polar axis are obtained by setting 
6=0 and 6=7 and solving for p. 


But other values of 6 may make p = 0 and hen¢e give a point on the polar axis, 
namely, the pole. 


2. The curve is symmetrical with respect to the pole if, when 
— p is substituted for p, only the form of the equation is changed. 

3. The curve is symmetrical with respect to the polar axis if, 
when — @ is substituted for 6, only the form of the equation is 
changed. 

4. The directions from the pole in which the curve recedes to 
“infinity, if any, are found by 


obtaining those values of @ for 
which p becomes infinite. 
5. The method of finding the ? 40 . 0 
values of @ which must be ex- a 9.7 -_ 
: 12 a — 2.6 
cluded, if any, depends on the 12 
given equation. = 8.7 ae ug 
Ex. 1. Discuss and plot the locus ee 
of the equation p = 10 cos 8. = 7 ee aoe as 7 
Solution. The discussion enables us Rew 
er he : : Qe See 
to simplify the plotting and is there- us 5 6 
fore put first. 3 lig |Rae 
1. For 6=0p=10, and for 6=7 Re 12 : 
p=-—10. Hence the curve crosses the 12 2.6 a —10 
polar axis 10 units to the right of the a 
pole. 


2. The curve is symmetrical with respect to the polar axis, for 
cos(— 6) =cosé (4, p. 19). 
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3. As cos @ is never infinite, 
the curve does not recede to 
infinity. Hence the curve isa 
closed curve. 

4. No values of 6 make p 
imaginary. 

Computing a table of values 
we obtain the table on p. 151. 

As the curve is symmetrical 
with respect to the polar axis, 
the rest of the curve may be 
easily constructed without com- 
puting the table farther; but 
as the curve we have already 
constructed is symmetrical 
with respect to the polar axis, 
no new points are obtained. The locus is a circle. 


Ex. 2. Discuss and plot the locus of the equation p? = a? cos 2 6. 
Solution. The discussion gives 
us the following properties. 

1. For 6=0 or zw p=+4. 
Hence the curve crosses the 
polar axis a units to the right 
and left of the pole. 

2. The curve is symmet- 
rical with respect to the pole. 

3. It is also symmetrical 
with respect to the polar 
axis, for cos(— 20) =cos20 
(4, p. 19). 

4. p does not become infinite. 

5. p is imaginary when 
cos24@ is negative. cos2é@ 
is negative when 286 is in 
the second or third quadrant; that is, when 

37 1 71 5a 
9 ei a= or ee ci eos 
Hence we must exclude values of @ such that 
32 a a4 52 
4 >0> 4 and yee 


The accompanying table of values is all that 
need be computed when we take account of 2, 3, and 5, 
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4 a» 
The complete curve is obtained by plotting these points and the points 
symmetrical to them with respect to the polar axis. The curve is called a 
lemniscate. In the figure a is taken equal to 9.5. 


Ex. 3. Discuss and plot the locus of the equation 
= 2 
Si Le eo0s6- 

Solution. 1. For @=0 p=1, and for 0= 7 p=; so the curve crosses 
the polar axis one unit to the right of the pole. 

2. The curve is not symmetrical with respect to the pole. How may this 
be inferred from 1? 

83. The curve is symmetrical with respect to the polar axis, since 
cos (— 0) = cos@ (4, p. 19). 

4, p becomes infinite when 1+ cos@=0O or cos@=—1 and hence 
0=7. The curve recedes to infinity in but one direction. 

5. p is never imaginary. 

On account of 3 the table of values is computed only to 6 = 7, and the 
rest of the curve is obtained from the symmetry with respect to the polar 
axis. The locus is a parabola. 


p 


6 
0 
e 
12 
a 
6 
z 
4 y 
ze 
3 
ba 
12 
e 
2 
PROBLEMS 
Discuss and plot the loci of the following equations. 
1 GSO OeriiSak 5. psing=4. 
52 4 
= =i. 6. p = ————_-- 
5 ea 6 Gos 6 
= i 8 
3. p= 16 cos 8 1. p 


4. pcosd=6, 2 — cos 6 
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tetes 
~ 1—2cosd 
9. p=asiné. 

10. p=a(1—cos 8). 
11 p2isin:2 0! 16: 
12. p?=16sin 20. 
13) p? cos? 2'0'= az. 


8. p 


14. p=asin26. p=acos20. 


is 8 
~ 1—ecosé 
fore ly 2ee 


15. p 


16. 
17. 
18. 


19. 


22 


pcos @ = asin? 6. 
pcos 8? =acos26. 
p=a(4 + bcos @) 
for b = 3, 4, 6. 
10 
| a oe ee 
1+ tan @ 
. pa=aseco+b 


fora 0 .no lsd <a0 
rn P= G0 
.p=asin36 p=acos3é. 


23. Prove that the locus of an equation is symmetrical with respect to 


Re 70s M4 : : F 
6 = if the results of substituting z +6 and ke 6 give equations which 


differ only in form. 


24. Apply the test for symmetry in problem 23 to the loci of 4, 5, 10, 11, 


and 12. 


62. Transformation from rectangular to polar codrdinates. 
Let OX and OY be the axes of a rectangular system of codrdi- 


nates, and let O be 
the pole and OX the 
polar axis of a sys- 
tem of polar coér- 
dinates. Let (a, y) 
and (p, 6) be respec- 
tively the rectan- 
gular and polar coér- 
dinates of any point 
P. It is necessary 


to distinguish two cases according as p is positive or negative. 
When p is positive (Fig. 1) we have, by definition, 


Contes sing =4%, 
p p 


whatever quadrant P is in. 
Hence 


(1) x=pcosd, y=psin 6, 
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When p is negative (Fig. 2) we consider the point P’ symmet- 
rical to P with respect to 0, whose rectangular and polar codrdi- 
nates are respectively (— x, — y) and (— p, 6). The radius vector 
of P', — p, is positive since p is negative, and we can therefore use 
equations (1). Hence for P' 

— x =— pcos 8, —y=—psin 6; 
and hence for P 
x= pcosd, y=psind, 
as before. 


Hence we have 


Theorem I. Jf the pole coincides with the origin and the polar 
axis with the positive X-axis, then 


(1) 


where (x, y) are the rectangular codrdinates and (p, 0) the polar 
coordinates of any point. 


(a = pcos 8, 
ly = psin 8, 


Equations I are called the equations of transformation from rec- 
tangular to polar codrdinates. They express the rectangular 
coordinates of any point in terms of the polar coérdinates of 
that point and enable us to find the equation of a curve in polar 
coérdinates when its equation in rectangular coérdinates is known, 
and vice versa. 

From the figures we also have 


pH=x+ y’, C= tan-1¥, 

(2) y x 
12 0 Re 
tVe py? + Var + y? 


These equations express the polar coérdinates of any point in terms 
of the rectangular codrdinates. They are not as convenient for use 
as (1), although the first one is at times very convenient. 


Ex. 1. Find the equation of the circle a? + y? = 25 in polar coérdinates. 


Solution. Substitute the values of « and y given by (I). This gives 
p? cos? 6 + p2 sin? @ = 25, or (by 3, p. 19) p? = 25; and hence p =+ 5, which 
is the required equation. It expresses the fact that the point (p, @) is five 
units from the origin. 
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Ex. 2. Find the equation of the lemniscate (Ex. 2, p. 152) p? = a? cos20 
in rectangular codrdinates. 


Solution. By 14, p. 20, we have 

p* = a? (cos? 6 — sin? 6). 
Multiplying by p?, p* = a? (p? cos? 6 — p? sin? 6). 
From (2) and (I), (a? + y?)? = a? (a — y?). Ans. 


2 


63. Applications. 

Theorem II. The general equation of the straight line in polar 
codrdinates is 
(II) p(A cos 6+ Bsin #)+C =0, 
where A, B, and C are arbitrary constants. 

Proof. The general equation of the line in rectangular coérdi- 
nates is (Theorem II, p. 86) 

Ax+ By+C=0. 
By substitution from (1) we obtain (II). Q.E.D. 


When A= 0 the line is parallel to the polar axis, when B= 0 it is perpen- 
dicular to the polar axis, and when C= 0. it passes through the pole. 


In like manner we obtain 
Theorem III. The general equation of the circle in polar codrdi- 
nates us 


(III) p? + p(Dcos 6 + Esin 6) + F=0, 


where D, E, and F are arbitrary constants. 


Corollary. Jf the pole is on the circumference and the polar axis 
passes through the center, the equation is 


p—2rcos0=0, 
where r is the radius of the circle. 


For if the center lies on the polar axis, or X-axis, H = 0 (Corollary, p. 131); 
and if the circle passes through the pole, or origin, /=0. The abscissa of the 


center equals the radius, and hence (Theorem I, p. 131) — re r, or D=— 2r. 


Substituting these values of D, Z, and F' in (III) gives p—2rcosé=0. 


Theorem IV. The length l of the line joining two points P, (1, 91) 
and Ps(pz, 9) is given by 


(IV) = p,> + p,? — 2 pip, cos (0, — 8,). 
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Proof. Let the rectangular coérdinates of P, and P, be respec- 
tively (a, y;) and (x2, y,). Then by Theorem I, p. 155, 
X1 = pi COS 01, L_ = pe COS 62, 
Yr = pi 8in 61, Yo = po Sin 4. 
By Theorem LY, p. 31, 
P = (x, — &)?+ (y1 — Ye)”, 
and hence 1? =(p; cos 6; — pz COS 6,)?+ (p; Sin 6; — pe sin 65)”. 
Removing parentheses and using 3, p. 19, and 11, p. 20, we 
obtain (IV). Q.E.D. 
PROBLEMS 


1. Transform the following equations into polar coérdinates and plot 
their loci. 


(a) c—38y=0. Ans. 6 = tan—! (3). 
—5 

b Da=10. Ans. p=——- 

ed aes sin 0 

(c) x2 + y? = 16. Ans. p=+4. 

(d) 22+ y?—ax=0. Ans. p= acosé. 

(Ce ecy— Te Ans. p?sin20=7. 

(fra? — 42 — a2, ; Ans, p*? cos 26 = a2. 

(g) ©cosw + ysinw —p=0. Ans. pcos (@—w)—p=0. 

ep 
h) (1 — e*) 2 2 2 px — ep? = 0. Ans. p= ————_.- 
(h) ( Epa si 2 é 1 —ecosé@ 


(i) 2ay+4y?-—82+9=0. Ans. p2(sin26 + 4sin?6) —8pcos9+9=0. 

2. Transform equations 1 to 21, p. 153, into rectangular coérdinates. 

8. Find the polar coérdinates of the points (8, 4), (— 4, 38), (5, — 12), 
(4, 5). 

5 me ; U4 382 

4. Find the rectangular codrdinates of the points ( 5, x): (- 2, —) 
(3, 7). 
ep 


5. Transform into rectangular codrdinates p = —_———. 
1 — ecosé 


64. Equation of a locus. The equation of a locus may often 
be found with more ease in polar than in rectangular coérdinates, 
especially if the locus is described by the end of a line of variable 
length revolving about a fixed point. The steps in the process 
of finding the polar equation of a locus- correspond to those in the 
Rule on p. 53. 
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Ex. 1. Find the locus of the middle points of the chords of the circle 
C:p —2rcos@=0 which pass through the pole which is on the circle. 


Solution. Let P(p, 6) be any point on the locus. Then, by hypothesis, 
OP =} 08, 
where Q is a point on C. 
But OP=pand OQ=2rcosé. 
Hence p=rcos@. 


From the Corollary (p. 156) it is seen that 
the locus is a circle described on the radius 
of C through O as a diameter. 


Ex. 2. The radius of a circle is prolonged a distance equal to the ordinate 
of its extremity. Find the locus of the end of this line. 


Solution. Let r be the radius of the circle, let its center be the pole, and 
let P(p, 0) be any point on the locus. Then, 
by hypothesis, 


OP = OB+ CB. 
But OR=jp. 
Obs 
and CB =rsin 6. 


Hence the equation of the locus of P is 


p=r+yrsin 0. 


The locus of this equation is called a cardioid. 


PROBLEMS 


1. Chords passing through a fixed point on a circle are extended their 
own lengths. Find the locus of their extremities. 
Ans. A circle whose radius is a diameter of the given circle. 


2. Chords of the circle p=10cos@ which pass through the pole are 
extended 10 units. Find the locus of the extremities of these lines. 
Ans. p=10(1-+ cos 6). 


8. Chords of the circle p=2acos@ which pass through the pole are 
extended a distance 2b. Find the locus of their extremities. 
Ans. p= 2(b+ acos 6). 
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4. Find the locus of the middle points of the lines drawn from a fixed 
point to a given circle. 


Hint. Take the fixed point for the pole and let the polar axis pass through the center 
of the circle. 


Ans. A circle whose radius is half that of the given circle and whose 
center is midway between the pole and the center of the given circle. 


5. A line is drawn from a fixed point O meeting a fixed line in P;. Find 
the locus of a point P on this line such that OP,;- OP = a*. Ans. A circle. 


6. A line is drawn through a fixed point O meeting a fixed circle in P; 
and P2. Find the locus of a point P on this line such that 


OR = pene ORs - Ans. A straight line. 
OP; + OP2 


CHAPTER VII 


TRANSFORMATION OF COORDINATES 


65. When we are at liberty to choose the axes as we please 
we generally choose them so that our results shall have the sim- 
plest possible form. When the axes are given it is important 
that we be able to find the equation of a given curve referred to 
some other axes. The operation of changing from one pair of 
axes to a second pair is known as a transformation of coordinates. 
We regard the axes as moved from their given position to a new 
position and we seek formulas which express the old coérdinates 
in terms of the new coordinates. 


66. Translation of the axes. If the axes be moved from a first 
position OX and OY to a second position O'X' and O'Y' such that 
o'X' and O'Y' are respectively parallel to OX and OY, then the 
axes are said to be translated from the first to the second position. 

Let the new origin be O'(h, k) and let the codrdinates of 

any point P before and after the 

translation be respectively (a, y) 

and (a', y'). Projecting OP and 

o0O'P on OX, we obtain (Theorem 
_ XI, p. 48) 


e=a' +h. 
Similarly, y=y'+k. 


Hence, 


Theorem I. Jf the axes be translated to a new origin (h, k), and 
if (x, y) and (x', y') are respectively the codrdinates of any point P 
before and after the translation, then 

x=al-+h, 
(1) 


y=y' +k. 
160 
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Equations (1) are called the equations for translating the axes. 
To find the equation of a curve referred to the new axes when 
its equation referred to the old axes is given, we substitute the 
values of x and y given by (1) in the given equation. For the 
given equation expresses the fact that P(a, y) lies on the given 
curve, and since equations (I) are true for all values of (2, y), the 
new equation gives a relation between a! and y' which expresses 
that P(a', y') lies on the curve and is therefore (p. 53) the equa- 
tion of the curve in the new coordinates. 


Ex. 1. Transform the equation 
w+ y%?—6%+4y—12=0 
when the axes are translated to the new origin (8, — 2). 
Solution. Here h=38 and k =— 2, so equations (1) become 
C= 0 +3, y=y —2. 

Substituting in the given equation, we 
obtain 
(a + 8)? + (y — 2)? — 6 (w’ + 8) 

+ 4(y’— 2) —12=0, 
or, reducing, «2+ y= 25. 

This result could easily be foreseen. 
For the locus of the given equation is 
(Theorem I, p. 181) a circle whose center is 
(8, —2) and whose radius is 5. When the 
origin is translated to the center the equa- 
tion of the circle must necessarily have 
the form obtained (Corollary, p. 58). 


PROBLEMS 


1. Find the new codrdinates of the points (8, — 5) and (— 4, 2) when the 
axes are translated to the new origin (3, 6). 

2. Transform the following equations when the axes are translated to the 
new origin indicated and plot both pairs of axes and the curve. 


(a) 8a —4y = 6, (2, 0). Ans. 3a’—4y=0. 

(b) a+ y2 —4x% —2y =0, (2, 1). Ans. v2 + 7/2= 5. 

(c) y2—6x%+9=0, (3, 0). FLUE OF Bare 

(d) «2+ y%2-—1=0, (—3, — 2). Ans. “#/2+y2—6a’—4y’/+12=0. 
ke J / 

(e) y2—2ka +12 =0, (= 0): Ans. y?2 = 2 ke’. 


(f) w2-4y2+82+4+24y—20=0, (—4,3). Ans. a%—4y%=0, 
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8. Derive equations (I) if O” is in (a) the second quadrant; (b) the third 
quadrant; (c) the fourth quadrant. 


67. Rotation of the axes. Let the axes OX and OF be rotated 
about O through an angle 6 to the positions OX' and OY’. The 
equations giving the coérdinates of any point referred to OX and 
OY in terms of its codrdinates referred to OX' and OY’ are called 
the equations for rotating the axes. 


Theorem II. The equations for rotating the axes through an angle 
6 are 


(11) 


, Proof. Let P be any point 
whose old and new codérdi- 
nates are respectively (x, y) 

X and (z’, y'). Draw OP and 

draw PM! perpendicular to OX'. Project OP and OM'P on OX. 


sz =x! cos§ — y' sin8, 
_y =a! sin + y' cos 6. 


The proj. of OP on OX =z. (Theorem ITT, p. 31) 
The proj. of OM' on OX = z' cos 6. (Theorem II, p. 30) 


The proj. of M'P on OX = y' cos & + ) (Theorem II, p. 30) 
=—y'siné. (by 6, p. 20) 
Hence (Theorem XI, p. 48) 
x = x' cos @ — y'sin 6. 
In like manner, projecting OP and OM'P on OY, we obtain 
y= 2! c0s (5 == 8) y' cos 6 
= «£' sin @ + y' cos 6. Q.E.D. 


If the equation of a curve in x and y is given, we substitute 
from (II) in order to find the equation of the same curve referred 
to OX' and OY'. 


* 
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Ex. 1. Transform the equation xz? — y2 = 16 when the axes are rotated 


xX 


through ua “ 
4 ic Yy Y 
Solution. Since iil 
& 
sin — = 1 V2 == i 
2 v2 sii | 
1 ih | 
and cos—=-——,; TF 
4 V2 Zz 
0 
equations (II) become 
a’ yi a’ / 7 
4 y 2 Y= a Y . [ 
v2 v2 
Substituting in the given 


equation, we obtain 


’ a aye 2 ne + y 2 
(Shy 
. v2 v2 ; 
or, simplifying, vy +8=0. 


PROBLEMS 


’ 


1. Find the codrdinates of the points (8, 1), (— 2, 6), and (4, —1) when 


a 
the axes are rotated through a 


2. Transform the following equations when the axes are rotated through 
the indicated angle. Plot both pairs of axes and the curve. 


(a) @—y =0, %. Ans. y’=0. 

(b) w+ 2ay += 8, =. Ans. x2 =4. 

(c) y= 4a, ~=. Ans, #2=4y/’. 
Ans, 322 —y2=16. 


(d) a+ 4ay + y2 = 16, <. 
(ce) x2 + y2 = 12, 0. 
() + 2ay + y+ 4a, 4y = 0, — 7. 


8. Derive equations (II) if 6 is obtuse. 


Ans. 
Ans. 


68. General transformation of coordinates. 
moved in any manner, they may be brought from the old position 
to the new position by translating them to the new origin and 
then rotating them through the proper angle. 


Aha te: (ir 
V2y2 +42’ =0. 


If the axes are 
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Theorem III. Jf the axes be translated to a new origin (h, k) and 
then rotated through an angle 0, the ae of the transforma- 
tion of codrdinates are 

e=a'csO@—y'sind+h 

WY) ie = a! sin 8 + a cos 8 is a 
Proof. To translate the axes to O0'X" and O'Y" we have, by (1), 

eal h, 

y=y' te 
where (x", y'') are the coordi- 
nates of any point P referred 
to OX" and: OY 

To rotate the axes we set, 
by GD), 


x" = x' cos @ — y' sin 6, 


= 


y" = «'sin 0+ y' cos 6. 
Substituting these values of wand y", we obtain (III). a.z.p. 


69. Classification of loci. The loci of algebraic equations 
(p. 17) are classified according to the degree of the equations. 
This classification is justified by the following theorem, which 
shows that the degree of the equation of a locus is the same no 
matter how the axes are chosen. 


Theorem IV. The degree of the equation of a locus is unchanged 
by a transformation of codrdinates. 


Proof. Since equations (III) are of the first degree in a! and 
y', the degree of an equation cannot be raised when the values of 
x and y given by (III) are substituted. Neither can the degree 
be lowered ; for then the degree must be raised if we transform 
back to the old axes, and we have seen that it cannot be raised 
by changing the axes.* 

As the degree can neither be raised nor lowered by a trans- 
formation of coédrdinates, it must remain unchanged. Q.E.D. 


* This also follows from the fact that when equations (III) are solved for z’ and y’ the 
results are of the first degree in w and y. 
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70. Simplification of equations by transformation of codrdi- 
nates. The principal use made of transformation of coérdinates 
is to discuss the various forms in which the equation of a curve 
may be put. In particular, they enable us to deduce simple forms 
to which an equation may be reduced. 


Rule to simplify the form of an equation. 

First step. Substitute the values of « and y given by (1) [or (11) ] 
and collect like powers of x' and y!. 

Second step. Set equal to zero the coefficients of two terms 
obtained in the first step which contain h and k (or one coeffi- 
cient containing 6). 

Third step. Solve the equations obtained in the second step for 
h and k* (or 6). 

_ Fourth step. Substitute these values for h and k (or 6) in the 
result of the first step. The result will be the required equation. 


In many examples it is necessary to apply the rule twice in 
order to rotate the axes, and then translate them, or vice versa. 
It is usually simpler to do this than to employ equations (III) 
in the Rule and do both together. Just what coefficients are 
set equal to zero in the second step will depend on the object 
in view. 

It'is often convenient to drop the primes in the new equation 
and remember that the equation is referred to the new axes. 


Ex. 1. Simplify the equation y? —-8%+6y++17=0 by translating the 
axes. 


Solution. First step. Setxr=a’+handy=y' +k. 
This gives (y’ + k)? — 8(a’ +h) + 6(y’ +k) +17 =0, or 


(1) y2—8a +2k\y+ it =0. 
. +6 —8h 
+ 6k 
+17 


* It may not be possible to solve these equations (Theorem IV, p. 90). 

+ These vertical bars play the part of parentheses. Thus 2/+ 6 is the coefficient of ' 
and k2—8h+6k+17 is the constant term. Their use enables us to collect like powers 
of x’ and y/ at the same time that we remove the parentheses in the preceding equation. 
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Second step. Setting the coefficient of y’ and the constant term, the only 
é coefficients containing h and k, equal to zero, we 

VAY obtain 
(2) 2k+6=0, 
(8) k?—8h+6k+17=0. 

Third step. Solving (2) and (8) for h and k, 
we find 
O xX b= — 3,0. 

Fourth step. Substituting in (1), remember- 
ing that A and k satisfy (2) and (8), we have 


4 (1)-3 
De = y? —8a/ = 0. 
The locus is the parabola plotted in the figure 
which shows the new and old axes. 
Ex. 2. Simplify 72+4y2?-—2¢%-—16y+1=0 
by translating the axes. 
’ Solution. First step. Setz=a’ +h, y=y +k. 
| This gives 
(4) V2+4y2+2h\e7+8kl\y+ h?|=0. 
2 — 16 +4? 
—2h 
—16k 
+1 


Second step. Set the coefficients of x’ and y’ equal to zero. This gives 
2h—2=0, 8k—16=0. 
Third step. Solving, we obtain 
[ces Wr ois 


Fourth step. Substituting in (4), we obtain 
v2 +4y2 = 16. 


Plotting on the new axes, we obtain the 
figure. 


Ex. 3. Remove the vy-term from x? + 4ay + y? = 4 by rotating the axes. 
Solution. First step. Seta —=—w’ cos@—y’sin@ and y=’ siné + y’cosé, 
whence 


cos? 6 | «2 — 2 sin 6 cos @ v’y’ + sin? 6 y? = 4, 
+ 4sin 6 cos 6 + 4 (cos? @ — sin? 6) —4sin 6cosé 
+ sin? 6 + 2 sin @ cos @ + cos? @ 


or, by 3, p. 19, and 14, p. 20, 
(5) (1 + 2sin 2 6)%% + 4c0s20-a’y’ + (1 —2sin26)y2=4. 
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Second step. Setting the coefficient of wy’ equal to zero, we have 


cos 26 = 0. yN—E 


Ve 


Third step. Hence 


Fourth step. Substituting in 


+ 


(5), we obtain, since sin == 1 


14), 


(p. 21), 


3a’? —y2=4, 


The locus of this equation is 
the hyperbola plotted on the 


new axes in the figure. 


From cos 246 =0 we get, in general, 2 


Ie i 


= 3 + nz, where n is any positive 


Abetea a 14 
or negative integer, or zero, and hence @ = 4 +n = Then the xy-term may 


be removed by giving @ any one of these values. 


choose the smallest positive value of 6 


For most purposes we 
as in thfs example. 


Ex. 4. Simplify 23+ 622+ 12%—4y444=0 by translating the axes. 


Solution. 


We obtain 
(6) z+ 3h 
+6 


First step. Set 
e=a’t+hy=ytk. 


w2+ 8h? |a.—47y’+ h?| =0. 
12h + 6h2 
+ 12 +12h 
— Ak 
+ 4 


Second step. Set equal to zero the coefficient 
of «2 and the constant term. This gives 


8h+6=0, 
he+ 6h? +12h—4k4+4=0. 
Third step. Solving, 
h=—2, k=—1. 
Fourth step. Substituting in (6), we obtain 
v3 — 47 =0, 


whose locus is the cubical parabola in the figure. 
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PROBLEMS 


1. Simplify the following equations by translating the axes. Plot both 
pairs of axes and the curve. 


(a) 224+62+8=0. ANS A “— ole 

(b) a —4y+8=0. Ans. t2—4y. 

(c) 2 +y2+4e-—6y—-38=0. Ans. £2+y7=16. 

(d) y2—-6e—10y+19=0. Ans. ¥*= 6%. 

(e) a2 —y?+ 8a —l14y — 33 =0. ANS ea a, 

(f) a +4y?—16z2 +4 24y + 84=0. Ans. £2+4y2=16. 
(g) ¥3+8e—40=0. Ans. 82+ y2=0. 

(h) 2 — y?+ 14y —49=0. Ans. y=; 


(i) 402 —4ay+ y? — 402+ 20y+ 99 = 0. Ans. (20 —y’)? -1=0. 


2. Remove the zy-term from the following equations by rotating the axes 
Plot both pairs of axes and the curve. 


(a) «2 —2ey + y? = 12. Ans. y2=6. 

(b) e227 —2ay+ 47+ 8x%+4+ 8y=0. Ans. V2y24 82 =0. 
(c) zy = 18. Ans. «2 — y= 36. 

(d) 2542 + 14ay + 25 y? = 288. Ans. 1672+ 9y” = 144, 
(e) 822 -10zy + 3y?=0. Ans. 72—4y2—0. 

(f) 6a2 + 20V3ay + 26%? = 824. Ans. 9x2—y?=81. 


71. Application to equations of the first and second degrees. 
In this section we shall apply the Rule of the preceding section 
to the proof of some general theorems. 


Theorem V. By moving the axes the general equation of the first 
degree, 
Ax + By+C=0, 


may be transformed into x' = 0. 


Proof. Apply the Rule on p, 165, using equations (III). 


Set - x=2x'cosd—y'sin +h, 
y=ax'siné6+y'cos6+k. 
This gives 
(1) A cos |x’ — Asin 6|y'+ Ah|=0. 
+ B sin 6 +Beos@| + Bk 


+C 
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Setting the coefficient of y' and the constant term equal to zero 
gives 


(2) —Asind+ Boosd=0, 
(3) 4 Ah+ Bk+C=0. 
From (2), tan 6 = =; or 6=tan-! (2). 


From (38) we can determine many pairs of values of / and k. 

One pair is 
h=- 5 k=0. 
A 

_ Substituting in (1) the last two terms drop out, and dividing 
by the coefficient of «' we have left x' = 0. Q.E.D. 

We have moved the origin to a point (A, /) on the given line 
L, since (3) is the condition that (4, x) lies on the line, and then 
rotated the axes until the new axis of 
y coincides with LZ. The particular” 
point chosen for (h, %) was the point 0! 
where Z cuts the X-axis. y? 

This theorem is evident geometric- 
ally.. For «'=0O is the equation of 
the new Y-axis, and evidently any line 
may be chosen as the Y-axis. But the theorem may be used to 
prove that the locus of every equation of the first degree is a 
straight line, if we prove it as above, for it is evident that the 
locus of x’ = 0 is a straight line. 


--—--—---->5 


Theorem VI. The term in xy may always be removed from an 
equation of the second degree, 


Az? + Bry + Cy? + Dx + Ey + F=0, 
by rotating the axes through an angle @ such that 


B 
tan 20. ———— 
(VI) an vey 
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Proof. Set x = x' cos @— y'sin 6 
and y = z' sin 6+ y' cos 6. 
This gives 
(4) A cos? | z'2—2 A sin 6 cos 6 x'y'+ A sin? 6 De 
+B sin § cos 6 + B(cos? 6 — sin? 6) —B sin 6 cos 6 
+C sin? 6 +2C sin 6 cos 6 + C cos? 6 
+ Dcoos 6\z'— Dsin 6\y'4+- F=0. 


+ E sin 6 + Ecos 6 
Setting the coefficient of z'y' equal to zero, we have 


(C — A)2 sin 6 cos 6 + B (cos? 6 — sin? 6) = 0, 


or (14, p. 20), (C — A)sin 26+ Beos20=0. 
B 
Hence tan 29= aoe 
If 6 satisfies this relation, on substituting in (4) we obtain an 
equation without the term in zy. Q. ELD. 


Corollary. In transforming an equation of the second degree by 
rotating the axes the constant term is unchanged unless the new 
equation is multiplied or divided by some constant. 


For the constant term in (4) is the same as that of the given equation. 


Theorem VIL The terms of the first degree may be removed from 
an equation of the second degree, 
Ag* + Bry+Cy?+ Dr + Ey+F=0, 
by translating the axes, provided that the discriminant of the terms 
of the second degree, \ = B® — 4 AC, is not zero. 
Proof. Set n= mw 4h, y= 4! 9, 
This gives 
(5) Ag’? + Ba'y'+Cy?+2Ah\|2'+ Bh |\y'+ Ah? |=0. 
+ Bk +2Ck| + Bhk 
+ D +E + Chk? 
+ Dh 
+ Ek 
+F 


, TRANSFORMATION OF COORDINATES riya 


Setting equal to zero the coefficients of x! and y', we obtain 
(6) 2Ah+ Bk+ D=0, 
(7) Bh+2Ck+E=0. 


These equations can be solved for 2 and k unless (Theorem 
IV, p. 90) 


24 B 
jie Re 
or B*—4AC=0. 


If the values obtained be substituted in (5), the resulting equa- 
tion will not contain the terms of the first degree. Q.E.D. 


Corollary I. Jf an equation of the second degree be transformed 
by translating the axes, the coefficients of the terms of the second 
degree are unchanged unless the new equation be multiplied or 
divided by some constant. 


For these coefficients in (5) are the same as in the given equation. 


Corollary II. When A is not zero the locus of an equation of the 
second degree has a center of symmetry. 


For if the terms of the first degree be removed the locus will be symmetrical 
with respect to the new origin (Theorem V, p. 73). 

If A= B2—4 AC =0, equations (6) and (7) may still be solved for h and k 

2A BD a A 

eae when the new origin (h, k) may be any 
point on the line 24% + By +D=0. In this case every point on that line will 
be a center of symmetry. 

For example, consider «2+ 42y+4y2+4e%+8y+3=0. For this equation 
equations (6) and (7) become 


if (Theorem IV, p. 90) 


2h+4k+4=0, 
4h+8k+8=0. 
In these equations the coefficients are all proportional and there is an infinite 


number of solutions. One solution isk=—2,k=0. For these values the given 


equation reduces to 
w+ 4aey+4y2—1=0, 


or a 2y =F 1) 2y = 1) 0: 


The locus consists of two parallel lines and evidently is symmetrical with 
respect to any point on the line midway between those lines. 
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-MISCELLANEOUS PROBLEMS 


1. Simplify and plot. 


(a) y2—5y+6=0. (e) 2+ 4ey+7?=8. 

(b) 224+ 2ay + y2?-6%~6y+5=0. (f) “2? —9y?—2e4—-—36y+4=0. 
(c) y2+6a2—10y+2=0. (g) 25 y? — 1622+ 50y —119=0. 
(a) 22+ 4y?-— 8% —l16y=0. (h) 224+ 2ay+y?—82=0. 


2. Find the point to which the origin must be moved to remove the terms 
of the first degree from an equation of the second degree (Theorem VII). 
8. To what point (2, 4) must we translate the axes to transform 
(1 — e?)a2 + y? —2px2 + p?=0 into (1 — &)a* + y* — 2 epx— ep? —0? 
4. Simplify the second equation in problem 3. 


5. ee from a figure the equations for rotating the axes through += — 
and — e, and verify by substitution in (I1), p. 162. 


6. Prove that every equation of the first degree may be transformed into 
y’' = 0 by moving the axes. In how many ways is this possible ? 


7. The equation for rotating the polar axis through an angle ¢ is 
6=74+¢. 

8. The equations of transformation from rectangular to polar coérdi- 
nates, when the pole is the point (A, &) and the polar axis makes an angle of 
¢ with the X-axis, are 

x=h+pcos(6+ ¢), 
y=k+psin (6+ ¢). 

9. The equations of transformation from rectangular codrdinates to 
oblique codrdinates are 

t=2 + Y COS w, 
y=y' sin w, 
if the X-axes coincide and the angle between OX’ and OY’ is w. 


10. The equations of transformation from one set of oblique axes to any 
other set with the same origin are 


,sin (w — ¢) yee (w — ae 


sin w sin w 
sin ¢ ,sin y 
y= ev — + yy’ — 
sin w sin w 


where w is the angle between OX and OY, ¢ is the angle from OX to OX’, 
and y is the angle from OX to OY’. 


CHAPTER VIII 
CONIC SECTIONS AND EQUATIONS OF THE SECOND DEGREE 


72. Equation in polar codrdinates. The locus of a point P is 
called a conic section* if the ratio of its distances from a fixed 
point F and a fixed line DD is constant. F is called the focus, 
DD the directrix, and the constant ratio the eccentricity. The 
line through the focus perpendicular to the directrix is called 
the principal axis. 


Theorem I. Jf the pole is the focus and the polar axis the princi- 


pal axis of a conic section, then the polar equation of the conic is 


ie ep 
Oe. Gia Aeee oa 


where e is the eccentricity and p is the distance from the directrix 
to the focus. 
Proof. Let P be any point on the conic. Then, by definition, 


ee D 
i a Hi 


P(p.8) 


From the figure, FP = p 
and EP=HM=p+ pcos 8. 


Substituting these values of FP and | P 
EP, we have 


D 
—_f ___=¢, 
pt+pcos 6 
; oP 
or, solving for p, (ae ae en Q.E.D. 


* Because these curves may be regarded as the intersections of a cone of revolution 


with a plane. 
173 
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From (1) we see that 
1. A conic is symmetrical with respect to the principal axis. 


For substituting — 0 for @ changes only the form of the equation, since 
cos (— 0) = cos 0. 


2. In plotting, no values of 6 need be excluded. 

The other properties to be discussed (p. 151) show that three 
cases inust be considered according as e 21. 

The parabola e = 1. When e =1, (1) becomes 
ee 

1 — cos 0 


and the locus is called a parabola. 


p 


1. Bor. 00) p =o, and. for == 7 bee The parabola 


therefore crosses the principal axis but once at the point 0, 


called the vertex, which is L to the left of the focus F, or mid- 
way between F and DD. 


2. p becomes infinite when the denominator, 1 — cos 6, vanishes. 
If 1— cos 6=0, then cos6=1; and hence 6=0 is the only 
value less than 2 for which p is infinite. 


3. When @ increases from 0 to a 


then cos @ decreases from 1 to 0, 
1 — cos 6 increases from 0 to 1, 
p decreases from o to p, 


and the point P (p, 6) describes the parabola 
from infinity to B. 
ee 


2 


When @ increases from 


to 7, 


then cos @ decreases from 0 to —1, 
1 — cos @ increases from 1 to 2, 


p decreases from p to ee 


and the point P(p, 6) describes the parabola from B to the 
vertex 0. 
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On account of the symmetry with respect to the axis, when 


387 


6 increases from 7 to —-» P(p, 6) describes the parabola from 0 


2 


to B'; and when @ increases from 


€ 


oe to 2 7, from ‘B! to infinity. 


When e <1 the conic is called an ellipse, and when e>1, 


an hyperbola. 


The points of similarity and difference in these 


curves are brought out by considering them simultaneously. 


The ellipse, e<1. 


or) = Ol pr ep = g p: 
l—e l-e 

As e <1, the denominator, and hence 

p, is positive, so that we obtain a point 
A on the ellipse to the right of F. 


eS 


As — 2 1 when e<1, according as e 
2 . then #'A may be greater, equal to, or 


less than 7H. 


D 
H 
D 
ep e F 
Fond = tip =—p. pls 
3 l+e ase e 


positive, and hence we obtain a point 
A’ to the left of F. 
AS ee then p<p; so A’ lies 
1l+e 
between H and F,. 


A and A’ are called the vertices of 
the ellipse. 


The hyperbola, e>1. 


ep e 

er Ono —10) OS ees eet 
As e>1, the denominator, and hence 
p, 18 negative, so that we obtain a 
point A on the hyperbola to the left 


of F. 


AS soe (numerically) when e>1, 
—é 


then p>p; so A lies to the left of H. 


ep e , 

Hone — 4p) pis 
1lte 1+ Pre : 

positive, and hence we obtain a sec- 


ond point A’ to the left of F. 


As meet then p<p; so A’ lies 
l+e 
between H and F. 


A and A’ are called the vertices of 
the hyperbola. 


» hence 
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The ellipse, e<1. 


2. p becomes infinite if 
1. — eos. 6 =10; 


1 
or cosd=-- 
e 


1 
As e<1, then —>1; and hence 
e 


there are no values of @ for which 
p becomes infinite. 


3. When x 
6 increases from 0 to 2” 


then cos 6 decreases from 1 to 0, 


1—ecos @ increases from 1 — etol1; 
e 
p decreases from —— to ep, 


and P (p, 6) describes the ellipse from 
A to C. 


A a 
When @ increases from 5 to 7, 


then cos 6 decreases from 0 to —1, 
1 — e cos @ increases from 1 tol+e; 
p decreases from ep to a 
l+e 
and P (p, 6) describes the ellipse from 
C to A’. 
The rest of the ellipse, A’O’A, 
may be obtained from the symmetry 


with respect to the principal axis. 


hence 


The ellipse is a closed curve. 
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The hyperbola, e>1. 
2. p becomes infinite if 
1—ecos9=0, 


1 
or cosdé=-- 
e 


As e>1, then eae and hence 
e 


there are two values of 6 for which 
p becomes infinite. 


3. When 1 
6 increases from 0 to cos—1 (<), 
e€ 


1 
cos 6 decreases from 1 to —-, 


then 
e 
1—ecos @ increases from 1—e to0; 
e 
hence pp decreases from a to —a, 


and P(p, @) describes the lower half 
of the left-hand branch from A to 
infinity. 
When 
: 1 1 
@ increases from cos-1 (-) to at 
e 


1 
cos 6 decreases from — to 0, 
e 


1 — ecos @ increases from 0 to 1; 
hence p decreases from o to ep, 
and P (p, @) describes the upper part of 
the right-hand branch from infinity 
to C. 


When @ increases from . to z, 


then 


then cos @ decreases from 0 to — 1, 
1 — e cos @ increases from 1 tol+e; 
p decreases from ep to es 

l+e 
and P(p, 6) describes the hyperbola 
from C to A’. 

The rest of the hyperbola, A’C’ 
to infinity and infinity to A, may be 
obtained from the symmetry with 
respect to the principal axis. 

The hyperbola has two infinite 
branches. 


hence 
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PROBLEMS 


1. Plot and discuss the following conics. Find e and p, and draw the 
focus and directrix of each. 


(2) p=. (©) p=3— 
(*) p= () p=5—_. 
() p=. () p= =. 
Oi as a ree. 


2. Transform the equations in problem 1 into rectangular coérdinates, 
simplify by the Rule on p. 165, and discuss the resulting equations. Find 
the codrdinates of the focus and the equation of the directrix in the new 
variables. Plot the locus of each equation, its focus, and directrix on the 
new axes. 

Ans. (a) y2= 42, (1,0), e=—1. 


Oe UP 4 =elG 
Oe noe Ure 
2 2 4 
(eet ee 0); i tae 

Sa 64 8 3 


(d) Y= 5a, (3, 0), e=— }. 


2 2 3 27 
@) = +¥=1, (-3, 0), e=-F 

64F 8 

2 2 8 8 
@—,-4=1, (4.0): 2=5 

“hes webs 7) 


g2 2 2 =e 
@ 2+%=1,(-20), 2=-8 
ES Se 


2 2 48 27 
(h a gel ( 0); fers 


ma 
in 
bo 

<olto 
Im 
a 
ipa 
ts 


3. Transform (I) into rectangular codrdinates, simplify, and find the codr- 
dinates of the focus and the equation of the directrix in the new rectangular 
coérdinates if (a) e=1, (b) e21. 


Ans. (a) y? = 2px, (2. 0); pS 


ws 


a? eae eee ) ee ae 
eee on tae) oor oe 


(i-@? 1-e 


178 ANALYTIC GEOMETRY 


4. Derive the equation of a conic section when (a) the focus lies to the 
left of the directrix ; (b) the polar axis is parallel to the directrix. 


Cpa ep 
° ena b = ———__ + 
BRA) AP 1+ ecosé (oe -l—esin@ 


5. Plot and discuss the following conics. Find e and p, and draw the 
directrix of each. 


Oe o. — — 
ia Lito ye - = 3 +4 10 cos 6 
b ty d —j 
OT aa 4 (Der s ane 


73. Transformation to rectangular coordinates. 


Theorem II. Jf the origin is the focus and the X-axis the princi- 
pal axis of a conic section, then its equation is 


(11) (1 — e?)a? + y? — 2 e*px — ep? = 0, 
where e is the eccentricity and x=—p is the equation of the 
directrix. 


Proof. Clearing fractions in (1), p. 173, we obtain 
p — €p CoS 0 = ep. 
Set p=tvV2?+/? and pcos6 =a (p. 155). This gives 
bv; a? + 2 — ex = ep, 
or + Vx? + y? = ea + ep. 
Squaring and collecting like powers of x and y, we have the 


required equation. Since the directrix DD (Fig., p. 173) les p 
units to the left of F its equation isa =— p. Q.E.D. 


74. Simplification and discussion of the equation in rectangu- 
lar coordinates. The parabola,e = 1. 


When e = 1, (II) becomes 
: y? — 2px — p*= 0. 
Applying the Rule on p. 165, we substitute 


(1) e=a+h,. y=ay' + kh, 
obtaining 


(2) y? —2pa'+ 2ky' + kh? —2ph — p*=0. 
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Set the coefficient of y' and the constant term equal to zero 
and solve for hand k. This gives 


(3) h=—", k=0. 


Substituting these values in (2) and dropping primes, the equa- 
tion of the parabola becomes y? = 2 pa. 

From (3) we see that the origin has been 
removed from F to O, the vertex of the 
parabola. It is easily seen that the new 


2 
the new equation of the directrix is 


coérdinates of the focus are ie ) 0), and 


=—+. Hence 


Theorem III. Jf the origin is the vertex and the X-axis the axis 
of a parabola, then its equation is 


(IIT) yy? = 2px. 

The focus is the point (5 0) and the equation of the directrix 
: P 
is e=—=. 


2 


A general discussion of (III) gives us the following properties of the 
parabola in addition to those already obtained 
(p. 174). 

1. It passes through the origin but does not cut 
the axes elsewhere. 

2. Values of « having the sign opposite to that 
of p are to be excluded (Rule, p. 78). Hence the 
curve lies to the right of YY’ when p is positive and 
to the left when p is negative. 

8. No values of y are to be excluded; hence the 
curve extends indefinitely up and down. 


Theorem IV. Jf the origin is the vertex and the Y-axis the axis 
of a parabola, then its equation is 


(IV) = 2 Py. 
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The focus is the point (0 $); and the equation of the directrix 


isy=—&. 


Proof. Transform (IIT) by rotating the 
axes through — ly Equations (1b, p. 162, 


2 
give us for 0 =— s 
x= y', 
) or a 
Substituting in (III) and dropping primes, we obtain a? = 2 py. 


Q.E.D. 


After rotating the axes the whole figure is 
turned through : in the positive direction. 

The parabola lies above or below the X-axis 
according as p is positive or negative. 

Equations (IIT) and (IV) are called 
the typical forms of the equation of the 
parabola. 

Equations of the forms 


Av? + Ey =0 and Cy?+ Dx =0, 


where A, EZ, C, and D are different from zero, may, by transpo- 

sition and division, be written in one 
D p of the typical forms (III) or (IV), 
so that in each case the locus is a 
Xx parabola. 


Ex. 1. Plot the locus of 2+ 4y = 0Oand 
find the focus and directrix. 


Solution. The given equation may be 
A written 
q w=——4y. 

Comparing with (IV), the locus is seen to be a parabola for which p = — 2. 
Its focus is therefore the point (0, — 1) and its directrix the line y = 1. 


Ex. 2. Find the equation of the parabola whose vertex is the point O’ 
(8, — 2) and whose directrix is parallel to the Y-axis, if p = 3. 
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Solution. Referred to O’X’ and O’Y’ as axes, the equation of thé parabola 
is (Theorem III) 


(4) ° UA 6 xe 
The equation for translating the axes from 
Oto O’ are (Theorem I, p. 160) 
e=e +3, y=7 —2, 


whence 
(5) wf = 2-8, y' =y +2. 

Substituting in (4), we obtain as the re- 

quired equation 
(y + 2)? = 6 (a — 3), 
or y?—6x%+4y+22=0. 

Referred to O’X’ and O’Y’, the coérdinates 
of F are (Theorem III) (3, 0) and the equa- 
tion of DD is x =— 3. By (5) we see that, 
referred to OX and OY, the codrdinates of F are (3, — 2) and the equation 
of DD is & = 3. 


PROBLEMS 


1. Plot the locus of the following equations. Draw the focus and direc- 
trix in each case. 


(a) y=4a. (d) y23-—6x%=0. 
(b) y2+42%=0. (e) 22+10y=0. 
(c) #2 —8y=0. (f) w+a=0. 


2. If the directrix is parallel to the Y-axis, find the equation of the 
parabola for which 


(a) p = 6, if the vertex is (3, 4). Ans. (y — 4)? =12 (x — 3). 
(b) p =—4, if the vertex is (2, — 8). Ans. (y+ 3)? =— 8 (a — 2). 
(c) p = 8, if the vertex is (— 5, 7). Ans. (y — 7)? = 16 (a + 5). 


(d) p = 4, if the vertex is (h, x). . Ans. (y — k)? = 8 (x —h). 

8. The chord through the focus perpendicular to the axis is called the latus 
rectum. Find the length of the latus rectum of y? = 2 pz. Ans. 2p. 

4. What is the equation of the parabola whose axis is parallel to the axis 
of y and whose vertex is the point (a, 8)? Ans. @—a@)?=2p(y — 8). 

5. Transform to polar coérdinates and discuss the resulting equations 
(a) y? = 2 px, (b) x7 = 2 py. 

6. Prove that the abscissas of two points on the parabola (III) are propor- 
tional to the squares of the ordinates of those points. 
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75. Simplification and discussion of the equation in rectan- 
gular codrdinates. Central conics, e=1. When e21, equation 
(iD), ep: 178,18 

(1 — e*)a? + y? — 2 e’px — ep? = 0. 

To simplify (Rule, p. 165), set 
(1) e=a'-h, y=y'+k, 
which gives 
(2) (A—e%)a'? + y?@+2h(1—e%)|a'4+2ky'+1—e)h?|=0. 

— 2p + i? 
— 2e*ph 
es ep? 

Setting the coefficients of x’ and y' equal to zero gives 

2h(1—e?)—2e%p=0, 2k=0, 
whence 


ep 
(3) has b=0. 


Substituting in (2) and dropping primes, we obtain 


2 
(l— ea? +y?-—". =0, 
or 


(4) 


x y" 


ep? et 
(1 — e”)? . 1 — é? 


This is obtained by transposing the constant term, dividing by it, and then 
dividing numerator and denominator of the first fraction by 1 — e?. 


The ellipse, e <1. The hyperbola, e >1. 


From (8) it is seen that h is posi- From (8) it is seen that h is nega- 
tive when e <1. Hence the new ori- tive whene>1. Hence the new ori- 
gin O lies to the right of the focus F. gin O lies to the left of the focus F. 


2 
Further, i g >1 numerically, so 


a e2 
h>p numerically; and hence the 
new origin lies to the left of the 
directrix DD. 


= CONIC SECTIONS 183 


The locus of (4) is symmetrical with respect to YY' (Theorem _ 
V, p. 73). Hence O is the middle point of AA’. Construct in 


either figure F’ and D'D' symmetrical respectively to F and DD 
with respect to YY’. Then F’ and D'D' are a new focus and 
directrix. 


For let P and P’ be two points on the curve, symmetrical with respect to YY’. 
Then from the symmetry P/' = P’F’ and PE = P’E’. But since, by definition, 


PF: PARE . ide Pa ae 
PE =e, then PE =e. Hence the same conic is traced by P’, using F” as focus 


and D’D’ as directrix, as is traced by P, using Fas focus and DD as directrix. 


Since the locus of (4) is symmetrical with respect to the origin 
(Theorem V, p. 73), it is called a central conic, and the center of 
symmetry is called the center. Hence a central conic has two foci 
and two directrices. 

The coérdinates of the focus F in either figure are 


For the old codrdinates of F were (0, 0). Substituting in (1), the new coordi 


nates are v = —h, y’ = — k, or, from (8), (- ; ep a 0): 
= 


2 * 
The coérdinates of F' are therefore (; “! my 0); 


The new equation of the directrix DD is x =— (ete f eo 
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For from (1) and (3), x=2# + 


Hence the equation of D'D' is x = 


We thus have the 


ep ; 
’ 

1 — 

(Theorem II) and dropping primes, we obtain 2 = — 
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Substituting in x=—p 
} Ae» 
1— 


a var. 


fg 


1— 


Lemma. The equation of a central conic whose center is the origin 
and whose principal axis is the X-axis is 


(4) TIE 


Its foci are the points (+ 


and its directrices are the lines x = 


The ellipse, e <1. 
For convenience set 


22 2, 
(5) a= ep ’ eae a, c= ep g 
1—é 1-—e& 1-—é 


@ and b? are the denominators in (4) 
and ¢ is the abscissa of one focus. Since 
e<i, 1-e is positive; and hence a, b?, 
and ¢ are positive. 


We have at once 


caine E22 ep 
i—é@ 1-¢ 
kl 2 ae eS 
~ (1— 2 — 
and : 
a2 ~ erp2 : ep p 


c G—-#f ie Tes 
Hence the directrices (Lemma) are 
2 
the lines = + pid 
c 
By substitution from (5) in (4) we 
obtain 
2 af 
is 
a 


te 


é 
“#5 0) 


TAN 
2 


The hyperbola, e>1. 


For convenience set 


erp P ep 


a=— » b= — - = : 
1-é 1—-& 


a? and —b? are the denominators in (4) 
and ¢ is the abscissa of one focus. Since 
e>1,1-e is negative; and hence a, b?,and 
c are positive. 


We have at once 


Pps op . ay 
(1—e)2 1-@ 
= oe Se : — 
(1 — &)2 
and 
ae ep? “te ep _ D 
é (=e 14 = ie 


Hence the directrices (Lemma) are 


: a 
the lines x = + —. 
c 


By substitution from (6) in (4) we 
obtain 
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The ellipse, e <1. 

The intercepts are x=+a and 
y=+b. AA’=2a is called the 
major axis and BB’ = 2b the minor 
axis. Since a? — b? = c? is positive, 


then a>b, and the major axis is 
greater than the minor azis. 


Hence we may restate the Lemma 
as follows. 


Theorem V. The equation of an 
ellipse whose center is the origin and 
whose foci are on the X-axis is 


where 2a is the major axis and 2b the 
minor avis. If c?=a* —b%, then the 
foci are (+c, 0) and the directrices 
a2 
are t=+—- 
c 
Equations (5) also enable us to 
express e and pp, the constants of (1), 
p. 173, in terms of a, 0, and c, the 


constants of (V). For 
c ep ep 
a —= = a 
7) a Vea ie 
and 
b2 E22 ep 
(9) ~= WP 1 “tiap. 


7 ae as ee a 
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The hyperbola, e>1. 

The intercepts are « = + a, but the 
hyperbola does not cut the Y-axis. 
AA’=24a is called the transverse 
axis and BB’=26 the conjugate 
axis. 


Hence we may restate the Lemma 
as follows. 


Theorem VI. The equation of an 
hyperbola whose center is the origin 
and whose foci are on the X-axis is 


(V1) 


where 2a is the transverse axis and 2b 
the conjugate axis. If c2=a?+b?2, 


then the foci are (+c, 0) and the 
2 


: : a 
directrices are * =+ —. 
c 


Equations (6) also enable us to 
express ¢ and p, the constants of (1), 
p. 173, in terms of a, b, and c, the 


constants of (VI). For 
(8) Cie Sia os GDS 
a 1-—¢ 1— 
and 
b2 e2p2 ep 
10) —= — = 
ee) c 1—e? 1—e? P 
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The ellipse, e<1. 

In the figure OB=b, OF’ =c; 
and since c? = a? — b?, then BF’ = a. 
Hence to draw the foci, with B as a 
center and radius OA, describe arcs 
cutting XX’ at F and fF’. Then F 
and F” are the foci. 

If a=), then (V) becomes 

2 + y? = a2, 
whose locus is a circle. 


Transform (V) by rotating the 
axes through an angle of — . (Theo- 


rem II, p. 162). 


Theorem VII. The equation of an 
ellipse whose center is the origin and 
whose foci. are on the Y-axis is 


We obtain 


(VII) 


902 y? na 
ata” 


where 2a is the major axis and 2b is 
the minor axis. If c2? = a? — b2, the 
foci are (0, +c) and the directrices 


: a2 
are the linesy =+—- 
c 
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The hyperbola, e>1. 


In the figure OB=b, OA’ =a; 
and since c? = a? + b, then BA’ = c. 
Hence to draw the foci, with O as a 
center and radius BA’, describe arcs 
cutting XX’ at F and #’. Then F 
and F” are the foci. 

If a = 6, then (VI) becomes 

x2 — y? = a2, 
whose locus is called an equilateral 


hyperbola. 
Transform (VI) by rotating the 


axes through an angle of — = (Theo- 


rem II, p. 162). We obtain 


Theorem VIII. The equation of an 
hyperbola whose center is the origin 
and whose foci are on the Y-axis is 


me 


(VIII) ee amg 


be! gt | 


where 2a is the transverse axis and 2b 
is the conjugate axis. If c?=a?2+4 b?, 
the foci are (0, + c) and the directrices 


: a 
are the lines y=+—. 
c 
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The ellipse, e<1. 


The essential difference between 
(V) and (VII) is that in (V) the de- 
nominator of x? is larger than that 
of y?, while in (VII) the denominator 
of y? is the larger. (V) and (VII) 
are called the typical forms of the 
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The hyperbola, e>1. 


The essential difference between 
(VI) and (VIII) is that the coeffi- 
cient of y? is negative in (V1), while 
in (VIII) the coefficient of x? is nega- 
tive. (VI) and (VIII) are called the 
typical forms of the equation of an 


equation of an ellipse. hyperbola. 


An equation of the form 
Ax? +Cy?+F=0, 


where A, C, and F are all different from zero, may always be 
written in the form 
0? 
Li — 
(11) ras 


By transposing the constant term and then dividing by it, and dividing 
numerator and denominator of the resulting fractions by A and C respectively. 


The locus of this equation will be 

1. An ellipse if a and B are both positive. a? will be equal to 
the larger denominator and 0? to the smaller. 

2. An hyperbola if a and B have opposite signs. a? will be 
equal to the positive denominator and 0? to the negative denomi- 
nator. » 

3. If a and B are both negative, (11) will have no locus. 


Ex. 1.. Find the axes, foci, directrices, and 
eccentricity of the ellipse 4%? + y2= 16. 


Solution. Dividing by 16, we obtain 


2 y? 
Ae 16 


The second denominator is the larger. By 
comparison with (VII), 


b= 4, a? = 16, c? = 16 —4=12. 
Di=22: ¢=V12. 


The positive sign only is used when we extract the 
square root, because a, b, and ¢ are essentially positive, 


Hence 


a=4, 
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Hence the major axis 4 A’ = 8, the minor axis BB’ = 4, the foci F and &” 
are the points (0, + V12), and the equations of the directrices DD and D’D’ 


aa 16 4 
are y=+—=+ =+5V12. 
2 Cc Vi2 3 
v12 4 1 
9 = —— and p=——==-¥ 
From (7) and (9), é ri Dp axle 12. 
PROBLEMS 


1. Plot the loci, directrices, and foci of the following equations and find 
eand p. 


(a) 2+ 9y? = 81. (e) 9y? — 422 = 36. 
(b) 9a? — 16 y? = 144. (f) #2 — y? = 25. 

(c) 1602 + y? = 25. (g) 422+ Ty? =18. 
(d) 422 + 9y*= 36. (h) 522 —38y2?=14. 


2. Find the equation of the ellipse whose center is the origin and whose 
foci are on the X-axis if 


(a)a==155 0 "8. Ans. 94? + 25 y? = 225. 
(b) a=6, e=1. Ans. 322 + 36 y? = 1152. 
(c) O= 4.76 —'s. Ans. 16x? + 25 y? = 400. 
(Ch Gest, OS a Ans. 5%? + 9y? = 720, 


8. Find the equation of the hyperbola whose center is the origin and 
whose foci are on the X-axis if 


(a) @=3, 6=6. Ans. 25242 — 9y?2 = 225. 
(b) a=4, c=65. Ans. 9%? —16y? = 144. 
(ec) e=8, @=5. Ans. 5x2 — 4y2 = 125. 
(d) c=8) e=4. i Ans. 152% — y?= 60. 


4. Show that the latus rectum (chord through the focus perpendicular to 


2 
the principal axis) of the ellipse and hyperbola is 20 
a 


5. What is the eccentricity of an equilateral hyperbola ? Ans. V2. 


6. Transform (V) and (VI) to polar coérdinates and discuss the resulting 
equations. 


7. Where are the foci and directrices of the circle ? 


8. What are the equations of the ellipse and hyperbola whose centers 
are the point (a, 8) and whose principal axes are parallel to the X-axis ? 
dng, © Oe ee 
f eee = =, 


a vb? a p2 
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76. Conjugate hyperbolas and asymptotes. Two hyperbolas 
are called conjugate hyperbolas if the transverse and conjugate 
axes of one are respectively the conjugate and transverse axes of 
the other. They will have the same center and their principal 
axes (p. 173) will be perpendicular. 

If the equation of an hyperbola is given in Apical form, then 
the equation of the conjugate hyperbola is found by changing the 
signs of the coefficients of x* and y? in the given equation. 

For if one equation be written in the form (VI) and the other in the form (VIII), 
then the positive denominator of either is numerically the same as the negative 


- denominator of the other. Hence the transverse axis of either is the conjugate 
axis of the other. 


Thus the loci of the equations 
(1) 16%2 — y2= 16 and — 1622+y2=16 » 
are conjugate hyperbolas. They may be written 

= 2 y2 
1 1 and 6 oa 1. 

The foci of the first are on the X-axis, those of the second on the Y-axis. The 
transverse axis of the first and the conjugate axis of the second are equal to 2, 
while the conjugate axis of the first and the transverse axis of the second are 
equal to 8. 

The foci of two conjugate hyperbolas are equally distant from 
the origin. 

For c? (Theorems VI and VIII) equals the sum of the squares of the semi- 
transverse and semi-conjugate axes, and that sum is the same for two conjugate 
hyperbolas. 

Thus in the first of the hyperbolas above c2 =1-+16, while in the second 
@=16+1. 

If in one of the typical forms of the equation of an hyperbola 
we replace the constant term by zero, then the locus of the new 
equation is a pair of lines (Theorem, p. 66) which are called the 
asymptotes of the hyperbola. 

Thus the asymptotes of the hyperbola 


(2) b?a? — ay? = ab? 
are the lines 

(3) 67x? — a*y? = 0, 
or 


(4) be + ay=0 and ba —ay=0. 
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Both of these lines pass through the origin, and their slopes are respectively 


7) b 
(5) os a and he 


An important property of the asymptotes is given by 
Theorem IX. Zhe branches of the hyperbola approach its asymp- 
totes as they recede to infinity. 


Proof. Let P, (x, y,) be a point on either branch of (2) near 
the first of the asymptotes (4). The distance from this line to 
P, (Fig., p. 191) is (Rule, p. 106) 


(6) d = bay ai aY1 = 
+ Vb? + a? 
Since P, lies on (2), 67x,? — a?y,? = a*6?. 
: a*h? 
Factoring, bitpe+ ay, = Pager 
ab? 


uae in (6), d= + VEE abn, a) 
As P, recedes to infinity, 2, and y, become infinite and d 
approaches zero. 

For bx, and ay; cannot cancel, since v7, and y; have opposite signs in the second 

and fourth quadrants. 
Hence the curve approaches closer and closer to its asymptotes. 
Q.E.D. 


Two conjugate hyperbolas have the same asymptotes. 


For if we replace the constant term in both equations by zero, the resulting 
equations differ only in form and hence have the same loci. 
Thus the asymptotes of the conjugate hyperbolas (1) are respectively the loci of 


1642 — y2=0 and —162%2+ y2=0, 
which are the same. 
An hyperbola may be drawn with fair accuracy by the fol- 
lowing 
Construction. Lay off OA = OA'=a on the axis on which the 
foci lie, and OB = OB' = 6 on the other axis. Draw lines through 
A, A', B, B' parallel to the axes, forming a rectangle.* Draw the 


* An ellipse may be drawn with fair accuracy by inscribing it in such a rectangle. 
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diagonals of the rectangle and the circumscribed circle. Draw 
the branches of the 
hyperbola tangent to 
the sides of the rec- 
tangle at A and A’ 
and approaching nearer 
and nearer to the di- 
agonals. The conju- 
gate hyperbola may 
be drawn tangent to 
the sides of the rec- 
tangle at B and B' 
and approaching the diagonals. The foci of both are the points 
in which the circle cuts the axes. 


The diagonals will be the asymptotes, because two of the vertices of the rec- 
tangle (+ a, + 0) will lie on each asymptote (4). Half the diagonal will equal c, 
the distance from the origin to the foci, because c? = a? + 62. 


77. The equilateral hyperbola referred to its asymptotes. The equation 
of the equilateral hyperbola (p. 186) is 


(1) x? — y2 = ai, 
Its asymptotes are the lines 
~«—y=0andz+y=—0. 
These lines are perpendicular (Corollary III, p. 87), and hence they may 
be used as coérdinate axes. 


Theorem X. The equation of an equilateral hyperbola referred to its asymp- 
totes is 
(X) Zry =a’. 

Proof. Theaxes must be rotated through — il 
to coincide with the asymptotes. by 
Hence we substitute (Theorem II, p. 162) 

a + y me ov’ + y’ 
4 ) Yy = 
v2 v2 
in (1). This gives 
(ty _(-v +9 _ 
2 2 


Or, reducing and dropping primes, 
Quy = a?. Q.B.D 
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78. Focal property of central conics. A line joining a point on 
a conic to a focus is called a focal radius. Two focal radii, one to 
each focus, may evidently be drawn from any point on a central 
conic. 


Theorem XI. The sum of the focal Theorem XII. The difference of the 
radii from any point on an ellipseis focal radii from any point on an 
equal to the major axis 2a. hyperbola is equal to the transverse 

axis 2a. 


Proof. Let P be any point on the Proof. Let P be any point on the 
ellipse. By definition (p. 178), hyperbola. By definition (p. 178), 
Pod MI Gr aah JEN HE. (Pea I ey. ies Oe TTI. 
Hence r + 1 =.e(PE + PE’) Hence 7” — r = e(PE’ — PE) 
= (Jo 1a ake => SEL 
From (7), p. 185, e=°; From (8), p. 185, e= “, 
a a 
and from the equations of the direc- and from the equations of the direc- 
trices (Theorem V), trices (Theorem V1), 
a2 a2 
HH’ =2—. HH’ =2—. 
c @ 
ery ee Cm 
Hence 7-1” = —.2)—— = 2a. Hence 7° =- 7 = =. 2 = 2/0, 
GH. ap © 
Q.E.D. Q.E.D. 


79. Mechanical construction of conics. Theorems XI and XII afford simple 
methods of drawing ellipses and hyperbolas. Place two tacks in the drawing 
board at the foci F and F’ and wind a string about them as indicated. 

If the string be held fast at A, and a pencil be placed in the loop FPF’ 
and be moved so as to keep the string taut, then PF + PF’ is constant and 
P describes an ellipse. If the major axis is to be 2a, then the length of the 
loop FPF’ must be 2a. 
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If the pencil be tied to the string at P, and both strings be pulled in or 
let out at A at the same time, then PJ” — PF will be constant and P will 
describe an hyperbola. If the transverse axis is to be 2a, the strings must 
be adjusted at the start so that the difference between PF’ and PF equals 2 a. 


yy 


To describe a parabola, place a right triangle with one lee HB on the 
directrix DD. Fasten one end of a string whose length is AZ at the focus 
F, and the other end to the triangle at A. With a pencil at P keep the 
string taut. Then PF = PE; and as the triangle is moved along DD uBe 
point P will describe a parabeLs 


PROBLEMS 

1. Find the equations of the asymptotes and hyperbolas conjugate to the 
following hyperbolas, and plot. 

(a) 402 — y? = 36. (c) 162? —y? + 64=0. 

(b) 9a? — 25 y? = 100. (d) 8x2 —16y?+ 25=0. 

2. Prove Theorem IX for the asymptote which passes through the first 
and third quadrants. 

3. If e and e’ are the eccentricities of two conjugate hyperbolas, then 
1 i 
e 62 - 

4. The distance from an asymptote of an hyperbola to its foci is numer- 
ically equal to b. 

5. The distance from a line through a focus of an hyperbola, perpen- 
dicular to an asymptote, to the center is numerically equal to a. 

6. The product of the distances from the asymptotes to any point on the 
hyperbola is constant. 

7. The focal radius of a point P(x, y;) on the parabola y? = 2 pa is 


aa 
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8. The focal radii of a point P; (a1, yi) on the ellipse 67x? + ay? = a?b2 
are r= a — ex; and XY = a+ egy. 


9. The focal radii of a point on the hyperbola b?x2 — a?y2 = ab? are 
r= ert, —a@ and 1” = et, +a when P, is on the right-hand branch, or 
r= — ex, —@ and ” =— ex; + a when P, is on the left-hand branch. 


10. The distance from a point on an equilateral hyperbola to the center 
is a mean proportional between the focal radii of the point. 


11. The eccentricity of an hyperbola equals the secant of the inciination 
of one asymptote. 


80. Types of loci of equations of the second degree. All of 
the equations of the conic sections that we have considered are 
of the second degree. If the axes be moved in any manner, the 
equation will still be of the second degree (Theorem IV, p. 164), 
although its form may be altered considerably. We have now to 
consider the different possible forms of loci of equations of the 
second degree. 

By Theorem VI, p. 169, the term in ay may be removed by 
rotating the axes. Hence we only need to consider an equation 
of the form 


(1) Axv?+Cy?+ Dx + Ey+ F=0. 
It is necessary to distinguish two cases. 


Cast I. Neither 4 nor C is zero. 
Case II. Either A or C is zero. 


A and C' cannot both be zero, as then (1) would not be of the second degree. 


Case I 


When neither A nor C is zero, then A = B? — 4 AC is not zero, 
and hence (Theorem VII, p. 170) we can remove the terms in 
x and y by translating the axes. Then (1) becomes (Corollary I, 
p- 171) 


(2) Aa! + Cy + Fl = 0. 


We distinguish two types of loci according as A and C have the 
same or different signs. 
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Elliptic type, A and C have the 
same sign. 


1. #’#0.* Then (2) may be 


2 2 
written zs + a ip 
Gi fs) 
F’ F’ 
where a@=— — ean 
vere C 


Hence, if the sign of F’ is different 
from that of A and C, the locus is an 
ellipse; but if the sign of F” is the 
same as that of A and C, there is no 
locus. 

2. F’=0. The locus is a point. 
It may be regarded as an ellipse 
whose axes are zero and it is called 
a degenerate ellipse. 
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Hyperbolic type, A and C have dif- 
Ferent signs. 


1. F’ 40.* Then (2) may be 


2 2 

written zs a Ze if 
aye 

where @ eee fy raat 
A C 


Hence the locus is an hyperbola whose 
foci are on the Y-axis if the signs of 
F’ and A are the same, or on the 
A-axis if the signs of F’ and C are 
the same. 

2.. F’=0. The locus is a pair of 
intersecting lines. It may be regarded 
as an hyperbola whose axes are zero 
and it is called a degenerate hyperbola. 


Case IT 
When either A or C is zero the locus is said to belong to the 


parabolic type. 
(1) becomes 


We can always suppose A = 0 and C + 0, so that 


(3) Cy? + Di + Ey + F=0. 
For if A 4 0 and C= 0, (1) becomes Ax? + Du + Fy + F=0. Rotate the axes 
1 
(Theorem II, p. 162) through 2 by setting x=— y’, y=’. This equation becomes 
Ay 2+ Ex’ — Dy’ + F = 0, which is of the form (3). 


By translating the axes (3) may be reduced to one of the forms 


(4) Cy? + Dx = 0 or 
(5) Cy+F! =0. 
For substitute in (3), e=e +h, y=y +k. 
This gives 
(6) Cy’2 + Da’ + 2 Ck | y’ + Ck? | =0. 
+H + Dh 
+ Ek 
+F 


If we determine h and & from 
2Ck+H=0, 
then (6) reduces to (4). 


that we cannot always remove the constant term. 


Ckh2 + Dh + Hk + F=0, 
But if D = 0, we cannot solve the last equation for h, so 


In this case (6) reduces to (5). 


* Read ‘‘ F’ not equal to zero” or ‘#” different from zero.” 
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Comparing (4) with (III), p. 179, the locus is seen to be a parab- 
FE! 
os 
when F’ and C have different signs, or the single line y= 0 
when F’=0. If F' and C have the same sign, there is no locus. 
When the locus of an equation of the second degree is a pair of 
parallel lines or a single line it is called a degenerate parabola. 
We have thus proved 


ola. The locus of (5) is the pair of parallel lines y= + — 


Theorem XIII. The locus of an equation of the second degree is 
a conic, a point, or a pair of straight lines, which may be coincident. 
By moving the axes its equation may be reduced to one of the three 


forms 
Ag? +: Cy? -- F* = 0; Cy? + De = 0, Cy r* =O; 


where A, C, and D are different from zero. 
Corollary. The locus of an equation in which the term in xy is 
lacking, An? 2 Cy? se Dz ce Ey + i 0, 
will belong to 
the parabolic type if A=0 or C=0, 
the elliptic type if A and C have the same sign, 
the hyperbolic type if A and C have different signs. 


PROBLEMS 


1. To what point is the origin moved to transform (1) into (2)? 
Ans. (- Bo = a 
2A 2C 
2. To what point is the origin moved to transform (8) into (4)? into (5) ? 


Pies 
Oi. E 20K. <5) (0, - 2). 
4CD 2C 2C 


8. Simplify Az*+ Dx + Hy + F=0 by translating the axes (a) if H 4 0, 
(b) if # = 0, and find the point to which the origin is moved. 
D D*—4AF 
Ans. Ax? + Hy =0 (-— =): 
ns. (a) + Ey = 0, 4) ae 
D 
b) Az? + F’ =0, (-— 0). 
(b) Aa? + ow 


* In describing the final form of the equation it is unnecessary to indicate by primes 
what terms are different from those in (1), 
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4. To what types do the loci of the following equations belong ? 
(a) 4024+ y2-18¢+7y—-1=0. (e) @+7y2?—-824+1=0. 


(b) y27+38e—4y+9=0. (f) 2+y2—624+8y=0. 
(c) 1214? — 44y24 684 —4=0. (g) 8a27—4y2—6y4+9=0. 
(d) 2+4y—3=0. (h) 2 —8x+9y—11=0. 


{i) The equations in problem 1, p. 172, which do not contain the zy-term. 
81. Construction of the locus of an equation of the second 
degree. ‘To remove the zy-term from 
(1) Aa’? + Bay + Cy? + Dx+ Ey+F=0 


it is necessary to rotate the axes through an angle @ such that 
(Theorem VI, p. 169) 
(2) tan 26 = 2 


PUPae sy 


while in the formulas for rotating the axes [(II), p. 162] we need 
sin 9 and cos @. By 1 and 3, p. 19, we have 


iy 


3 cos 26 = {+ ——_.. 
©) V1+ tan? 26 


From (2) we can choose 26 in the first or second quadrant so 
the sign in (3) must be the same as in (2). 6 will then be acute; 
and from 15, p. 20, we have 


eeenne ——> 
(4) AS ee (epi 


In simplifying a numerical equation of the form (1) the com- 
putation is simplified, if A= B?—4AC#0, by first removing 
the terms in x and y (Theorem VII, p. 170) and then the xy-term. 

Hence we have the 


Rule to construct the locus of a numerical equation of the second 
degree. 
First step. Compute A = B?— 4AC. 
Second step. Simplify the equation by 
(a) translating and then rotating the axes if A # 0; 
(6) rotating and then translating the axes if A= 0. 
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Third step. Determine the nature of the locus by inspection of 
the equation (§ 80, p. 194). 
Fourth step. Plot all of the axes used and the locus. 


In the second step the equations for rotating the axes are 
found from equations (2), (3), (4), and (II), p. 162. But if the 
xy-term is lacking, it is not necessary to rotate the axes. The 
equations for translating the axes are found by the Rule on 
p. 165. 


Ex. 1. Construct and discuss the locus of 
v+4ey+4y2412¢7—-6y=0. 


Solution. First step. Here A= 42—4-1-4=0. 
Second step. Hence we rotate the axes through an angle @ such that, 


by (2), 


4 4 
tan 20s 
aE a mee 
Then by (8), cos 206 =— 3, 
and by (4) sin 9 = 2 and cos @ = ! 
: V5 V5 
The equations for rotating the axes [(II), p. 162] become 
vw —2Yy 2a’ + y 
1) v= ———_ 9 Yy = ———_.- 
V5 V5 
Substituting in the given equation,* we obtain 
4/2 — os =(); 
V5 


It is not necessary to translate the axes. 
Third step. This equation may be written 


a/2 Pa 6 y 
V5 
Hence the locus is a parabola for which p = Dy and whose focus is on 
the Y’-axis. 5 


* When A=0 the terms of the second degree form a perfect square. The work of 
substitution is simplified if the given equation is first written in the form 


(w@+2y)2+122-6y=0. 
It will be shown in Chapter XII that when A=0 the locus is always of the parabolic 
type. 


‘ ’ CONIC SECTIONS 199 


Fourth step. The figure shows both sets of axes,* the parabola, its focus 
and directrix. x 
In the new coérdinates the focus | bg 


is the point (0, —.) and the direc- op 
2V5 


eee : 38 

trix is the line y ce (Theorem rt 
IV, p. 179). The old codrdinates of 
the focus may be found by substi- 
tuting the new codrdinates for @’ 
and y’ in (1), and the equation of 
the directrix in the old codrdinates = 
may be found by solving (1) for y’ 

and substituting in the equation given above. 


X 


Ex. 2. Construct the locus of 
622+ 6ay + 5y?2 4+ 224 —6y4+ 21=0. 
Solution. First step. A= 62—4-5-5 +0. 
Second step. Hence we translate the axes first. It is found that the equa- 
tions for translating the axes are 
gaa —4, yay +8, 
and that the transformed equation is 
5@2 + 6a’y’ + by? = 82. 
From (2) it is seen that the axes must be rotated through <. Hence we 
set 


and the final equation is 


4/2 4 y’2 = 16. 


Third step. The simplified equa- 
tion may be written 


g’’2 y2 


== 1, 
4 16 


Hence the locus is an ellipse whose major axis is 8, whose minor axis is 4, 
and whose foci are on the Y”-axis. 
Fourth step. The figure shows the three sets of axes and the ellipse. 


* The inclination of OX’ is 6, and hence its slope, tan 6, may be obtained from (4). In 
sin.@ = 7 hie ae | 
esd V5 V5 


method given in the footnote, p. 35. 


this example tan @= =2, and the X’-axis may be constructed by the 


2 
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PROBLEMS 


1. Simplify the following equations and construct their loci, foci, and 
directrices. 


(a) 8a2-—4ay+ 84—1=0. Ans. #/2—47y%+1=0. 
(b) 402?+4ay + y?+ 8a-—16y=0. Ans. 5a2—8Vb5y'—0. 
(c) 412? — 24ay + 34y? + 25 =0. Ans. 224 2y2+41=0. 


(a) 1702 —12ay + 8y2 — 68a + 24y —12=0. 
Ans. #2 +4y2—16 =0. 


(ce) y2+6e%—6y+4+21=0. Ans. y24+ 62’ =0. 
(f) «2? -—6ay+ 9y?+42%—12y¥y+4=0. Ans. y’2=0. 
(g) 12ay — 5y? + 48y — 36 = 0. Ans. 44 2——904/- — ave 


(h) 422 —12ay + 9y?+2xe%—3y—12=0. 

Ans. 527'2 —49=0. 
(i) 1402 —4ay + 11y? — 88% +4 34y 4+ 149=0. 

Ans. 247/%+ 37'2=0. 
(j) 12024 8ay + 18y?+ 4824 16y +43 =0. 

Ans. 4274+ 2y2=1. 
(k) 9x2 + 24ay + 16y? — 36a — 48y + 61=0. 

Ans: 2/2 4-1=0: 
(1) 7x? + 50 ay +7 y? = 50. Ans. 162 —9y2 = 25. 
(m) #2+ 3ey—8y?+ 624+9y4+9=0. Ans. 30’°2—Ty2=0. 
(n) 1642 — 24zy + 9y? — 60x — 80y 4 400 = 0. 

Ans. 7% —424” — 0. 
(0) 9542 + 56xy —10y? — 56% +4 20y 4+ 194 =0. 

Ans. 62/2 —y’2112=0. 
(p) 5a%— Sey —7y?— 1652+ 13820=0. Ans. 1522 —11y’2 — 330=0. 


82. Systems of conics. The purpose of this section is to 
illustrate by examples and problems the relations between 
conics and degenerate conics and between conics of different 
types. 

A system of conics of the same type shows how the degenerate 
conics appear as limiting forms, while a system of conics of dif- 
ferent types shows that the parabolic type is intermediate between 
the elliptic and hyperbolic types. 


Ex. 1. Discuss the system of conics represented by a? + 4 y? = k. 
Solution. Since the coefficients of «? and y? have the same sign, the locus 
belongs to the elliptic type (Corollary, p. 196). When & is positive the locus 


is an ellipse ; when k = 0 the locus is the origin, —a degenerate ellipse; and 
when k is negative there is no locus. 
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In the figure the locus is plotted for & = 100, 64, 36, 16,4, 1,0. It isseen 
that as k approaches zero the ellipses become smaller and finally degenerate 
into a point. As soon as k becomes negative there is no locus. - Hence the 


ae LN alia 


96 


6 


WL 


1 Ty 


U 


H—+ty" 


point is a limiting case between the cases when the locus is an ellipse and 
when there is no locus. 


Ex. 2. Discuss the system of conics represented by 4”? —16y2 = k. 
Solution. Since the coefficients of x? and y? have opposite signs, the locus 


od VY | | | 
kA-256 
ie 
hA-6 A 
Ae AV ASA 
X 1X 
SO 
1 
ais 
lena { + ie | a 


belongs to the hyperbolic type. The hyperbolas will all have the same 
asymptotes (p. 189), namely, the lines + 2y =0. The given equation may 
be written 


2 y? 
gat ee 
4 16 


The locus is an hyperbola whose foci are on the X-axis when k is positive and 
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on the Y-axis when k is negative. For k = 0 the given equation shows that 
the locus is the pair of asymptotes. 

In the figure the locus is plotted for k = 256, 144, 64,16, 0, — 64, — 256. 
It is seen that as k approaches zero, whether it is positive or negative, the 
hyperbolas become more pointed and lie closer to the asymptotes and finally 
degenerate-into the asymptotes. Hence a pair of intersecting lines is a lim- 
iting case between the cases when the hyperbolas have their foci on the X-axis 
and on the Y-axis. 


Ex. 3. Discuss the system of conics represented by y? = 2kx + 16. 


Solution. As only one term of the second degree is present, the locus 
belongs to the parabolic type (Corollary, p. 196). The given equation may be 


simplified (Rule, p. 165) by translating the axes to the new origin ( — = 0). 


We thus obtain 
y2 =2ke’. 


The locus is therefore a parabola whose vertex is (— - 0) and for which 


p=k. It will be turned to the right when k is positive, and to the left when 
k is negative. But if k = 0, the locus is the degenerate parabola y = + 4. 


ie 
_ at 
K=0 
a Ke 
5 3 LS 
NY zs ay yy my a ti < <s E 
~ y x hk = 
i 
x O LX 
+ 1E 
k=0 
val | 


In the figure the locus is plotted fork =+4, +2, +1, +%,0. It is seen 
that as k approaches zero, whether it is positive or negative, the vertex recedes 
from the origin and the parabola lies closer to the lines y = + 4 and finally 
degenerates into these lines. The degenerate parabola consisting of two 
parallel lines appears as a limiting case between the cases when the parab- 
olas are turned to the right and to the left. 
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22 2 
y 
Ex. 4. Discuss the system represented by ———— —win 
Ee 2 - U Seis ey 


Solution. When k <9 the locus is an ellipse whose foci are (+ c, 0) where 
ce? = (25 — k) — (9 — k) = 16 (Theorem V, p. 185). When 9<k<25 the locus 
is an hyperbola whose foci are (+ ¢, 0), where c? = (25 — k) — (9 —k) = 16 
(Theorem VI, p. 185). When k> 25 there is no locus. Since the ellipses and 
hyperbolas have the same foci, (+ 4, 0), they are called confocal. 

Clearing of fractions, we sean 


(9 — k) x? + (25 — k) y? = (9 — k) (25 — k). 
Hence when k = 9 or 25 the locus is a degenerate parabola y2 = 0 or 22 = 0. 


In the figure the locus is plotted for k =— 56, — 24, 0, 7, 9, 11, 16, 21, 
24, 25. Ask increases and approaches 9 the ellipses flatten out and finally 


Se Lay 
ale k=+56 
k=424 is 
ik +0 
+ 
ke9 
xX 0 x 
i 
Lizz 
S 
+} @| | 
> it =] 
Trist UF eo 


degenerate into the X-axis, and as k decreases and approaches 9 the hyper- 
bolas flatten out and degenerate into the X-axis. Hence the locus of the 
parabolic type, y2 = 0, appears as a limiting case between the ellipses and 
hyperbolas. As k increases and approaches 25 the two branches of the 
hyperbolas lie closer to the Y-axis, and in the limit they coincide with 
the Y-axis. 


Ex. 5. Plot and discuss the locus of kx? + 2y2 —8a2=0. 

Solution. If k = 0, the locus is a parabola. If k is not zero, the locus is 
an ellipse or hyperbola according as k is positive or negative. The locus 
passes through the origin for all values of k, 
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Simplifying by translating the axes (Rule, p. 165), it is found that if the 


origin is (> 0) the equation becomes 


2 7D) 
ply cie: See BM 
4 2; 
k2 k 


From this the axes may be determined and the locus sketched. 
In the figure the locus is plotted for k = 1, 3, 4,0, —1, —4. If k is posi- 
tive and approaches zero, the ellipses become longer and lie closer to the 


parabola. If & is negative and approaches zero, the right-hand branches of 
the hyperbolas lie closer to the parabola and the left-hand branches recede 
from the origin. This shows that the parabola is a limiting form between the 
ellipse and hyperbola. 

How does the locus behave if k approaches + 0 or — 0? 


PROBLEMS 


1. Plot on separate sheets the foci and directrices of the conics plotted in 
examples 1, 2, and 3. Where are the foci and directrices of the degenerate 
conic in each system? Verify the results analytically. 


2. Plot the following systems of conics and show that the conics of each 
system belong to the same type. Draw enough conics so that the degenerate 
conics of the system appear as limiting cases. 


2 2 2 2 
(@) B+ O=h. () Mak 
(b) y? = 2ke. (a) a= 2ky —6. 


8. Problem 1 for the systems in problem 2, 
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2 2 
4. Plot the system = + a = 1 for positive values of k. What is the locus 


if k=16? Show how the foci and directrices behave as k increases or 
decreases and approaches 16. Where are the foci and directrices of a 
circle ? 


5. Plot the system in problem 4 for positive and negative values of k. Show 
how the conics change as k approaches zero when it is positive and negative. 


6. Plot the following systems of conics and show that all of the conics of 
each system are confocal. Discuss degenerate cases and show that two 
conics of each system pass through every point in the plane. 


pa. ye yf? 
e—wile —— = 1; 
6k | 86k See 16S 
(b) aes (a) oe Qky + k. 
7. Plot and discuss the systems 
(a) 16 (@ — k)? + 9y? = 144. (c) (y¥—k)?=4¢. 
(b) ay =&. (d) 4(x% — k)? — 9(y — k)2 = 86. 


8. Plot the following systems and discuss the locus as k approaches zero 
and infinity. Show how the foci and directrices behave in each case. 


ee = Chey 
° a Cree 56 


9. Show that all of the conics of the following systems pass through the 
points of intersection of the conics obtained by setting the parentheses equal 
to zero. Plot the systems and discuss the loci for the values of k indicated. 

(a) (y2—42)+k(y?+ 42) =0,k=+1, —1. 

(b) (a? + y? — 16) + k(a? — y? — 4) = 0, k=+41, —1, -4. 

(c) (x2 + y? — 16) + k (a? — y? — 16) =0, k=+1, —1. 

(d) (72 + 16 y? — 64) + k (a? — 4y? — 36) = 0, k =—1, 4, — 18. 

(e) 2@+4y+k(@?—4y+16)=0,k =+1, —-1. 


MISCELLANEOUS PROBLEMS 
1. Construct the loci of the following equations, their foci and directrices. 
(a) 9x? + 24xy+ 16 y? — 50% + 80y — 275 = 0. 
(b) 562 — 64ay + 109 y? — 176% + 282 y — 896 = 0. 
(c) 5a% —12ay + 6x — 36y — 68 =0. 
2. Find the value of p if y? = 2 pz ar through the point (8, — 1). 


8. Find the values of a and b ne — ae ‘ =1 passes through the points 
(8, — 6) and (4, 8). 

4. Find the equation of the locus of a point P if the sum of its distances 
from the points (c, 0) and (— ¢, 0) is 2a, 
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5. Find the equation of the locus of a point P if the difference of its 
distances from the points (c, 0) and (—¢, 0) is 2a. 
6. Find the equation of the locus of a point if its distances from the line 
v= - and the point (3 0) are equal. 
7. Show that a conic or degenerate conic may be found which satisfies 
five conditions, and formulate a rule by which to find its equation. 
Hint. Compare p.-93 and p. 133. 
8. Find the equation of the conics which satisfy the following conditions. 
(a) Passing through (0, 0), (1, 2), (1, — 2), (4, 4), (4, — 4). 
(b) Passing through (0, 0), (0, 1), (2, 4), (0, 4), (—1, — 2). 
(c) Passing through (8, 7), (4, 6), (6, 8) if A= Band C=0. 
(d) Passing through (1, 2), (8, 4), (4, 2), (2, — 1), (4, 2). 
(e) Passing through (0, 0), (0, 1), (1, 0), (6, 6), (5, 6). 
(f) Passing through (0, 0), (2, 0), (— 3, 2), (5, 2) with its axes parallel to 
the coordinate axes. 
9. What is the nature of a conic which passes through five points, of 
which three or four are on a straight line ? 


The circle whose radius is a and whose center is the center of 
a central conic is called the auxiliary circle. 

10. The ordinates of points on an ellipse and the auxiliary circle which 
have the same abscissas are in the ratio of b: a. 

11. The area of an ellipse is wab. 


Hint. Divide the major axis into equal parts. With these as bases inscribe rectan- 
gles in the ellipse and auxiliary circle. Apply problem 10 and increase the number of 
rectangles indefinitely. 

12. The auxiliary circle of an hyperbola passes through the intersections 
of the directrices and asymptotes. 


13. Show that the locus of xy + Dz + Hy + F = 0 is either an equilateral 
hyperbola whose asymptotes are parallel to the codrdinate axes or a pair of 
perpendicular lines. 


14. Discuss the form of the locus of 2? — y2+4+ De + Ey + F=0. 


CHAPTER IX 
TANGENTS AND NORMALS 


83. The slope of the tangent. Let P, be a fixed point on a 
‘eurve C’ and let P, be a second point on C near P,. Let P, 
approach P, by moving along C. Then the limiting position 
P,T of the secant through P, and P, is called the tangent to C 
at P. 

It is evident that the slope of P,7 is the limit of the slope 
of P\P,. The coérdinates of P, may be written (a, +h, y, + h), 


where # and & will be positive or negative numbers according 
to the relative positions of P,; and P,. The slope of the secant 
through P, and P, is therefore (Theorem V, p. 35) 
noma k _k, 
(1) Ap eae apr IE 
As P, approaches P, both 2 and k approach zero, and hence 


approaches ° which is indeterminate. The actual value of the 


limit of : may be found in any case from the conditions that 


P, and P, lie on C (Corollary, p. 53), as in the example 
following. 
207 
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Ex. 1. Find the slope of the tangent to the curve C:8y = x at any point 
Py (#1, yi) on C. 
Solution. Let Pi (a1, yi) and Pe (a1 + h, y1 + k) be two points on C. 
Then (Corollary, p. 53) 
(2) 8y1 = a3 
and 8 (yr + k) = (a1 + h)3, 
or 
(8) 8y1+ 8k = 424 38272 + Bayh? + hi. 


Subtracting (2) from (8), we obtain 

8k = 8212h + 8a,h2 + hi. 
Factoring, 8k =h(3a? + 3a,h + h?); 
k 3242+ 32h + h? 
Ben 8 


and hence 


Then, as P2 approaches P;, h and k approach 
zero and the 
802+ 3ah +h? 32? 
8 pox: 


limit of = limit of 


3 x32 


Hence the slope m of the tangent at Py ism = 


C is symmetrical with respect to O, and the tangents at symmetrical points 
are parallel since only even powers of x; and y, occur in the value of m. The 
tangent at the origin is remarkable in that i crosses the curve. 


The method employed in this example is general and may be 
formulated in the following 


Rule to determine the slope of the tangent to a curve C at a point 
12> (Op (Oro 

First step. Let Py (x1, y,) and P,(x, +h, y, + k) be two points 
on C. Substitute their codrdinates in the equation of C and 
subtract. 

Second step. Solve the result of the first step for i the slope 
of the secant through P, and P,. 

Third step. Find the limit of the result of the second step when 
hand k approach zero. This limit is the required slope. 


* The solution will contain h and k separately, so that the equation is not solved in the 
ordinary sense. 
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Ex. 2. Find the slope of the tangent to the semicubical parabola 3 y? = «3 
at Py (1, yi). 

Solution. First step. Let Py (a1, yi) and Pe(a1 +h, yy + k) be two points 
on the curve. Then (Corollary, p. 53) 


y, 
(4) 8y2 = 23 | + 
and 8y;?+ 6ky, + 322 = 2348 077h+3 ayh2+ hi, al 
Subtracting, 
6 yk + 8k? = 8ayrh + 8a,h? + hi. 
Second step. Factoring, 
k(6y,+ 3k) =h(8 a? + 3ah + h?). 
8 42 + 37 2 EXO) ¢ 
Tente k we 321 iar Hal + am Xx , LY 
h 6y1+ 3k & 
Third step. As h and & approach zero, 7h 
De 2 
nae of omit of ee Oe 
h 64+ 8k L-1-154 
— 3 442 es x42 =H i | h 3 
— by ly | 


) 
Hence the slope of the tangent at P, is m = = 
: Yi 


At the origin m = ; and is indeterminate. To find the value of m at the 


origin, we may either apply the rule a second time, setting 7; = 0 and y; = 0, 
or eliminate y; from the value of m by means of (4), thus obtaining a value 
which is determinate at the origin. 


PROBLEMS 


1. Find the slopes of the tangents to the following curves at the points 
indicated. : 


(a) y2= 8a, P,(2, 4). Ans. 1. 
(b) 22 + y2= 25, P,(8, — 4). Ans. 3. 
(c) 4a? + y2=16, P,(0, 4). Ans. 0. 
(d) 22 —9y2=81, P,(15, — 4). Ans. — 3y. 


2. Find the slopes of the tangents to the following curves at the point 
Py (#1, Y1)- 


3 
(a) y2 = 6. Ans. a 
3 
(b) 16y = at. Ans. oe 
(C)m2 27/2 — 16. Ansa — 28 
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(d) a — yy? = 4. Ans. 2. 
Y1 : 
(e) y2 = 08 + w. Ans. 3a? + 221 
2y1 
8—4 
(f) 422 + y2 162 —2y=0. Ans 
Tie 1 
(8) Cit Ais oe 
Ty 
Yi 
h) sy + y2= 8. Ans, — ———_. 
Was mM+2Y/1 
al 
(i) a —y2—8a4+4y=0. je 
ai 
3 
(j) a+ 42462 —8y=0. Anes 
Zea 


84. Equations of tangent and normal. We have at once the 


Rule to find the equation of the tangent to a curve C at a point 
P, (1, Yi) on C. 

First step. Find the slope m of the tangent to C at P, (Rule, 
p. 208). 

Second step. Substitute x1, y,, and m in the point-slope form of 
the equation of a straight line [(V), p. 95]. 

Third step. Simplify that equation by means of the condition 
that P, lies on C (Corollary, p. 53). 


Ex. 1. Find the equation of the tangent to C:8 y = #8 at Py (a1, y1). 
2 

Solution. First step. From Ex. 1, p. 208, the slope is m = ote 

Second step. Hence the equation of the tangent is . 


3 x4? 
y— "= (@— m1), 
or 


(1) 3 ay2a — 8y — 8233+ 8y,=0. 
Third step. Since P, lies on C, 8y; = 243. 
Substituting in (1), we obtain 

(2) 8 ax — 8y —24,3=0. 


The normal to a curve C at a point P, on C is the line through 
P, perpendicular to the tangent to C at P;. Its equation is found 
from that of the tangent by the Rule on p. 114, using Theorem 
Uy Dak. 
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Ex. 2. Find the equation of the normal at P; to the curve in Ex. 1. 


Solution. The equation of any line perpendicular to (2) has the form 
(Theorem XII, p. 117) 


(8) 8e4+3a%y+k=0. 
If P; lies on this line, then (Corollary, p. 58) 
841+ 3%17%y7,+k=0, 
whence k=— 8a, — 82% 2y. 
Substituting in (3), the equation of the normal is 


82+ 384;2y — 8a, —382,2%y, = 0. 


PROBLEMS 


1. Find the equations of the tangents and normals at P;(x1, y1) to the 
curves in (a) to (e), problem 2, p. 209. 


Ans. (a) yy = 3 (@ + 21), ye + 38y=ay14+ 3. 
(b) 18a —4 Y= 12 Y15 4x + ry = 4a + 24344. 
(c) ax + yiy = 16, Ye — my = 0. 
(dq) me—yy=4, © Ye + XY = 221y1. 


(e) (8a? +2 23)e—2 yyy —28=0, 2ye+ (8.27? 4+ 201) y =3.4y?y1 + 40141. 


2. Find the codrdinates of a point on each of the curves in (f) to (J), 
problem 2, p. 209, and then find the equations of the tangent and normal at 


that point. 


3. Find the equations of the tangents and normals to the following curves 
at the points indicated. 

(a) y2#—-8xe%+4y=0, (0,0). Ans. 2a—y=0, 7+2y=0. 
(b) wy = 4, (2, 2). Ans. *+y=4, x—y=0. 
(c) a —4y? = 25, Py (a1, 1). Ans. we—4y;y=25, 4yyu+ayy=—h 211. 
(d) #2 + 2ay = 4, Py (&41, 1). 

Ans. (#1 + yi)@+ ty =4, ME—(1 + y)y = M1? — MYM — Y1*. 
(e) Y=2pa, Pr (%1, ¥1)- Ans. Yiy=P(+21), Wet pY=T1yi t+ pyr. 


2 2 
(f) 3 ee = =1, Pi(e1, 1). 
Ans. 


Mo , YY _ Yo yy a? — b2 
a ne be , a2? wee 
(g) b2x2 — ay? = a?b?, Pi (21, 1). 

Ans. bax — ayy = a7b?, a®yyx + Day = (a? + 0?) 21/1. 


(h) a2 —y2+43=0, (0, 0). Ans. y=i%, t=F y. 
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85. Equations of tangents and normals to the conic sections. 
Theorem I. The equation of the tangent to the circle 
O57 ie 
at the point P, (a1, yi) on C is 
(1) 040 + yyy = 7’. 


Proof. Let Py (21, y1) and P2 (x1 + h, y; + &) be two points on the circle C. 
Then (Corollary, p. 58) 


(1) ay? + y= 1? 
and (a1 + A)? + (yi + kb)? = 7, 
or 


(2) 2+ 20h +h? + y+ 2yik +k? = 2°. 
Subtracting (1) from (2), we have 


> 
af Qah+tht+2@yk+e=0. 
Transposing and factoring, this becomes 
k(2y%1 +k) =—h(2a1 +h), 
y' k 2; e+ h 
whence -=— 


h 2y+k 
is the slope of the secant through P, and Pp». 
Letting Pz approach P,, h and k approach zero, so that m, the slope of the 
tangent at Pj, is 
2a, +h wt 


m = limit of — = 
2y+k "1 


The equation of the tangent at P, is then (Theorem V, p. 95) 


a 
¥—-"=——(e&— 2%), 
Y1 
or Ut + YY = By + Yr’. 
But by (1), ie yin — 
so that the required equation is 


Lye + yy = 77. Q.E.D. 
Theorem II. The equation of the tangent to the locus of 
Ax? + Bey + Cy?+ De+ Ey+F=0 
at the point P,(x,, y,) on the locus is 
(II) 
ye + ayy a + a4 


Aaye + BETTY + yy + D My ELE 


FEF = 0; 
2 2 2 - 
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Proof. Let P;(«1, yi) and Pe (a1 +h, y; + k) be two points on the conic. 
Then (Corollary, p. 53) 
(8) Agy? + Bay; + Cy? + Dr, + Hy, + F=0 and 
A(t +h)?+ Bly +h) (wt+h+C(y+h?+ Diath)+£(yit+h)+F=0. 
Clearing parentheses, we have 
(4) Aw?+ 2 Aah + Ah? + Bay, + Baik + Bysh + Bhk 
+ Cyy? + 2 Cyyk + Ch? + Day + Dh + Ey, + Ek + F=0. 
Subtracting (8) from (4), we obtain 
(5) 2 Aah + Ah? + Bask + Byyh + Bhk + 2 Cyyk + Chk? + Dh + Ek =0. 


Transposing all the terms containing h and factoring, (5) becomes 

k (Bay + 2 Cy, + Ck + F) =—h(2 Ax, + Ah + By; + Bk + D), 
kk 2Atm + By+D+Ah+ Be 
ee Ba, + 2Cy, + E+ Ck 


whence 


This is the slope of the secant P,P: [(1), p. 207]. 
Letting P, approach P;, h and k will approach zero and the slope of the 


tangent is 2 As eBy te D 
> Br $20y, + 2 


The equation of the tangent line is then (Theorem VY, p. 95) 


2A; + By, + D 
Maas Sue Lia a AS 


sae aa Bu +2Cy,+ # 


To reduce this equation to the required form we first clear of fractions and 
transpose. This gives 
(2 Aa + Byi + D)a@ + (Ba, + 20y, + E)y 
— (2 Ag? + 2 Bay, + 2 Cy + Day + EHyi1) = 09. 
But from (8) the last parenthesis in this equation equals 
— (Dx + £y,4+2F). 
Substituting, the equation of the tangent line is 
(2 Aa + By; + D)x + (Bri + 20Cy1 + E)y + (Du + Lyi +2 F) =0. 
Removing the parentheses, collecting the coefficients of A, B, C, D, £, 
and F, and dividing by (2), we obtain (II). Q.E.D. 


Theorem II enables us to write down. the equation of the tan- 
gent to the locus of any equation of the second degree. It is 
remembered most easily in the form of the following Rule. 
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Rule to write the equation of the tangent at P, (#1, y) to the locus 
of an equation of the second degree. 
First step. Substitute x, and yy for x and y’, 
L + @y Be) yt" 
pe es, 2 
Second step. Substitute the numerical values of x, and y;, if given, 
in the result of the first step. The result is the required equation. 


Wiz a LY for 


ay, and for x and y in the given equation. 


In like manner, or at once from this Rule, we have 


Theorem III. Zhe equation of the tangent at P, (a1, y1) to the 


ellipse bx? + ay? = ab? is Baa + wy = a’d’; 
hyperbola bx? — ay? = a*b? is Wa, — yyy = ab’; 
parabola Oe Yury = p(x + wx). 


By the method on p. 210, we obtain 
Theorem IV. The equation of the normal at P; (a, y,) to the 


ellipse bx? + a?y? = a*b* is aya — Day = (a — B?) ayy; 

hyperbola Bx*— ay? = al? is @yyx + Bay = (a + B*) xy,; 

parabola P= 2 pes yy + py = xy, + PY1- 
PROBLEMS 


1. Find the equations of the tangents and normals to the following conics 
at the points indicated. 


(a) 3a? —10y? = 17, (8, 1). (d) 2a? — y2 = 14, (8, — 2). 
(b) y2= 42, (9, — 6). (e) 274+ 5y7 =14, (, 1). 
(c) #2 + y? = 25, (— 3, — 4). (f)irxti== Gly; (—1G;, 6): 


(g) 2 —ay+2x—7=0, (3, 2). 
(h) zy —y?+6x2+48y—6=0, (—1, 4). 

The directed lengths on the tangent and normal from the point 
of contact to the X-axis are called the length of the tangent and the 
length of the normal respectively. Their projections on the X-axis 
are known as the subtangent and subnormal. 


2. Find the subtangents and subnormals in (a), (b), (d), and (e), prob- 


lem 1. Ans. (a) — 40, %; (b) —18, 2; (d) — 2, 6; (e) 3, — 
8. Find the lengths of the tangents and normals in (a), (b), (d), and ( ©), 
problem 1. Ans. (a) $-V181, 75 V181; hae ae 2V10; 


(d) V10, 2-V10; (e) 4 V34 1-V34, 
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4. Find the subtangents and subnormials of (a) the ellipse, (b) the hyper- 
bola, (c) the parabola. 


Pies 2 
Bnst (aye 


a? — a2 02 
»—5%1; (C) — 2a, p. 
Ty a 


62 
’ Seat: (b) 


5. Show how to draw the tangent to a parabola by means of the sub- 
normal or subtangent. 


6. Prove that a point P; on a parabola and the intersections of the 
tangent and normal to the parabola at P, with the axis are equally distant 
from the focus. 

7. Show how to draw a tangent to a parabola by means of problem 6. 

8. The normal to a circle passes through the center. 

9. If the normal to an ellipse passes through the center, the ellipse is a 
circle. 

10. The distance from a tangent to a parabola to the focus is half the 
length of the normal drawn at the point of contact. 
11. Find the equation of the tangent at a vertex to (a) the parabola; 
(b) the ellipse; (c) the hyperbola. 
12. Find the subnormal of a point P; on an equilateral hyperbola. 
IGS, ah 


13. In an equilateral hyperbola the length of the normal at P, is equal to 
the distance from the origin to P. 


86. Tangents to a curve from a point not on the curve. 

Ex. 1. Find the equations of the tangents to the parabola y? = 4% which 
pass through P2(— 8, — 2). 

Solution. Let the point of 
contact of a line drawn through 
P, tangent to the parabola be 
P,;. Then by Theorem III the 
equation of that line is 
(1) yy = 2e+ 22}. 

Since P, lies on this line 
(Corollary, p. 58), 


(2) —2y,=-—642%; 
and since P, lies on the parabola, 
(3) yt = 4a. 


The coordinates of Py, the 
point of contact, must satisfy 
(2) and (3). Solving them, we 
find that P, may be either of the points (1, 2) or (9, — 6). 
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If (1, 2) be the point of contact, the tangent line is, from (1), 


2y = 22+ 2, 
or za—y+1=0. 
If (9, — 6) be the point of contact, the tangent line is 
—6y=22+ 18, 
or a—38yt+9=0. 


The method employed may be stated thus: 


Rule to determine the equations of the tangents to a curve C 
passing through Ps(x2, Y2) not on C. 

First step. Let Py (a, y:) be the point of tangency of one of the 
tangents, and find the equation of the tangent to C at P, (Rule, 
p- 210). 

Second step. Write the conditions that (xo, yz) satisfy the result 
of the first step and (a1, y,) the equation of C, and solve these equa- 
tions for x, and ¥;. 

Third step. Substitute each pair of values obtained in the second 
step in the result of the first step. The resulting equations are the 
required equations. 


PROBLEMS 


1. Find the equations of the tangents to the following curves which pass 
through the point indicated and construct the figure. 


(a) 2? + y? = 20, (7, — 1). Ans. 3%—4y=25, 424+ 38y = 25. 
(b) y2=4z, (—1, 0). Ans. y=@+1l,y+x%+1=0. 

(c) 16a? + 25y? = 400, (8, — 4). Ans. y+t4=0, 8¢—2y=17. 
(d) 8y = 2%, (2, 0). Ans. y=0, 27% —8y—54=0. 
(e) x? + 16y? — 100 = 9, (1, 2). Ans. None. 


(f) 2ay + y2 = 8, (— 8, 8). Ans. 24+3y—8=0,4%4+8y4+8=0. 
(g) y¥2+4z2—6y=0, (—3, —1). Ans. 242—8y=0, 2e4—y+2=0. 
(h) 22+ 4y=0, (0, — 6). Ans. None. 
(i) 2 —3y?+22+4+19=0, (—1, 2). 

Ans. ©+3y—5=0,2-—8y4+7=0., 
(j) y27= 2, (4, 0). Ans. y=0,8ea—y—4=0, 8a+y—4=0. 


2. Find the equations of the lines joining the points of contact of the 
tangents in (a), (b), (c), (f), (g), and (i), problem 1. 
Ans. (a) 72 —y=25; (b) r=1; (c) 122 —25y = 100; 
(f)-2=1; (g) <—2y=0; (i) y=6. 
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87. Properties of tangents and normals to conics. 

Theorem V. If a point moves off to infinity on the parabola y? = 2 pa, the 
tangent at that point approaches parallelism 
with the X-axis. 

Proof. The equation of the tangent at the 
point P; (a1, yi) is (Theorem III, p. 214) 


YY = PL + px. 

Its slope is (Corollary I, p. 86) 
m=. 
Y1 


As P, recedes to infinity y,; becomes infinite, 
and hence m approaches zero, thatis, the tangent 
approaches parallelism with the X-axis. Q.b.D. 


Theorem VI. If a point moves off to infinity on the hyperbola 
522 — a2y2 = a2b2, 
the tangent at that point approaches coincidence with an asymptote. 
Proof. The equation of the tangent at the point P; (a, y1) is (Theorem 


III, p. 214) 
(1) baw — ayy = ab. 
2 
Its slope is (Corollary I, p. 86) m= ony 
ayy 


As P, recedes to infinity x, and y; become infinite and m has the inde- 
terminate form < . 
But since P, lies on the hyperbola, 
ba? — a2yy? = arb? 
Dividing by a?y 2, transposing, and extracting the square root, 


ede eg ae 
ay. ~=— Nye 
£5 b by b [2 
Multiplying by — ji S == Sek +1. 
Pe aac 2 a. ayy a Vy? 
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From this form of m we see that as y; becomes infinite m approaches 


+ ss the slopes of the asymptotes [(5), p. 190], as a limit. The intercepts of 


2 2 : 
(1) are = and — a As their limits are zero the limiting position of the 
1 Yi 
tangent will pass through the origin. Hence the tangent at P; approaches 
coincidence with an asymptote. Q.E.D. 


These theorems show an essential distinction between the form of the 
parabola and that of the right-hand branch of the hyperbola. 


Theorem VII. The tangent and normal to an ellipse bisect respectively the 
external and internal angles formed by the focal radii of the point of contact.* 


Proof. The equation of the lines joining P, (x1, y;) on the ellipse 
2x2 + a2y? = a2? 
to the focus F”’ (c, 0) (Theorem V, p. 185) is 
(Theorem VII, p. 97) 
ye + (C—a1)y — cy, = 0, 
® and the equation of P,F is 
; yit — (C+ a1)y + cy, =0. 


Be 


The equation of the tangent AB is 
(Theorem III, p. 214) 


1 bxye + ayyy = arb?. 


We shall show that the angle 6 which AB makes with P,F’ equals the 
angle ¢ which P,Ff makes with AB. 
By Theorem X, p. 109, 
a?y — b?cay + 02x? (a? yy? + 2x4?) — Beary 
Rey + acy, — Cay, @cy, — (2 — Pay 


tan @= 


But since P, lies on the ellipse, 
a2y12 + b2x42 = a2b?, 
and (Theorem V, p. 185) a* — B= c?, 
a?b2)— been, b2\(a2'— cas) 0? 


Hence tan @= - = 
acy, — cay, cyy(a2?— cm) cys 


In like manner 

tan ¢ = — bPcay — bray? — ays? _ (bar? + a?y?) + Bea, 

bay. — acy, — aay, = acy + (a? — D2) ayy 
a7b? + bcm, 2 


acy, + cay, cy 


* This theorem finds application in the so-called whispering galleries, 
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Hence tan @=tan¢; and since 6 and ¢ are both less than 2, 0= ¢. 
That is, AB bisects the external angle of FP, and I’’P,, and hence, also, 
CD bisects the internal angle. Q.E.D. 

In like manner we may prove the following theorems. 


Theorem VIN. The tangent and normal to an hyperbola bisect respec- 
tively the internal and external angles formed by the focal radii of the point 
of contact. 


Theorem IX. The tangent and normal to a parabola bisect respectively the 
internal and external angles formed by the focal radius of the point of contact 
and the line through that point parallel to the axis.* 

These theorems give rules for constructing the tangent and normal to a 
conic by means of ruler and compasses. 

Construction. ‘To construct the tangent and normal to an ellipse or hyper- 
bola at any point, join that point to the foci and bisect the angles formed by 
these lines. To construct the tangent and normal to a parabola at any point, 
draw lines through it to the focus and parallel to the axis, and bisect the 
angles formed by these lines. 

The angle which one curve makes with a second is the angle which the 
tangent to the first makes with the tangent to the second if the tangents are 
drawn at a point of intersection. 

Theorem X. Confocal ellipses and hyperbolas intersect at right angles. 

Proof. Let 

me yd an 


(2) ce ae Oe ae aa 


be an ellipse and hyperbola with the same foci. Then 
(8) a2# — B® = a2 + Ob”. 


For if the foci are (+c, 0), then in the ellipse c? =a? —? and in the hyperbola c?=a/2+ b% 
(Theorems V and VI, p. 185). 


* This theorem finds application in reflectors for lights. 
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The equations of the tangents to (2) at a point of intersection P; (%, 71) 
are (Rule, p. 214) 
Tyo YY TC WY 
4 —— -=l1 and — — = 1. 
(4) a = wb a2 2 


It is to be proved that the lines (4) are perpendicular, that is (Corollary 
ILI, p. 87), that 


(5) x? vi" 
) —._ —- ——_ = 
ata’s b%b72 
Since P; lies on both curves (2), we have 
42 32 x2 yy2 
= Yi — 1 an = 
att Gr 08 


Subtracting these equations, we obtain 


(a? — a) xy? (2? + 0’) ve #4 


6 : 
(6) ata’? b2b2 
But from (8), a? — a2 = b? + 6%, 
and hence (6) reduces to (5) and the lines (4) are perpendicular. Q.E.D. 


In like manner we prove 

Theorem XI. Two parabolas with the same focus and avis which are turned 
in opposite directions intersect at right angles. 

Hence the confocal systems in section 82, p. 200 (Ex. 4 and problem 6), 
are such that the two curves of the system through any point intersect at 
right angles. 


PROBLEMS 


1. Tangents to an ellipse and its auxiliary circle (p. 206) at points with 
the same abscissa intersect on the X-axis, 

2. The point of contact of a tangent to an hyperbola is midway between 
the points in which the tangent meets the asymptotes. 

3. The foot of the perpendicular from the focus of a parabola to a tan- 
gent lies on the tangent at the vertex. 

4. The foot of the perpendicular from a focus of a central conic to a 
tangent lies on the auxiliary circle (p. 206). 

5. Tangents to a parabola from a point on the directrix are perpendicular 
to each other. 

6. Tangents to a parabola at the extremities of a chord which pass 
through the focus are perpendicular to each other. 

7. The ordinate of the point of intersection of the directrix of a parabola 
and the line through the focus perpendicular to a tangent is the same as that 
of the point of contact, 
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8. How may problem 7 be used to draw a tangent to a parabola ? 


9. The line drawn perpendicular to a tangent to a central conic from a 
focus and the line passing through the center and the point of contact inter- 
sect on the corresponding directrix. 


10. The angle which one tangent to a parabola makes with a second is 
half the angle which the focal radius drawn to the point of contact of the 
first makes with that drawn to the point of contact of the second. 

11. The product of the distances from a tangent to a central conic to the 
foci is constant. 


12. Tangents to any conic at the ends of the latus rectum (double chord 
through the focus perpendicular to the principal axis) pass through the 
intersection of the directrix and principal axis. 


13. Tangents to a parabola at the extremities of the latus rectum are 
perpendicular. 
14. The equation of the parabola referred to the tangents in problem 12 is 
a? —2ey+y2—-2V2p(e+y)+2p2= L 
or (compare p. 17) at + y3 = Vp v2. 
15. The area of the triangle formed by a tangent to an hyperbola and 
the asymptotes is constant. 


16. The area of the parallelogram formed by the asymptotes of an 
hyperbola and lines drawn through a point on the hyperbola parallel to 
the asymptotes is constant. 


88. Tangent toacurve at the origin. Ifa curve passes through 
_ the origin, the equation of the tangent at 
that point is easily found. 


Ex. 1. Find the equation of the tangent at the 
origin to 


C:0%—44%—2y=0. 

Solution. To find the slope of the tangent at 
P (0, 0), let P2(0 +h, 0+) be a second point 
on C. The conditions that P,; and Pe lie on C 
give but one equation, 

hi —4h—2k=0, 
whence the slope of the secant P;P2 is [(1), p. 207] 


1 
=-=-—2+4 —-h?. 
m A - 5 

Letting P, approach Py, h and k approach zero, 
and the slope of the tangent is the limit of m, 
which is — 2. 
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Hence the equation of the tangent is (Theorem I, p. 58) 
y=— 24, 
or 28-0! 

Notice that this equation may be obtained at once by setting the terms of 
the first degree in the equation of C equal to zero. 

If a curve passes through the origin, the constant term in its 
equation must be zero (Theorem VI, p. 73), so that its equation 
must have the form 

Aa + By + Cau? + Day + Ey? + Fa? +---=0, 
where the dots indicate that there may be other terms whose 
degree in x and y may be three or greater. 


Theorem XII. The equation of the tangent at the origin to the 
curve C whose equation arranged according to ascending powers of 
x and y is 

Aw + By + Ca? + Dry + Ey? + Fo? +.---=0, 
is Ax + By =0. 
That is, the equation of the tangent to C at the origin is obtained 
by setting equal to zero the terms of the first degree in x and y. 

Proof. P,(0, 0) lies on C. Let P,(h, k) be a second point 
on C. Then (Corollary, p. 53) 

Vi NS IES SECV ie SL IDOI Ae 1 Te TARP Se 335 Se (0), 

Transposing all terms containing h, and factoring, 

kK(B+ Ek+-.-)=—h(A+Ch+Dk4+ Fh? +: ‘). 
_k A+Ch+ DkK+ Fh? +... 
pee BEER +... 


Letting P, approach P,, the limit of =, which is the slope of 
0 


: 4 
the tangent, is seen to be — a 


Hence the equation of the tangent is (Theorem V, p. 95) 


pee 
eae 


or Ax 4p By = 0. Q.E.D. 


If d=0 and B=0, the terms of the lowest degree, if set equal to zero, will 
' be the equation of the two or more lines which will then be tangent to C at 
the origin. For example, if the equation of C is x2 — y2+ 48=0, the two lines 
x2 — y2= 0 will be tangent to C at the origin (problem 3, (h), p. 211). 


Xs 
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89. Second method of finding the equation of a tangent. The 
tangent to a curve C at a point P, may now be found as follows. 
Transform C by moving the origin to P, (Theorem I, p. 160). 
The equation of the tangent at P, in the new cobdrdinates is then 
found immediately by Theorem XII. Transform it by translating 
the axes to their first position. The result is the equation of the 


tangent at P, in the given codrdinates. 


Ex. 1. Find the equation of the tangent to C:4a2-—2y?+23=0 at 


P (— 2, 2) which lies on C. 
Solution. Set (Theorem I, p. 160) 
Cp eV a Pe 
The equation of C becomes 
4 (a — 2)? — 2 (y’ + 2)2 + (a — 2)8 = 0. 
Only the terms of the first degree are 
needed, and these may be picked out without 
clearing the parentheses. The equation of 
the tangent is therefore 
4(—42/) —2-47’+ 122%’ =0, 
or A SS DO (0) 
To transform to the old axes, set 
WHat 2, y=y —2. 
We thus obtain 
a+2y—2=0, 
which is the equation of the tangent to Cat P}. 


PROBLEMS 


1. Find the equations of the tangents at the origin to 


tyz ES 
PC2,)2) 
x, 
0 


(a) e+ 2ey + y27-—64%4+8y=0. (d) y= a? — 222+ 2. 


(b) sy —y?+2—3y=0. 
(c) +4ay—82+4y=0. 


(ec) 8+y2+a—y=0. 
(f) 28 + 27 — day —4y?=0. 


2. Find the equations of the tangents to the following curves at the points 


indicated by the method of section 89. 
(a) 9x% —y? + 2x%—4=0, (2, 6). 
(b) a? + 4ay +6y —7=0, (—1, 3). 
(c) ey +6a—4y—6=0, (2, 3). 
(d) y2+4%+2y+4+8=0, (—4, 2). 
(e) y2 = a + 8, (2, 4). 
(f) y= at — 303 — 502+ 42 + 4, (0, 4). 


Ans. 
Ans, 
Ans. 
Ans. 
Ans. 
Ans. 


19%-—6y—2=0. 
5a+y+2=0. 
9% —2y—12=0. 
2%+3y+2=0. 
8e—2y+2=0. 
y=4u4+4. 
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8. Find the angle which the locus of zy + 4y—22=0 makes at the 


origin with that of 22+ 4ay+a+3y=0. Apa ree 
4 
4. Find the angle which the line 24% —3y — 9 = 0 makes with the locus 
of ay +6" —4y —19 = 0 at (3, —1). ogee oe 
4 


MISCELLANEOUS PROBLEMS 


1. Find the equations of the tangents and the normals to the following 
conics at the points indicated. 
(a) 2+ 4ay—42 —10¥y+7=0, (3, — 2). 
(b) ay —40+3y—4=0, (—1, 4). 
(c) ey+y2?+2¢%+4+2y=0, (—8, 3). 
(d) y2+4%+4+6y —27=0, (5, —7). 
(e)*x? + day + y? —10y —1=90, (2, 3). 
(f) x2 —8x+3y—14=0, (1, 7). 


2. Find the equation of one of the tangents to the ellipse 2? + 9y? —4a 
+ 9y=0 which is parallel to the line 4% — 9y — 36 = 0. 


3. For what point of the parabola y? = 2 pz is the length of the tangent 
equal to four times the abscissa of the point of contact ? 


4. What is the length of the tangent to a parabola at an extremity of 
the latus rectum? Restate the equation of the parabola in problem 14, 
p. 221, in terms of this length. 


5. For what point on the parabola y? = 2p is the normal equal to 
(a) twice the subtangent? (b) the difference between the subtangent and 
the subnormal ? 


6. Through a point of the ellipse 62x? + a?y2 = a2b2 and that point of 
the auxiliary circle with the same abscissa normals are drawn. What is 
the ratio of the subnormals ? 


7. For what points of an hyperbola is the subtangent equal to the- 
subnormal ? 


8. The ordinate of a point on an equilateral hyperbola and the length of 
the tangent drawn from the foot of that ordinate to the auxiliary circle are 
equal. 


9. A tangent to a parabola meets the directrix and latus rectum produced 
at points equally distant from the focus. 


10. The semi-conjugate axis of a central conic is a mean proportional 
between the distance from the center to a tangent and the length of the 
normal drawn at the point of contact. 
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11. Find the points of the ellipse for which the lengths of the tangent 
and normal are equal. 


12. Any point on an equilateral hyperbola is the middle point of that part 
of the normal included between the axes of the hyperbola. 


13. A circle is drawn through a point on the minor axis of an ellipse and 
through the foci. Show that the lines drawn through the given point and 
the points of intersection of the circle and ellipse are normal to the ellipse. 


14. How many normals may be drawn through a given point to (a) an 
ellipse ? (b) an hyperbola? (c) a parabola? 


CHAPTER X 


RELATIONS BETWEEN A LINE AND A CONIC. APPLICA- 
TIONS OF THE THEORY OF QUADRATICS 


90. Relative positions of a line and conic. If a line and conic 
are given, it is evident that 
(a) the line is a secant of the conte, 
(0) the line is tangent to the conic, or 
(c) the line does not meet the conic. 


The coérdinates of the points of intersection of the line and 
conic are found by solving their equations (Rule, p. 76), which 
are of the first and second degrees respectively. To solve, we 
eliminate y* and arrange the resulting equation in the form 
(1) An’? + Be + G0: 

Denote the roots by x, and «x, and the discriminant B?@—4 AC by A. 
Analytically the three cases above present themselves as follows: 


(a) If A ts positive, the line is a secant. 


For x, and x2 are real and unequal (Theorem II, p. 3), and hence they are the 
abscissas of the points of intersection, which must be distinct. 


(0) If & is zero, the line is a tangent. 
For in this case x, = %g, so that the points of intersection coincide. 
(c) If A ts negative, the line does not meet the conic. 


For x, and x2 are imaginary, and hence there are no points of intersection 
(p. 77). 

If A =0, one root of (1) is infinite (Theorem IV, p. 15) and one point of inter- 
section is said to be ‘‘ at infinity.”’ 

If A= 0 and B = 0, then both roots of (1) are infinite and the line is said to be 
‘tangent at infinity.” 

If A4=0, B=0, and C= 0, then (1) is satisfied by all values of x, and hence 
has an infinite number of roots. All of the points on the line lie on the conic; 


that is, the conic is degenerate and consists of straight lines of which the given 
line is one. 


*Tf one equation does not contain y, then x is found by solving that equation. But 
for our purposes it is unnecessary to complete the solution. 
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In solving the equations of the line and conic it might be easier 
to eliminate x than y. Then (1) would be a quadratic in y, but 
the result of the discussion would be the same. 


If one equation did not contain y, it would be necessary for our purposes to 
eliminate x instead of y, and vice versa. 


Ex. 1. Determine the relative positions of the 
line 3@ —2y + 6 =0 and the parabola y2+ 4%=0. 


Solution. It is easier to eliminate a than y. 

Solving the equation of the line for x, we obtain 
ree 2 v 6 : 
Substituting in y? + 4% = 0, we get 
8y? + 8y —24=0. 
The discriminant of this quadratic is 
A = 8% —4.3(— 24) = 362. 

As A is positive, the line is a secant. 


Ex. 2. Determine the relative position of the line 4% + y 
+5=0 and the ellipse 922 + y?= 9. 


Solution. It is easier to eliminate y than x. From the 
first equation, 
y=— (4% + 5). 
Substituting in the second and arranging, we get 
2522+ 402% +16 = 0. 
The discriminant is A= 402 4-25-16=0. Hence the 
line is a tangent. 


Ex. 3. Determine the relative position of the loci of 22 — y? + 38x%—38y=0 
and x —y=0. 

Solution. Eliminating y, we get 

v2—a+38e%—32=0, 
or 0-072+0-2+0=0. 

As this equation is true for all values of a, 
then all of the points on the line lie on the conic. 
The equation of the conic may evidently be 
written (xe — y)(@+y+3)=0. The locus of 
this equation is (Theorem, p. 66) the degenerate 
conic consisting of the pair of lines 

e—-y=0,7+y+3=0, 
of which one is the given line. 
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PROBLEMS 


1. Determine the relative positions of the loci of the following equations 
and plot their loci. 


(a) efy+1=0, 2=4y. Ans. Tangent. 
(b) «-2y+20=0, 2 +y?=16, Ans. Do not meet. 
(c) y2—4e%=0, 244+3y—8=0. Ans. Secant. 

(d) 2+y2—x2-—2y=0,e+2y=5. Ans. Tangent. 

(e) 2ay —38%-—-y=0,y+3e—-—6=0. Ans. Tangent. 

(f) w+ y2-— 6% —8y=0,x%—2y=6. Ans. Secant. 

(g) 4027+ 42 -162=0,2+y—8=0. Ans. Do not meet. 
(h) a+ y2-—8x%—6=0,7+8=0. Ans. Do not meet. 
(i) 8a? —6y?+ 16% — 82 =0, 2a -—3y=0. Ans. Secant. 

(j) 2+ ay+2e+y=0,27+y+4=0. Ans. Tangent. 


(k) 24 2ay¥+y2?4+4e2—4y=0,2+y=1. 
Ans. Secant, with one point of intersection at infinity. 
(l) 4a2-y?+42+4+1=0,2x%—-—y+1=0. Ans. Line is part of conic. 
(m) #+4ey+y2+42%—6y=0, 2x4=3y=0. Ans. Tangent. 
(n) 2 —4y?4+ 8y—20=0,2—2y+4+2=0. Ans. Tangent at infinity. 
(0) #2 —6ay+9y2?+e%—8y—2=0,x-—3y=1. 
Ans. Line is part of conic. 
(p) 622 —5ay —6y?=18, 24 —8y=0. Ans. Tangent at infinity. 
2. Find the middle points of the chords of the conics in (c), (f), and (i), 
problem 1, which are formed by the given line. 
Ans. (¢) (xt, — 8); @) 78, —%)3 @ (-—4, -)). 
3. Interpret Theorem II, p. 3, geometrically by determining the relative 
positions of the parabola y = Aw? + Bx + C and theline y=0. Construct 
the figure if 


(CN) UP SN OSS (9) “lias (HSC Og (©) lat, Jail, C=), 


91. Relative positions of lines of a system and a conic, and 
of a line and conics of a system. Given a system of lines (that 
is, an equation of the first degree containing a parameter /) and 
a conic, we can determine the values of & for which the lines of 
the system intersect, are tangent to, or do not meet the conic, as 
follows. 

Eliminate « or y, as may be more convenient, from the equa- 
tions of the system of lines and the conic, thus obtaining an 
equation either of the form 


(1) Ay’? + By+C=0 or Av’?+ Br+c=0. 
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The discriminant A will be in general a quadratic in &. 
Determine the values of & for which A is positive, zero, or 
negative (Theorem III, p. 11) and apply the results of the 
preceding section. 

The same process serves to separate the conics of a system 
(that is, the loci of an equation of the second degree containing 
a parameter £) into three classes according as they intersect, are 
tangent to, or do not meet a given line. Only here the values of £, 
if any, for which the equation has no locus must be excluded. 

Ex. 1. Find the values of k for which the line y = 2x + & intersects, is 
tangent to, or does not meet the ellipse 27+ 4y2?—8x+4y=0. 

Solution. Eliminating y by substitution in the second equation, we obtain 

177? 4+ 16kn + 4h? +4k=0. 
The discriminant of this quadratic is 
A = (16k)? —4-17(442 + 4k) =— 16(k2 + 17h). 


ee 
/ tlk O , 
k=O wef |k<l7 
Xx!’ |9 ox 
, 
L 


By (a), (6), and (¢), p. 226, 

(a) the line is a secant if — 16 (k2 + 17k) >0; 

(b) the line is a tangent if — 16(k2 + 17k) =0; 

(c) the line does not meet the ellipse if — 16 (k? + 17k) <0. 
Apply Theorem III, p. 11, to the quadratic — 16 (k? + 17k). 
Since A = (— 16-17)? is positive, A =— 16, and the roots are 0 and — 17, 

(a) if —17<k<0, the quadratic — 16 (42 +17k)>0; 

(b) if k = 0 or —17, the quadratic — 16 (k? + 17k) =0; 

(c) ifk<—17 or k>0, the quadratic — 16 (k? + 17k) <0. 
Hence 

(a) the line is a secant if —17<k<0. 

(b) the line is a tangent if k = 0 or —17. 

(c) the line does not meet the ellipse if k< —17 or k>0. 


The lines of the system are all parallel. The figure shows the two tangent 
lines and indicates where the lines lie for different values of k, 
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PROBLEMS 


1. Determine the values of & for which the loci of the following equations 
(a) intersect, (b) are tangent, (c) do not meet. Construct the figure in each 
case. 

(2) y= ka —1, P=4y. 

Ans. (a) k>lork<—1; (b) K=+1; (ce) —1<k<1. 
be+2y=kh, e?+y?=65. 
Ans. (a) —5<k<5; (b) k=+5; (c) k>5 or k<— 5. 

(c) 2+y=k, 34—4y4+10=0. 

Ans. (a) k>4; (b) k= 4; (c) OS Kk <4. 

(d) y=kn + 2, o?—8y=0. Ans. (a) For all values of k. 

(e) 2+ y2?—2ke=0, y=z. 

Ans. (a) For all values exceptk=0; (b) k=0. 

(f) 427 — 72 = 16, y= ke. 

Ans. (a) —2<k<2; (b) K=4+2; (c) K>20rk<—2. 

(g) Y=2ke, e—2y4+2=0. 

Ans. (a) k>lork<0; (b) k=0o0r1; (c) O<k<1. 

(hb) 27447? —82=—0, y=hkr +2 —Ak. 

Ans. (a) All values exceptk=0; (b) K=0. 

(i) sy=k, 2a+y+4=0. Ans. (a) k<2; (b) k=2; (c) k>2. 

(j) y+y2—42+8y=0, c—2y+k=0. 

Ans. (a) k>48 ork <0; (b) k=0 or 48; (c) 48>k>0. 

(k) 4424+ y2?-62+4+6y=0, y=ke+1—-k. 

Ans. (a) k>1ork<—42; (b) k=1 or — 32; (©) —18<k<1. 

2. Determine the values of & for which the loci of the following equations 
are tangent and construct the figure. 


(a) #@—4y+16=0, y=k. Ans. k=4. 
(b) 922 4+ 16y2 = 144, y—ac=k. Ans: k=. 
(c) 4ay+ y?+16=0, c=k. Ans. k=+ 2. 
(d) 24+ 4ay+y=h, y=22e+1., Ans. k=— #5. 
(e) #+4+2ey¥+y?+8e2—6y=0, 44 —3y=k. Ans: je 0: 


(f) 2+2ay—42+4+2y=0, 2a—y+k—38=0. ANS. l= 3 Orie 


92. Tangents to a conic. If in the preceding section the value 
of the discriminant of (1) is zero, then the line and conic are tan- 
gent. The equation obtained by setting that discriminant equal 
to zero is called the condition for tangency. Hence the condition 
for tangency of a line and conic is found by eliminating either 
x or y from their equations and setting the discriminant of the 
resulting quadratic equal to zero. 

Thus in Ex. 1, p. 229, the condition for tangency is A= — 16 (42 + 17k) = 0. 
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Ex. 1. Find the condition for tangency of the line s + Y _1and the parab- 
ola y? = 2 pa. od 
Solution. Eliminating x by solving the first equation for z and substituting 


in the second, we get 
by? + 2apy —2abp = 0. 


The discriminant of this quadratic is 
A= (2 ap)? — 4b(— 2uabp) = 4ap (ap + 20%). 
Hence the condition for tangency is 
4 ap(ap + 2b?) =0 or ap (ap + 2b?)=0. 

Rule to find the equation of a line tangent to a given conic and 
satisfying a second condition. 

First step. Write the equation of the system of lines satisfying 
the second condition. 

Second step. Find the condition for tangency of the equation 
found in the first step and the given conic. 

Third step. Solve the equation found in the second step for the 
value of the parameter of the system of lines and substitute the real 
values found in the equation of the system. The equations obtained 
are the required equations. 

Ex. 2. Find the equations of the lines with the slope 4 which are tangent 
to the hyperbola x? — 6 y? + 12y — 18 = 0 and find the points of tangency. 

Solution. First step. The lines of the system 
(1) y=pUt+k 
have the slope } (Theorem I, p. 58). 


tal 


Second step. Solving (1) for x and substituting in the given equation, 
(2) y2 + (4k —6)y+9—2h=0. 
Hence the condition for tangency is 
(4k — 6)? —4(9 — 2k?) =0. 
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Third step. Solving this equation, k = 0 or 2. 
Substituting in (1), we get the required equations, namely, 


(3) a —2y=0, ©—-2y+4=0. 


To find the points of tangency we substitute each value of & in (2), which 
then assumes the second form of (7), p. 4, namely, 
if k= 0, (2) becomes (y — 3)? =0; -.y=3; 
if k =2, (2) becomes (y +-1)2=0; -.y=—1. 


Hence 3 and —1 are the ordinates of the points of contact. Then, from (1), 


ifk =0 and y = 8, we have z= 6; 


ifk=2 and y =— 1, we have x =— 6. 


Hence, if k = 0, the point of contact is (6, 3) ; 
if k = 2, the point of contact is (— 6, — 1). 


The points of contact may also be found by solving each of equations (3) 


with the given equation. 


PROBLEMS 


1. Determine the condition for tangency 
equations. 


(a) 4a2+y?—4e—8=0, y=2a+k. Ans. 


(b) ey +e%—6=0, e=ky+ 5. Ans. 
(O) = PF SOs Se Ans. 
(d) e+y2=r2, dy—38e=4k. Ans. 
(e) 2+ y2=r2, y= med. Ans. 
ey? a Oy 
eas == — = he 5 
(f) a RB 1, i B 1 Ans 
2, 2 
(g)* = Boda h Ans. 
nye ae. 
(hy pase = ee Ans. 
2 2 
(* S- Gah ya met. Ans. 
(j)* a2 + y2 = 72, xcosw+ysinw —p=0. 
Ans. 
Canes 
k)* 2ey = a2, —+2=1. . 
(k)* 2ay ore a: 1 Ans 
()* a4 y2=72, Az + By =1. Ans. 


of the loci of the following 


4+2k—17=0. 

2+ 14k + 25=0. 

k=+1. 

16 k? = 25 r?, 

(2 mb)? —4 (1+ m2) (b2—r?) =0. 
PW 


ap 
am? + 62 — B2= 0. 
a’m2 — b? — p2 = 0. 
p?—r2—0. 


ab =2a?. 


A%? 4+ BY? =1. 


* In these problems it is assumed that the constants involved are not zero. 
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2. Find the equations of the tangents to the following conics which satisfy 

the condition indicated, and their points of contact. Verify the latter approx- 
imately by constructing the figure. 


(a) y2=42, slope = i. Ans. «—2y+4=0. 
(b) 27+ y2 = 16, slope = — 4. Ans. 4%+8y+20=0. 
(c) 9a2+16y2=144, slope=—}. Ans. e+4y4+4V10=0 
(d) «2 —4y?= 36, perpendicular to 6a —4y+9=0, 
Ans. 2%4+38y48V7=0. 
(ce) 7?+2y?—x2+y=0, slope= —1. Ans. ©+y=1, 22+2y+1=0 
(f) w=4y, passing through (0, —1). Ans. y=4a—1. 
(g) #2 =8y, passing through (0, 2). Ans. None. 
(h) 422 — y2 = 16, slope = 2. IN Op OAR, 
(i) ey+y?—4x2+8y=0, parallel to 2x —4y=7. 
Ans. c=2y, e—2y+48=0 
(j) 422+ y2? -6x2+6y=0, passing through (1, 1). 
Ans. «—y=0, 19%+11y—30=0. 
(k) w+ 2ay + y?+ 8% —6y =0, slope = 4. 
Ans. 4%—3y=0. 
(l) v27+2ay —42%+4+2y=0, slope = 2. 
Ans. y=24, 24 —y+10=0. 


(m) y2=2 pz, slope =m. Ans. y= met ae 


(n) bx? + a?y2 = a?b?, slope = m. Ans. y= me + Varm2 + 62. 
(0) 2ay = a2, slope = m. Ans. y=me+aV—2m. 


3. Find the highest and lowest points of the conic 


(a) 22+ 6ay + 9y? —6x%=0. Ans. Highest (3, 4). 
(b) 2 —2ay—4¢%—4y—8=0. Ans. (0, — 2), (—4, — 6). 
(c) 2 —y?—427+4+ 8y—16=0. Ans. None. 


Hint. Find the points of contact of the horizontal tangents. 


93. Tangent in terms of its slope. The method of the preced- 
ing section for finding a tangent with a given slope may be 
applied to general equations and yield formulas for the equation 
of a tangent in terms of its slope. 


Theorem I. Zhe equation of a tangent to the parabola y? = 2 px 
in terms of its slope m is 


Pp 
(1) y = ma + San 
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Proof. Eliminating x from y = ma + k and y? = 2 pa, we obtain 
my? —2 py+2pk =. 
Hence the condition for tangency is 
A = (—2p)?—4m(2pk) =0, 


whence k= & 
2m 
Substituting in y = ma + k, we obtain (1). Q.5.D. 


In like manner we prove 


Theorem II. The equation of a tangent in terms of its slope m 
to the 


circle V+y=r is y=metrvi+m’; 
ellipse 62x? + a?y? = ah? is y= ma + Vaim? + b?; 
hyperbola b’x? — a?y? = ab? is y= mat V arm? — 02. 


PROBLEMS 


1. Find the equations of the common tangents to the following pairs of 
conics. Construct the figure in each case. 
(2) 42 = bay 9a2 4-942 16. Ans. 9%24+12y+20=0. 
(b) 92? + 16 y2 = 144, 7a? — 32 y? = 224. Ans. +4—y+5=0. 
(c) a2 + y2= 49, a+ y? —20y¥y+99=0. 
Ans. +4%—3y+485=0, +3¢4—4y+35=0. 


Hint. Find the equations of a tangent to each conic in terms of its slope and then 
determine the slope so that the two lines coincide (Theorem III, p. 88). 


2. Two tangents, one tangent, or no tangent can be drawn from a point 
P (1, y1) to the locus of 

(a) y2 = 2px according as y;? — 2 px is positive, zero, or negative. 

(b) 62a? + a?y? = a?b? according as bx? + a®y,2 — ab? is positive, zero, 
or negative. ; 

(c) ba? — a?y? = a?b? according as bx? — a®y,2 — a2b? is negative, zero, 
or positive. ; 


8. Two perpendicular tangents to 


(a) a parabola intersect on the directrix. 
(b) an ellipse intersect on the circle x? +y?2 = a2 + 02, 
(c) an hyperbola intersect on the circle x? + y? = a? — 2, 


. eee 
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94. The equation inp. In the following sections we shall suppose that the 
line is given in parametric form (Theorem XV, p. 124), 


) ae eae 


Y= Y1 + pcos Bp. 


The geometric significance of these equations should be constantly borne in mind. 
A line is given which passes through P(x, y;) and whose direction cosines (p. 123) are 
sina_ cos B 
cosa cosa 
(%, +p COS a, ¥, +p COS f) is that point on the line whose directed distance from P, is the 
variable p. 


cos a and cos 8 (or whose slope is m= 


» by (1), p. 28). The point (z, y) or 


Suppose the conic is the parabola 
(2) y2 —2px =0. 

If the point (@1 + p cos @, yi + p cos 8) on (1) lies on (2), then (Corollary, 
p. 53) 
Ore 
(3) cos? B - p? + (2 y; cos B — 2p cos @) p + (yi? — 2 pay) = 0. 


(yi + p Cos B)? — 2p (21 + p cos a) = 0, 


This equation is called the equation in p for the parabola. Its roots, 
pi and pz, are the directed lengths P,;P2 and PiPs3 from P, to the points 
of intersection of the line and parabola. 


For p is the distance from P, to the point (x, + p cosa, ¥, +p cos 8); and when p satisfies 
equation (3) the point (7,+p cosa, y,+p cos 8) lies on the parabola. 


Hence 
Theorem HI. The directed distances from P (a1, y1) to the points of inter- 
section of the line 
&=%+pcosa, y= 41+ pcosp 


and the parabola y? = 2 px are the roots of the equation in p, 


(IIT) cos? B+ p? + (2y; cos B — 2pcos a@)p + (yi? — 2 px) = 0. 
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The equation in p for any conic is the equation whose roots are the 
distances from a point P; to the points of intersection of the conic and the 
line through P, whose direction angles are aw and 8. The method used in 
proving Theorem III is general and justifies the 

Rule for forming the equation in p for any conic. 

Substitute 11 + pcosa@ for x and y; + pcos 8 for y in the equation of the 
conic and arrange the result according to powers of p. 


For convenience of reference we state the following theorems which are 
proved by this Rule. 


Theorem IV. The equation in p for the central conic bx? + a?y? — ab? = 0 is 
(IV) 
(b2 cos? @ + a? cos? 6) p? + (2 0221 cos a + 2 a?y1 cos B) p + (b2ax1? + a?y3? — ab?) = 0. 


Theorem V. The equation in p for the locus of 


; Ag? + Bey + Cy2?+ Dx + Ey + F=0 
is 
(V) (Acos?a@ + Boos a cos B + C cos? B) p? 
+ [2 Aa, + By; + D)cos a + (Bar; + 2 Cy, + E) cos B]p 


+ (Ax? + Bary: + Cy? + Day + Hy + F)=0.* 


The relative position of the line (1) and a conic depends upon the discrimi- 
nant of the equation in p. For according as the roots of the equation in p 
are real and unequal, real and equal, or imaginary (Theorem II, p. 3), the 
line and conic will intersect, be tangent, or not meet at all. 


PROBLEMS 


1. Find the equation in p for each of the following conics. 


(a) vy = 8. (e) 202+ ay+8xe—4y=0. 
(b) «7 + y2 = 9. (f) w+ 2ay+y2?—4¢%=0. 
(c) 8a? —7?= 16. (g) ey +4u—8y—8=0. 

(d) e—y2+4e%—6y=0. (h) 22+ 4ay + y?-— 82=0. 


2. What can be said of the coefficients and roots of the equation in p 
(a) if Py (a, y1) lies on the conic ? 

(b) if the line is tangent to the conic at P;? 

(c) if the line meets the conic at infinity ? 

(d) if P; is the middle point of the chord formed by the line? 


* Notice that the coefficient of p? is found by substituting cosa for x and cos for y 
in the terms of the second degree in the given equation. The constant term is found by 
substituting 2, for z and y¥, for y throughout the given equation. Compare the coefti- 
cients of cos a and cos 6 within the brackets with equations (6) and (7), p. 171. 
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3. Determine the relative position of the following lines and conics and 
construct the figures. 


xe %e=38+ 3p, 
(a) y®—4%+4=0 mere Ans. Secant. 
3 
t= 2 — ———p, 
en 
(b) 4ay+38y?—4¢%+4y—16=0 og Ans. Tangent. 
y— 1 —=—p. 
L Vv 10 
w= 2— Tp, 
(c) 4a? 4 942 — 40” —72y +100 =0 2 
P= = hop s/o 
V9 
Ans. Do not meet. 
C= Seip 
d) 8a2+ ay—4y2—2 = eu 
«@) eur au een 


Ans. Line is part of conic. 


BaD SB 
Bcd ons = BP» 
(e) 4a 9y?2 = 36 Re B+ 4p. 


Ans. Secant with one point of intersection at infinity. 


95. Tangents. We shall show how to find the equation of a tangent to a 
conic by means of the equation in p by considering the tangent to the parab- 
ola y? — 2px = 0 at the point Py (a1, yi). Let 
(1) © =X, + pcosa, y= ¥1 + p cosB 
be any secant through P, intersecting the parabola at Py. One root of the 
equation in p is py = PyP2 and the other is pp=0. Hence (III), p. 235, 
becomes (Case I, p. 4) 

cos? B+ p? + (2y1 cos B — 2p cos a)p=0. 
(Or the constant term is zero by the Corollary, p. 53.] 

When P: approaches P; the line becomes tangent (p. 207), and as p, 
becomes zero we must have (Case III, p. 5) 

(2) 241 cos B — 2pcos a = 0. 

This is the condition that (1) is tangent to the 
parabola. Solving (1) for cos a and cos 6 and substi- 
tuting in (2), we obtain 

2yy — 2px —2y12 + 2px, = 0. 
But since y,? = 2 px, this reduces to 
yy — p(% + x1) = 0, 
which is the form given in Theorem III, p. 214. 
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96. Asymptotic directions and asymptotes. If the coefficient of p? in 
the equation in p is zero, then one root is infinite (Theorem IV, p. 15); and 
hence the line and conic have one point of intersection at an infinite distance 
from P,. The direction of such a line is called an asymptotic direction. 


Theorem VI. The asymptotic directions of the hyperbola are parallel to the 
asymptotes, of the parabola are parallel to the axis, while the ellipse has no 
asynuptotic directions. 

Proof. Set the coefficient of p? in the equation in p for the hyperbola 
[(IV), p. 236] equal to zero. This gives 


b? cos? a — a? cos? B = 0. 


_cosp_ | b 
CSG. = mG 
> Therefore the slopes of the asymptotic direc- 


* tions are the same as those of the asymptotes 


[(5), p- 190]. 
Similarly for the parabola m = °°* B 
cos @ 


=)0; 80 


\. thatthe asymptotic direction is parallel to the axis. 


cos b 
For the ellipse, in like manner, m= SoH : =+ - Vv — 1, so the slopes of 
the asymptotic directions are imaginary ; that is, there YA 
are no asymptotic directions. Q.E.D. 


Corollary. Hvery line having the asymptotic direction 
of a conic intersects the conic in but one point in the 
finite part of the plane. 


If both roots of the equation in p become infinite, 
the line is said to be ‘‘ tangent to the conic at infinity”? 
and is called an asymptote. Using this definition of 
the asymptotes, we have, in justification of the prelimi- 
nary definition on p. 189, the following theorem. 


Theorem VII. The equation of the asymptotes of the hyperbola 
b2x? — a2y? = ab? is b%c2 — a2y2 = 0. 
Proof. Both roots of the equation in p for the hyperbola [(IV), p. 236] 
will be infinite if (Theorem IV, p. 15) 
b? cos? « — a? cos? 8 = 0 and 2 62x; cosa — 2a2y; cos B = 0. 
From the first equation, cosB=+ : COS @& 


Substituting in the second, we get ba; + ay, = 0 as the condition that P; 
should lie on an asymptote. But this is the condition that P; should lie on 
one of the lines bx = ay = 0 or 62x? — a?y2=0. Hence this equation is the 
equation of the asymptotes. Q.E.D. 


ee 
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The method of the proof justifies the 

Rule for finding the equation of the asymptotes of any hype: bola. 

First step. Derive the equation in p (Rule, p. 236). 

Second step. Set the coefficients of p2 and p equal to zero. 

Third step. liminate cosa and cosB from these equations and drop the 
subscripts on x1 and y4. 


PROBLEMS 


1. Find the equations of the tangents to the following conics drawn from 
the points indicated. (The method of section 95 can be applied whether P; 
lies on the conic or not.) 


(a) xy = 16, (4, 4). Ans. e+y=8. 
(b) a? + 2xy = 4, (2, 0). Ans. + y=2. 
(OQ) qe thy, (5 = aN) Ans. x? —(y+1)?=0, or t=+ (y+). 


(d) 22 —8y2+2x%+19=0,(—1, 2). Ans. (e+38y —5)(e—3y+7)=0. 


2. Determine the slopes of the asymptotic directions of the following 
conics. 


(a) «2 — ay —6y2—8x2=0. Ans. 4, —i. 
(b)- cy — y2 +42 —6=0. Ans. 0. 1. 

(c) w+ 4ay+4y2?—22=0. Ans. — i. 

(d) 4a? +ay+y?—3=0. Ans. None. 
(e) 9a? —6ay +7? —2y+5=0. Ans. 3. 

(f) 22+ 5ay +4y? = 10. Ans. —1, —1. 
(g) ey + Dx + Ey + F=0. Ans. 0, . 


3. Determine whether the loci of the equations in problem 2 belong to the 
elliptic, hyperbolic, or parabolic type. 


4. Find the equations of the asymptotes of the following hyperbolas. 


(a) ey —y?+2a%=0. Ans. y+2=0,%-—y+2=0. 
(b) 2%? —ay —4=0. Ans. 2 = 0 2x yi 0! 

(c) a —6ay + 8y?=10. Ans. c—4y=0, e—2y=0. 
(d) cy —4u—3y=0. Anse — oi 4. 

(e) 222 —Tay+ 8y?= 14. Ans. 2x—y=0, «—38y=0. 


(f) #2 —4y?+4+22%+8y=0. Ans. x—2y+38=0, %4+2y—-1=0. 


5. Find the equations of the asymptotes of the hyperbolas (a), (b), (f), 
and (g) in problem 2. 
Ans. (a) 75% —25y + 296 = 0, 50% + 25y —184=0; 
(bt) y+4=0,%-y+4=0; 
(f) e+4y=0,27+y=0; 
(g) ¢+H=0, y+ D=0. 


6. Prove that the parabola has no asymptotes. 
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7. Show that the asymptotic directions of the locus of Ax? + Bry + Cy? 
4+ Dz + Ey + F =0 are determined by the locus of Az? + Bry + Cy?=0. 

8. By means of problem 7 show that the locus of the general equation 
of the second degree belongs to the hyperbolic, parabolic, or elliptic type 
according as A= B? — 4 AC is positive, zero, or negative. 

9. Show how to determine the direction of the axis of any parabola by 
means of problems 7 and 8. 


97. Centers. The problem of this section is to determine the center of 
symmetry, if there is a center, of the locus of 
(1) Az? + Bry + Cy? + Dz + Ey + F=0. 
That is, we seek a point Py (x1, y1) which is the middle 
point of every chord of (1) drawn through it. 

If P; is the middle point of the chord P,P; formed by 
the line 


f, 


5 t= + p Cos a, ¥Y¥=Y¥1 + pcos, 
of then the roots of the equation in p must be equal numer- 
ically with opposite signs. Hence the coefficient of p in (V), p. 236, must be 
zero (Case II, p. 4). 
(2) v. (2A + By; + D) cos a + (Br, + 2 Cy; + F)cos B= 0. 

If P, is the middle point of every chord passing through it, (2) is satisfied 
by all values of cos aw and cosf. For cos8 = 0 and cosa = 0 we get 


(8) 2Aq,+ Byi + D=0, Bay+2Cy,+ H=0, 
and if equations (8) are satisfied, (2) is always satisfied. 


We can solve (8) for a single pair of values of x, and y; (Theorem IV, 


. 90) unl 
p. 90) unless 24 B 


B 2C 
and the locus of (1) will have a single center. But if A=0 there will be 


> or A= B—4AC=0, 


no center unless at the same time = = z when every point on the line 
2Az+ By + D=0 will be a center. 
Hence we have 
Theorem VII. The locus of 
Ag? + Bey + Cy2?+ Dx + Ey + F=0 
will have a single center of symmetry if A= B24 AC isnot zero. If A=0 


; Je ID, 
there will be no center unless Se ae when all of the points on a line will 
be centers. okt 


Corollary. The center will be the point of intersection of the lines 
2A4x+ By+D=0, But+2Cy+E=0. 
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If the locus is of the elliptic or hyperbolic type (p. 195), there will be a single center. 
But if the locus belongs to the parabolic type, there is no center unless the locus degen- 
erates. If the locus is a pair of parallel lines, then every point on the line midway 
between them is a center. 


To find the center in a numerical example we proceed as in the above 
proof as far as equations (3) and then solve those equations. 


PROBLEMS 
1. Find the centers of the following conics. 
(a), 2 + ey —4=0. Ans. (0, 0). 
(b) a2 — 2ay + y27—4% =0. Ans. None. 
(c) ey —2y?+4ea—4y=0. Ans. (—12, — 4). 


(d) a —8ay + 16y?+4+2x%-—8y—38=0. 
Ans. Any point of the linea —4y+1=0. 


(e) 2+4ay + y?-—8x=0. Ans. (— 4, 8). 
(f) 4a? +4 12ay + 9y?-274+6=0. Ans. None. 


g) 4a27+ 1207 + 9y? —42% —6y —8=0. 
Ans. Any point of the line 2”+ 8y —1=0. 
2. If all the céefficients of the general equation of the second degree 
except B are constant, and if B varies so that B? — 4 AC approaches zero, 
how does the center of the locus behave ? 


98. Diameters. The locus of the middle points of a system of parallel 
chords of a curve is called a diameter of the curve. 

Consider the ellipse 

ba? + a2y2 = a2? 

and the system of parallel lines whose 
direction angles are @ and B. The para- 
metric equations of that line through 
P; (x1, yi) are (Theorem XV, p. 124) 


L=%+pcosa, y=Y1+pcosP. 

Tf P; is the middle point of the chord, 
then the roots py = PiP2 and pe = Pi Ps 
of the equation in p [(IV), p. 2386] must 
be equal numerically with opposite signs. Hence (Case II, p. 4) 


2 62x71 cos a + 2.a*®y; cos B= 0. 
cos B 
cos a 
b2a,+ amy; = 0 
as the condition that (x1, y1) is the middle point of a chord whose slope is m. 
This is the condition that P; should lie on the line 


DD’ : bz + amy = 0. 


Dividing by 2 cos a and setting m = (p. 235), we get 
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Hence we have 
Theorem IX. The diameter of the ellipse 
6242 + ary? = a2b2 

bisecting all chords with the slope m is 
(EX) ba + amy = 0. 

This reasoning may be applied to any conic, and justifies the 

Rule for deriving the equation of a diameter of a conic bisecting all chords 
with the slope m. 

First step. Derive the equation in p (Rule, p. 236). 

Second step. Set the coefficient of p equal to zero. 

Third step. Replace x, and y; by x and y respectively, and 
The result is the required equation. 


by m 


cos B 
cos @ 


By this means we prove 

Theorem X. The diameter bisecting all chords with the slope m of the 
hyperbola b2x? — a2y? = ab? is b2a — a®’my =O; 
parabola y2 =2 pe is my =p. 


Corollary. All the diameters of the parabola are parallel to its axis, and 
every line parallel to the axis is a diameter. 


Theorem XI. The diameter of the locus of 
Ax? + Buy + Cy2?+ De + Ey + F=0 
bisecting all chords of slope m is 
(XI) 2Ax+ By + D+m(Bau 4+ 2Cy 4+ E)=0. 
Corollary. The diameter passes through the center if the locus has a center, 


and every line through the center is a diameter. 
Hint, Apply the Corollary, p, 240, and Theorem XIIT, p. 119. 
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1. Find the equation of the diameter of each of the following conics which 
bisects the chords with the given slope m. 


(a) 22 —4y? = 16, 
(b) Y= 4a, 

(c) sy = 6, 

(d) a —ay—8=0, 


(e) 2%—4y2+4e —16=0, 
(f) ey +2y?-—4x%—-2y+6=0, m=}. Ans. 


- 


1D, =o, Ans. 
m=—+4. Ans. 
M3; Ans. 
ile Ans. 


m=— i. Ans: 


2. Find the equation of that diameter of 


(a) 4a? + 9y? = 36 passing through (3, 2). 

(b) y? = 4a passing through (2, 1). 

(c) xy = 8 passing through (— 2, 8). 

(d) w—4y4+6= 0 passing through (3, — 4). 
(e) ey —y?+2a—4=0 passing through (5, 2). 


x«—8y=0. 
y+4=0. 
y+sxe=0. 
C— VY 10% 
a+4y+2=0. 
2¢4+1ly—16=0. 


Ans. 24—8y=0. 


A Sele 
Ans. 8%+2y=0. 
CAST i 


Ans. 44 —-—9y—2=0. 


3. Find the slope of (XI) if-b2 -4AC=0. How may the result be inter- 
preted by means of problems 8 and 9, p. 240? 


4. What relation exists between m’, the slope of (XI), and m? 
Ans. 2Cmm’ + B(m+m’)+2A=0. 


5. What does the result of problem 4 become for 


(a) the ellipse 62a? + a?y? = a?b?? 


(b) the hyperbola 62x? — a?y? = a?b2? 


(c) the parabola y? = 2 px? 


b2 
Ans. mm =— —. 
a2 

p2 

TAGES Wil == Sc 
a2 


AGS Tie =O. 


6. By means of problem 5 discuss the relative directions of a set of 
parallel chords and the diameter bisecting them. 


7. Find the equation of the chord of the locus of 


(a) #? + y? = 25 which is bisected at the point (2, 1). 


Ans. 


2e+y—5=0. 


(b) 4x2 — y2 = 9 which is bisected at the point (4, 2). 


Ans. 


(c) ey = 4 which is bisected at the point (5, 38). 


8a—y—30=0. 


Ans. 8%+5y —30=0. 
(d) x? — xy — 8 =0 which is bisected at the point (4, 0). 
: Ans. 24—y—8=0. 
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99, Conjugate diameters of central conics. In every system of parallel 
chords of a central conic there is one which passes through the center and 


which is therefore a diameter (Corollary to Theorem XI). 


This diameter 


and the one bisecting the chords parallel to it are called conjugate diameters. 


The ellipse 
Let m be the slope of a diameter 
of the ellipse 
b2n2 +. a2y2 = a2b2, 
From Theorem IX the slope of 
the conjugate diameter is (Corollary 
I, p. 86) 


Go = os 
aam 

mm = — us . 

a2 


Hence 

Theorem XII. If m and m/’ are the 
slopes of two conjugate diameters of 
the ellipse bx? + ay? = a?b?, then 


(XII) 


The hyperbola 


Let m be the slope of a diameter 
of the hyperbola 
6222 — a2y?2 = a2b2, 
From Theorem X the slope of the 


conjugate diameter is (Corollary I, 
p. 86) 


Hence 

Theorem XII. If m and m’ are the 
slopes of two conjugate diameters of 
the hyperbola bx? — a2y2 = a2b2, then 


b2 


(XI) mm! = 


Corollary. Conjugate diameters of 
the ellipse lie in different quadrants. 


For m and m/ have opposite signs since 
their product is negative, 


Corollary. Conjugate diameters of 
the hyperbola lie in the same quad- 
rant, but on opposite sides of the 
asymoptotes. 


For m and m/ have the same sign since 
their product is positive, and if one is 


numerically less than ey the other must be 
a 
numerically greater than & which is the 


a 
slope of one asymptote [(5), p. 190]. 
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The ellipse 


The length of a diameter of the 
ellipse, or of its conjugate diameter, 
is that part of the line included 
between the points of intersection 
of the line and the ellipse. 


Construction. To construct the 
diameter conjugate to a given diam- 
eter AB, draw a chord HF parallel 
to AB, and then draw the diameter 
CD bisecting EF. 


Theorem XIV. Given a point 
Py (%1, y1) on the ellipse bx? + a®y? 
= ab?, the equation of the diameter 
conjugate to the diameter through P, 
is 


(XIV) BWanx+ ayy =O. 


Proof. The diameter through P; 
passes through the origin (Corollary, 
p. 242), and hence its slope is (Theo- 
rem V, p. 35) m= a Then, from 

1 


(XII), the slope of the conjugate 
0241 


——. The equa- 
ayy a 


diameter is m’ = — 


tion of the line through the origin 
with the slope m’ is (Theorem V, 
p. 95) 


which may be written in the form 
(XIV). Q-E.D. 


Corollary. The points of intersec- 
tion of (XIV) with the ellipse are 


( ay a ana (“%, - =). 


— —);, — 


b 


These are found by the Rule, p. 76, 


(XV). 
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The hyperbola 


The length of that one of two con- 
jugate diameters of the hyperbola 
which does not meet the hyperbola 
is defined to be that-part of the line 
included between the branches of 
the conjugate hyperbola (p. 189). 


Construction. To construct the 
diameter conjugate to a given diam- 
eter AB, draw a chord EF parallel 
to AB, and then draw the diameter 
CD bisecting EF. 


Theorem XV. Given a point 
P (x1, y1) on the hyperbola bx? — ay? 
= a*b?, the equation of the diameter 
conjugate to the diameter through P, 
is 


(XV) Bai — ayy = O. 


Proof. The diameter through P,; 
passes through the origin (Corollary, 
p- 242), and hence its slope is (Theo- 


rem V, p. 35) I’ 
La 


(XIII), the slope of the conjugate 
2a 


ary, 


Then, from 


diameter is m’ = The equa- 


tion of the line through the origin 
with the slope m’ is (Theorem V, 


p. 95) 
Re. b224 


ey, 
which may be written in the form 
Q.E D. 


Corollary. The points of intersec- 
tion of (XV) with the conjugate hyper- 
bola are 

ay, day 

ion oc, 

These are found by the Rule, p. 76. 


and (4 guy = = 
b a 
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PROBLEMS 


1. What is the relation between the slopes of conjugate diameters of 
the equilateral hyperbola 2 cy = a? ? Ans. m+m=0. 


2. The tangents at the ends of a diameter of (a) an ellipse, (b) an hyper- 
bola, are parallel to the conjugate diameter. 


8. The tangent at the end of a diameter of a parabola is parallel to the 
chords which the diameter bisects. 


4. The sum of the squares of two conjugate semi-diameters of an ellipse 
equals a? + b?. 

Hint. Let P, (x,, y;) be any point on the ellipse. Find the squares of the distances 
from the center to P, and to one of the points in the Corollary to Theorem XIV, add, and 
apply the Corollary, p. 53. 

5. The difference of the squares of two conjugate semi-diameters of an 
hyperbola equals a? — b?. 
Hint. See the hint to problem 4. 


6. The angle between two conjugate diameters is sin-1 where 
a and b’ are the lengths of the conjugate semi-diameters. 


7. Conjugate diameters of an equilateral hyperbola are equal in length. 


8. Conjugate diameters of an equilateral hyperbola are equally inclined 
to the asymptotes. . 


9. The lines joining the ends of conjugate diameters of an hyperbola are . 
parallel to one asymptote and bisected by the other. 


10. The product of the focal radii (problems 8 and 9, p. 194) drawn to 
any point on (a) an ellipse, (b) an hyperbola, equals the square of the semi- 
diameter conjugate to the diameter drawn through that point. 


11. The asymptotes of an hyperbola are conjugate diameters of an ellipse 
which has the same axes as the hyperbola. 


12. Show that the conjugate diameters of the ellipse in problem 11 are 
equal. 


MISCELLANEOUS PROBLEMS 


1. Find the condition for tangency of 
(a) y2=2pe and Ax + By+C=0. 
(b) b?x? + a2y? = a? and Av+ By+C=0. 
(c) bx? — a®y? = ab? and Ax + By+C=0. 
2. Find the points on each of the conics where the tangents are equally 
inclined to the axes. When is the solution impossible ? 


+o 
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3. Find the points on the ellipse where the tangents are parallel to the 
line joining the positive extremities of the axes. 


4. The perpendicular from the focus of a parabola to a tangent intersects 
the diameter drawn through the point of contact on the directrix. 


5. The perpendicular from a focus of a central conic to a diameter inter- 
sects the conjugate diameter on the directrix. 


6. Tangents at the extremities of a chord of a parabola intersect on the 
diameter bisecting that chord. 


7. Find the equation of (a) the ellipse, (b) the hyperbola, referred to 
conjugate diameters as axes of codrdinates. (See problem 10, p. 172.) 


8. Given the equation in p for an equation of the second degree; what 
may be said of the relative positions of the line, the conic, and the point P,; 
(a) if the constant term is zero ? 
(b) if the coefficient of p is zero ? 
(c) if the coefficient of p? is zero ? 
(d) if the coefficient of p and the constant term are zero ? 
(e) if the coefficients of p? and p are zero? 
(f) if the coefficients of p? and p and the constant term are zero ? 
(g) if the discriminant is positive, negative, or zero ? 
9. Tangents to an hyperbola at the extremities of conjugate diameters 
intersect on the asymptotes. 


10. The area of the parallelogram formed by tangents at the extremities 
of conjugate diameters of (a) an ellipse, (b) an hyperbola, is 4b, that is, it 
is equal to the area of the rectangle whose sides equal the axes. 

11. The diagonals of the parallelogram circumscribing the ellipse in 
problem 10 are conjugate diameters. 


12. Chords drawn from a point on (a) an ellipse, (b) an hyperbola, to 
the extremities of a diameter are parallel to a pair of conjugate diameters. 


18. The directrix of a parabola is tangent to the circle described on any 
focal chord as a diameter. 


14. The tangent at the vertex of a parabola is tangent to the circle 
described on any focal radius as a diameter. 


CHAPTER XI 
LOCI. PARAMETRIC EQUATIONS 


100. The first fundamental problem (p. 53) of Analytic Geom- 
etry is to find the equation of a given locus. In this chapter we 
shall first give some additional problems which may be solved by 
the Rule on p. 53, using either rectangular or polar codrdinates 
as may be more convenient. We shall then consider two classes 
of loci problems which are not readily solved by that Rule and 
which include nearly all of the important loci occurring in Ele- 
mentary Analytic Geometry. 


PROBLEMS 


It is expected that the locus in each problem will be constructed and discussed after 
its equation is found. 


1. The base of a triangle is fixed in length and position. Find the locus 
of the opposite vertex if 


(a) the sum of the other sides is constant. Ans. An ellipse. 

(b) the difference of the other sides is constant. Ans. An hyperbola. 
(c) one base angle is double the other. Ans. An hyperbola. 
(d) the sum of the base angles is constant. Ans. A circle. 

(e) the difference of the base angles is constant. Ans. A conic. 


(f) the product of the tangents of the base angles is constant. 
Ans. <A conic. 
(g) the product of the other sides is equal to the square of half the base. 
Ans. A lemniscate (Ex. 2, p. 152). 
(h) the median to one of the other sides is constant. Ans. A circle. 


2. Find the locus of a point the sum of the squares of whose distances 
from (a) the sides of a square, (b) the vertices of a square, is constant. 
Ans. A circle in each case. 


3. Find the locus of a point such that the ratio of the square of its dis- 
tance from a fixed point to its distance from a fixed line is constant. 


Ans. A circle, 
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4. Find the locus of a point such that the ratio of its distance from a 
fixed point P; (a, y1) to its distance from a given line Ax + By + C=0 is 
equal to a constant k. 

Ans. (A? + B? — k?A?) a? — 2k2A Bay + (A2 + B2 — k2B?) y2 
— 2(A%, + Bra + WAC) x — 2(A?yy + By, + K2BC)y 
+ (1? + 1”) (A? + B?) — k?C2 = 0. 


5. Find the locus of a point such that the ratio of the square of its dis- 
tance from a fixed line to its distance from a fixed point equals a constant k. 

Ans. «+ — k? (x — p)? — k*y? =0 if the Y-axis is the fixed line and the 
X-axis passes through the fixed point, p being the distance from the line 
to the point. 


6. Find the locus of a point such that 
(a) its radius vector is proportional to its vectorial angle. 
Ans. The spiral of Archimedes, p = ad. 
(b) its radius vector is inversely proportional to its vectorial angle. 
Ans. The hyperbolic or reciprocal spiral, p@ = a. 
(c) the logarithm of its radius vector is proportional to its vectorial angle. 
Ans. The logarithmic spiral, log p = ad. 
(d) the square of its radius vector is inversely proportional to its vectorial 
angle. Ans. The lituus, p20 = a. 


101. Loci defined by a construction and a given curve. Many 
important loci are defined as the locus of a point obtained by a 
given construction from a given curve. The method of treatment 
of such loci is illustrated by 


Ex. 1. Find the locus of the middle points of the chords of the circle 
x“? + y? = 25 which pass through P2(3, 4). 

Solution. Let P;(«1, yi) be any point 
on the circle. Then a point P(a, y) on 
the locus is obtained by bisecting P,P». 
By the Corollary, p. 39, 

= 3(t1 +8), y=3(Y1 + 4). 
(1) oe = 27 —83, Yi = 2y — 4. 


Since P, lies on the circle (Corollary, 
p. 58), 


£17 + Yi = 25. 
Substituting from (1), 
(2@ — 8)? + (2y — 4)? = 25, 
or a? + 2? —384-—4y=0, 


250 ANALYTIC GEOMETRY 


As this equation expresses analytically that P(x, y) satisfies the given 
condition, it is the equation of the locus. 

The locus is easily seen to be a circle described on OP, as a diameter, 
since its center is the point (3, 2) and its radius is } (Theorem I, p. 131). 


The method may evidently be expressed as follows : 


Rule for finding the equation of a locus defined by a construction 
anda given curve. 

First step. Find expressions for the coordinates of any point 
P, (a, y) on the given curve in terms of a point P(x, y) on the 
required curve. 

Second step. Substitute the results of the first step for the codrdi- 
nates in the equation of the given curve and simplify. The result 
is the required equation. 


This Rule may also be applied if polar codrdinates are used 
instead of rectangular coérdinates. 


Ex. 2. The witch. Find the equation of the locus of a point P constructed 
as follows: Let OA be a diameter of the circle x? + y? — 2ay = 0 and let any 
chord OP, of the circle meet the tangent at A in a point B. Lines drawn 
through P, and B parallel respectively to OX and OY intersect at a point P 
on the required locus. 

Solution. First step. Let (a, y) 
be the coédrdinates of P and (21, 1) 
of P;. Then from the figure 
(1) y1=y. 

From the similar triangles OCP; 
and P,PB we have 
(2) 007 = OPIN weary 

‘Pibe PB GT—% 2a-y 
For OC = a, P}P=OM- OC=2- x, CP,=y,, PB= MB-MP=2a-y. 


Solving (1) and (2) for 71 and y;, we obtain 
x2 
(3) e=—%, Y= y. 
2a 
Second step. Substituting from (8) in the equation of the given circle 
x? + y2 —2ay =0, we get 
ey? 


ia 


or 
(4) wy =4a?(2a—y). 
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The locus of this equation is known as the witch of Agnesi. 


Discussion (p. 74). 1. The witch does not pass through the origin (Theo- 
rem VI, p. 73). 

2. The witch is symmetrical with respect to the Y-axis (Theorem V, 
Pits): 

3. Its intercept on the Y-axis is 2a, but the curve does not meet the 
X-axis (Rule, p. 78). 

4. No values of x need be excluded, but all values of y must be excluded 
except O<y< 2a. 


For, solving (4) for x and y (Rule, p. 73), 


8 a3 2a- 
(5) i= af »a=*2aA! ees, 
w+4o y 


Hence y is real for all values of x. But the fraction under the radical is negative if 
y>2a or if y<0, and hence these values must be excluded. 


5. The witch extends indefinitely to the right and left and approaches 
nearer and nearer to the X-axis. 


For from the first of equations (5), as x increases without limit y decreases and 
approaches zero. 


Ex. 3. The conchoid. Find the locus of a point P constructed as follows : 
Through a fixed point A on the Y-axis a line is drawn cutting the X-axis at 
P,;. On this line a point P is taken so that P;P = + b, where d is a constant. 


a<b 
Solution. First step. Use polar codrdinates, taking A for the pole and 
AY for the polar axis. Then if AO = a the equation of XX’ is 
(6) p= asec é. 
For the equation of a line perpendicular to the polar axis has the form (p. 156) 


6; as Shee C 
pAcosé+ C=0, or p =- “see 6, and its intercept on the polar axis is — 7E 


If the codrdinates of P are (p, #) and of P, are (py, 6,), then in any one of 
the figures we have by definition 


AP=AP,+6. 
A= 8, pr =p Fd, 
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Second step. Substituting in (6), we obtain 
(7) p=aseco+b. 

The locus of this equation is called the conchoid of Nicomedes. It has three 
distinct forms according as a is greater, equal to, or less than b. 


Discussion (p. 151). 1. The intercepts on the polar axis AY are a+ 6 
and a — b. 


b 
The pole also will lie on the conchoid if asec @+b=0 or 6=sec—1 (= a)" 


2. The conchoid is symmetrical with respect to the polar axis AY. 
For sec (— 6)= sec @ by 4, p. 19. 
3. The conchoid recedes to infinity in the two opposite directions perpen- 


dicular to the polar axis AY. 


For if @=5 or =, sec@=o and hence p=, 


4. If we transform to rectangular codrdinates, using (2), p. 155, we get 
(a? + y?) (@ —a)? = 6222. 

A is now the origin and AY the positive axis of X. To translate the axes 
to O and rotate them through — . we set (Theorem III, p. 164) x= y’ +a, 
y= —2x. We thus obtain 
(8) ay? = (y + a)? (0 — y?), 


which is the equation of the conchoid referred to OX and OY. 
From (8) it is easily seen that the conchoid approaches nearer and nearer 
to the X-axis as it recedes from the origin. 


PROBLEMS 


1. Find the locus of a point whose ordinate is half the ordinate of a point 
on the circle «? + y? = 64. Ans. The ellipse x2 + 4y2 = 64. 


2. Find the locus of a point which cuts off a part of an ordinate of the 
circle x2 + y? = a? whose ratio to the whole ordinate is }: a. 


Ans. The ellipse 02x? + a?y? = a2b2. 


8. Find the locus of a point which divides an ordinate of (a) #2+y2=r?, 
(b) y2=2px, (c) 2xy = a2 into segments whose ratio is i. 
Ans. (a) Mx? + (1 + d)?y? = dr2; (b) (1+ d)2y2 = 2d2pa; 
(c) 2(1+ A) ay = da?, 
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4. Find the locus of the middle points of the chords of (a) an ellipse, (b) a 
parabola, (c) an hyperbola which pass through a fixed point Pe (x2, y2) on 
the curve. 

Ans. <A conic of the same type for which the values of a and 6 or of p are 
half the values of those constants for the given conic. 


5. Lines are drawn from the point (0, 4) to the hyperbola x2? —4y2=16. 
Find the locus of the points which divide these lines in the ratio 1: 2. 
Ans. 9x? — 36 y?2 + 192y — 272 = 0. 


6. Lines drawn from the focus of the conic (II), p. 178, are extended their 
own lengths. Find the locus of their extremities. 
Ans. A conic with the same focus and eccentricity whose directrix is 
x=—2p. 


7. Lines are drawn from a fixed point P2 (a2, y2) to (a) the line Ax + By 
+C=0, (b) the parabola y? = 2 px, (c) the central conic Az? + By?+ F=0. 
Find the locus of the points dividing these lines in the ratio ). 

Ans. (a) a straight line parallel to the given line ; 
(b) a parabola whose axis is parallel to that of the given parabola; 
(c) a central conic whose axes are parallel to those of the given conic. 


8. Find the locus of the middle points of chords of an ellipse which join 
the extremities of a pair of conjugate diameters. 
Ans, 2 ba? + 2 a?y? = a?b?. 
9. A chord OP, of the circle x? + y? + ax = 0 which passes through the 
origin is extended a distance PjyP=a. Find the locus of P. 
2 2 x)2 = a2 (22 2 
Ans. The cardioid ee sia he GENS EP st) 
or p= a(1—cos 8). 
10. A chord OP, of the circle x? + y? — 2ax = 0 meets the line « = 2a at 
a point A. Find the locus of a point P on the line OP; such that OP=P,A. 
y? (2a — 2) = 23, 
or 


Ans. The cissoid of Diocles s 
p= 2asin 6 tan 6. 


11. Find the locus of the point P in problem 9 if P;P = b. 
Ans. The limagon of Pascal, p= 6b—acos0@. The limagon has three dis- 
tinct forms according as b S a. 


102. Parametric equations of a curve. Equations (XV), p. 124, 
L=%+pcosa, y=y, + pcos Bf, 


are called the parametric equations of the straight line because 
they give the values of the codrdinates of any point (#, y) on the 
line in terms of a single variable parameter p. In general, if two 
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equations give the values of the codrdinates of any point (z, y) 
on a curve in terms of a single variable parameter, those equations 
are called parametric equations of the curve. 


Ex. 1. Find parametric equations of the circle whose center is the origin 
and whose radius is r. 


Solution. Let P(z, y) be any point on the circle and denote 7 XOP by 8. 
Then from the figure 


(1) %=rcosé, y=rsin é. 


These are the required equations. They possess two 
properties analogous to those of the equation of the 
=< jocus (p. 58). 
1. Corresponding to any point P on the locus there 
is a value of 6 such that the values of x and y given 
by (1) are the codrdinates of P. 
2. Corresponding to every value of @ for which the values of z and y given 
by (1) are real numbers there is a point P(z, y) on the locus. 


The parameter in the parametric equations of a curve may be 
chosen in a great many ways, and hence the parametric equations 
of the same curve will often appear in very different forms. 


Thus in Ex. 1, if we had chosen for the parameter half the abscissa of P, 


x SSS s 
denoting it by ¢, then ¢= = and from the figure y=-+ Vr? — x2, whence the 
parametric equation would have been « = 2¢, y= +V?r?2—42. 


Rule to plot a curve whose parametric equations are given. 

First step. Assume values of the parameter and compute the 
corresponding values of x and y from the given equations. 

Second step. Plot the points whose codrdinates are found in the 
Jirst step. 

Third step. If the points are numerous enough to suggest the 
general shape of the locus, draw a smooth curve through the points. 


Ex. 2. Plot the curve whose parametric equations are 


(2) t=aF, y=ae. 


Solution. Takea=4. Then equations (2) become 


(8) t=, y—te. 
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First step. Assume values of t and compute and y from (3). For example, 
ift=2,7=42?=2,y=423=2. This gives the table: 


Second step. Plot the points found. 
Third step. Draw a smooth curve through these points as in the figure. 


Rule to find the equation of a curve in rectangular codrdinates 
whose parametric equations are given. 
Hliminate the parameter from the parametric equations. 


We shall justify the Rule for the examples in this section. 
In Ex. 1, if we square each of the equations (1) and add, we obtain (3, p. 19) 
2 + y2 = 72 

which is the equation of the given locus (Corollary, p. 58). 

In Ex. 2, if we cube the first of equations (2) and square the second, we get 

x8 = astS, y%= ates. 

(4) Mer fe ae 

This is the equation of the semicubical parabola (p. 209). To prove that (4) is 
the equation of the curve obtained in Ex. 2 we must prove two things (p. 53) : 

1. The codrdinates of any point Py (x1, y1) on the curve satisfy (4). 

If P; (#1, yi) is on (2), then (1, Ex. 1) there is a value ¢; such that 


(5) e401" ee — C01. 
(6) . a8 = a8t,6, yi2= a4t,§. 
(7) 2. Yi2 = an. 


Hence x and y; satisfy (4). 
2. If x1 and yy satisfy (4), then P, (x1, y1) is on the curve. 


For if (7) is true, then from the first of equations (5) we obtain a value t,. Sub- 
stituting xj = at)? in (7), we get yi = at)8. Hence x; and yj are given by (5), and 
P; lies on the curve (2, Ex.1). This method of proof may be applied in any case. 
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The parametric equations of a curve are important because it 
is sometimes easy to express the coordinates of a point on the 
locus in terms of a parameter when it is otherwise difficult to 
obtain the equation of the locus. 


Ex. 3. The cycloid. Find the parametric equations of the locus of a point 
P on acircle which rolls along the axis of a. 


Solution. Take for origin a point O at which the moving point P touched 
the axis of z. Let a be the radius of the circle and denote the variable angle 
ABP by 6. Then (p. 18) 

PC=asiné, CB=acos@. 

By definition, OA = arc AP = ae. 

For an arc of a circle equals its radius times the subtended angle, from the definition 
of a radian (p. 19). 


. 


Hence from the figure, if (x, y) are the codrdinates of P, 
<= O0D=0A — PC=a06—asiné, y= DP = AB— CB=a— acosé. 
x= a(d —sin 6), 

8 $% 
(8) ete ® 

These are the parametric equations of the cycloid. 

Discussion. 1. The cycloid passes through the origin, for if @=0, 
eee 

2. The cycloid is symmetrical with respect to the Y-axis (Theorem IV, 
p. 72, and 4, p. 19). 

3. Its intercepts on the X-axis are 2nwa, where n is any positive or 
negative integer, or zero. 

For, from the second of equations (8), if y=0,cos@=1. .*.6=2nm; and hence from 
the first of equations (8) z=a-2n7. 

4. The cycloid lies entirely between the lines y=0 and y=2a, for 
— 1Scosé<1. 

5. The cycloid extends indefinitely to the right and left and consists of 
parts equal to OMN. For if we replace @ in (8) by 2nz + 6, y is unchanged 
while & is increased by 2nz (compare Ex. 2, p. 81). 


HOCK SH 


’ 


Ex. 4. The hypocycloid of four cusps. Find the parametric equations of 
the locus of a point P on a circle which rolls on the inside of a circle of four 
times the radius. 

yr 


ol 


Solution. Take the center of the fixed circle for the origin and let the 
X-axis pass through a point A where the tracing point P touched the large 
circle. Denote Z AOB by 6. Then Z BCP = 40. 

For by hypothesis are PB = are AB; and from the definition of a radian (p. 19) 


are PB=" Z BOP, arc AB=a0. .. ¢ Z BOP = ab, or Z BCP=48, 


But AOC ID Ae AZ, IBONE SE GZ INOS =e 
12-04 2HCP+40=7, 


whence Z ECP ee 30. 
1 a. 
Then (p. 18) IDG es Oe cos(= —3 0) Sy Soe 34, (by 6, p. 20) 
DP = CPsin(=— 38) = “cos38, (by 6, p. 20) 


OF = OC cosé = “e088, 


EC = OCsin@= = sin 6. 
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Hence te 4 
%= OH+ DE geet! _ foe ss) 


i" (EC! DO ain) cin Be. 
4 4 
But from 8, 10, and 14, p. 20, and 38, p. 19, 
cos 36 = 4cos?@ — 8cos@, sin30=3sind — 4sin36. 
Substituting in (9), we get 
(10) x= acos?6, y= asin? 9, 
which are the parametric equations of the hypocycloid of four cusps. 


Discussion. 1. The hypocycloid of four cusps does not pass through the 
origin because there is no value of 6 for which sin 6 = cos @ = 0. 
2. It is symmetrical with respect to both axes and the origin. 


For if 0= 1 gives a point (a, ¥1) on the curve, 
then 6=7 — 6; gives a point (— v1, yi) on the curve, 
6=7+6, gives a point (— x, — y1) on the curve, 

and = 27 — 6; gives a point (%1, — yi) on the curve. 


38. Its intercepts on both axes are + a. 


Horst 0 £; Ea 

> 2 , D) ? 

4. Values of ~ and y numerically greater than a give no points on the 
curve since sin @ and cos é@ cannot be numerically greater than 1. 


5. The hypocycloid is therefore a closed curve. 


1 then either x= Oand y=+a. ory=Oandxe=+ a4. 


PROBLEMS 


1. Plot and discuss the following parametric equations. Verify the dis- 
cussion by finding the equation in rectangular coérdinates. 


2t—1 —t+8 2 
SOI Sommerer ictal ete 
(b) ©=4cos¢, y = 2sin ¢. (f) c=8+2cosé, y=2sin6 —1. 
(c) t=4sec0, y= 4 tan. (g) c=t4+4, y= 8. 
(d) e=t—3, y=1#. (h) «= acos? 6, y = bsin® 6. 


2. Find the equation in rectangular codrdinates of (a) the hypocycloid of 
four cusps (Ex. 4), (b) the cycloid (Ex. 3). 

Ans. (a) aot yi=ai; (b) e=a vers—! ¥ 4/9 ay —y?, where vers 6= 1—cos8, 
or 6 = vers—1(1 — cos @). 2 
at +b ates 


dala = ae 
denominator, are the parametric equations of a straight line. Interpret 
the meaning of ¢ if (a) c=d=1, (b) c=0. 


3. Show that «= 


» the fractions having the same 
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4. If the denominators of the fractions in problem 3 are different, then 
the equations given are the parametric equations of an equilateral hyperbola 
or two perpendicular lines. 


5. Find the parametric equations of the ellipse, using as parameter the 
eccentric angle ¢, that is, the angle from the major axis to the radius of a point 
on the auxiliary circle, p. 206, which has the same abscissa as a point on the 
ellipse. Discuss the equations. Ans. £=acos¢, y=bsing. 


Hint. Apply problem 10, p. 206. 
6. Find the locus of a point Q on the radius BP (Fig., p. 256) if BQ = b. 


x = ab — bsiné : 
Ans. ? si ; 
NS 6. er rs The locus is called a prolate or curtate cycloid 


according as b is greater or less than a. 


7. Given a string wrapped around a circle, find the locus of the end of the 
string as it is unwound. 


Hint, Take the center of the circle for origin and let the X-axis pass through the point A 
on which the end of the string rests. If the string is unwound to a point B, let Z AOB= 8. 


x=rcosé + résin 6, 


Ans. The involute of a circle ; 
y =rsiné — récosé. 


8. A circle of radius r rolls on the inside of a circle whose radius is 1’. 
Find the locus of a point on the moving circle. 


© = (1 — r)cos6 + rcos— —"¢, 


Ans. The hypocycloid 


y =(r — r)siné —rsin— 6, 


where @ is chosen as in Ex. 4. 


9. A circle of radius 7 rolls on the outside of a circle whose radius is 7’. 
Find the locus of a point on the moving circle. 


x = (r+ r) cos 6 — r cos — "8, 
Ans. The epicycloid 2 
y= (r + r)sin 6 — rsin 


a 


where @ is chosen as in Ex. 4. 


103. Loci defined by the points of intersection of systems of 
curves. If two systems of curves involve the same parameter, the 
curves of the systems belonging to the same value of the param- 
eter are called corresponding curves. Many loci are defined, or 
may be easily regarded, as the locus of the points of intersection 
of such curves. The method of treatment is illustrated by 
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Ex. 1. A fixed line AB is drawn parallel to one side of a rectangle, and a 
variable line CD parallel to the other side. Find the locus of the intersec- 
tion of AC and BD. 

Solution. Let the lengths of the 
P(xy) sides be a and 0, and take two sides 
for the axes. Then the vertices are 
(0, 0), (a, 0), (0, 6), and (a, 6). 

»8) Let OA =6 and OD=k. Then 
the coordinates of A, B, C, and D are 
\ respectively (0, B), (4, B), (k, b), and 


Fe 


O REGa se (k, 0). Hence the equations of AC 
and BD are respectively (Theorem 
VAI, p. 97) 
(1) () — B)x — ky + Bk =0. 
(2) Be + (k — a) y — Bk =0. 


These equations represent two systems of lines and involve the same 
parameter k. To each value of k corresponds a pair of lines intersecting in a 
point P(x, y) on the locus. Solving (1) and (2), we obtain as the codrdinates 
of P (Rule, p. 76) 


aBbk 
eae bk + ap — ab’ 
Gh + a8 — ab 


As these equations express x and y in terms of a parameter k, they are the 
parametric equations of the locus. The equation of the locus may be obtained 
by eliminating k (Rule, p. 255). To do this multiply the first of equations (38) 
by 0, the second by a, and subtract. This gives 
(4) br —ay=0. 

The locus is therefore a diagonal of the rectangle, for this line passes 
through (0, 0) and (a, 6) (Corollary, p. 58). 

This equation might also be obtained by adding (1) and (2). But if the 
elimination were difficult or impossible, we would content ourselves with the 
parametric equations (3). 


The method of solving Ex. 1 may be summed up in the 

Rule ¢o find the equation of the locus of the points of intersection 
of corresponding curves of two systems. 

First step. Find the equation of the two* systems of curves defin- 
ing the locus in terms of the same parameter. 


*In some cases the definition involves but one system of curves. In such cases a 
second system which passes through the points on the locus may frequently be found. 
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Second step. Solve the equations of the systems for « and y in 
terms of the parameter. This gives the parametric equations of 
the locus. 
Third step. Find the equation of the locus from the parametric 
equations (Rule, p. 255). 


If only the parametric equations are required, the third step may be omitted. 

If only the equation in rectangular codrdinates is required, it may be obtained 
by eliminating the parameter from the equations found in the first step, for the 
result will be the same as that obtained by eliminating the parameter from the 
equations found in the second step. 


Ex. 2. Find the locus of the points of intersection of two perpendicular 
tangents to the ellipse 6”? + a?y? — q?b? = 0. 

Solution. First step. The equation of a tangent in terms of its slope t is 
(Theorem II, p. 234) 
(4) y = te + Vart? + d2 

The slope of the tangent perpendicu- 

1 

lar to (4) is (Theorem VI, p. 36) — 7 


and hence its equation is (Theorem II, 
p. 234) 


5 ee a ¢ 
6 y steam 


Second step. As the parametric 
equations are not required, this step 
may be omitted. 

Third step. To eliminate ¢ from (4) and (5) we write them in the forms 


te — y = — Vart? + 82, 
e+ ty=Va? + 0702. 
Squaring these equations, we obtain 
a2 — 2tey + y? = art? + 02, 
© 92 4 2 tay + Py? = a? + 072. 
Adding, (14 @)a24+ (14+ 2) y? = (14 #) a? + (1 + #) 2 
Dividing by 1 + 22, we get the required equation, 
e2 + y2 = a? + BD. 


The locus is therefore a circle whose center is the center of the ellipse and 
whose radius is Va2 + 62, It is called the director circle. 
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PROBLEMS 


1. Find the locus of the intersections of perpendicular tangents to (a) the 
parabola, (b) the hyperbola (VI), p. 185. 

Ans. (a) The directrix; (b) 2? + 7? = a? — B?. 

2. Find the locus of the point of intersection of a tangent to (a) an ellipse, 
(b) a parabola, (c) an hyperbola with the line drawn through a focus perpen- 
dicular to the tangent. 

Ans. (a) «2+ y2= a?; (b) e=0; (c) 2+ y? = a. 

3. Given two fixed points A and B, one on each of the axes, and two vari- 
able points A’ and B’, one on each axis, such that OA’ + OB’ = OA + OB, 
find the locus of the intersection of AB’ and A’B. Ans. e+y=a+0. 

Hint. Let OA=a, OB=b, and OA’/=a+k; then OB/=b-k. 


4. Find the locus of the point of intersection of a tangent to an equi- 
lateral hyperbola and the line drawn through the center perpendicular to 
that tangent. 

Ans. The lemniscate (Ex. 2, p. 152) (x? + y?)? = a? (a? — y?). 

5. Find the locus of the point of intersection of a tangent to the circle 
2+ y2+ 2ax£ + a2 — b?=0 and the line drawn through the origin perpen- 
dicular to it. 

Ans. The limagon (problem 11, p. 253) (22 + y? + ax)? = b? (a? + y?). 

6. Find the locus of the point of intersection of the diagonals of a trape- 
zoid formed by drawing a line parallel to one side of a given triangle. 

Ans. A median of the triangle. 


7. Find the locus of the intersection of the diagonals of a rectangle 
inscribed in a triangle. 
Ans. The line joining the middle points of the base and altitude. 


8. Find the locus of the point of intersection of lines drawn through the 
foci of an ellipse parallel to conjugate diameters. Ans. An ellipse. 


9. Find the locus of the foot of the perpendicular drawn from the origin 
to a tangent to the parabola y2+4axr+4a?=0. 


Ans. The strophoid y? = x? ee 


a-—-az 


MISCELLANEOUS PROBLEMS 


1. Find the locus of the center of a circle which 
(a) has a given radius and passes through a given point. 
(b) passes through two given points. 
(c) passes through a given point and is tangent to a given line. 
(d) is tangent to a given circle and a given straight line. 
(e) is tangent to a given circle and passes through a given point. 


LOCI 263 


* 


- 2. One side of a triangle is fixed and a second side has a constant length. 
Find the locus of the middle point of the third side. 


8. The extremities of a straight line of variable length rest on two perpen- 
dicular lines. Find the locus of its middle point if the area of the triangle 
formed is constant. 


4. Find the locus of the middle point of that part of a line through a fixed 
point P; (#1, yi) which is included between two perpendicular lines. 


5. A line of fixed length moves with its extremities on the axes. Show 
that (a) the locus of any point on the line is an ellipse; (b) the locus of the 
foot of the perpendicular drawn from the origin to the line is the four-leaved 
Tose p= asin2 6. 


6. Let the X-axis cut the circle «2 + y2= a? at A. An arc AB is laid 
off on the circle equal to the abscissa of a point on the parabola y? = 2 pz, 
and the radius OB is produced a distance BP equal to the ordinate of that 
point. Show that the locus of P is the parabolic spiral (op — a)? = 2 apé. 


7. The cissoid (problem 10, p. 258) is the locus of the point of intersection 
of a tangent to the parabola y? + 8ax = 0 and the perpendicular to it drawn 
through the origin. 


8. Given a fixed point A on the negative part of the X-axis and a line 
through A meeting the Y-axis at B. Oneither side of B a length BP = OB 
is laid off on AB. Show that the locus of P is the strophoid (problem 9, 
p. 262). 


9. One side of a right angle ABC passes through a fixed point D, while a 
point C on the other side moves along a fixed line HF whose distance from D 
equals the side BC. Prove that (a) the middle point of BC describes a cissoid 
(problem 10, p. 258); (b) the vertex B describes a strophoid (problem 9, p. 262). 


CHAPTER XII 


THE GENERAL EQUATION OF THE SECOND DEGREE 


104. If the general equation of the second degree (p. 182) 

Aw? + Bey + Cy? + De + Hy + F=0 
has a locus, it must be either a conic or a degenerate conic (Theorem XIII, 
p. 196). The method of determining the exact nature of the locus was to 
simplify its equation by a transformation of coordinates, a process which is 
frequently laborious. The principal object of this chapter is to derive rules 
by which the exact nature of the locus may be easily ascertained. In this 
connection the expressions 


A= B?—4AC, 
H=A+40, : 
and © =4ACF+ BDE — AE? — CD? — FB? 


will be of fundamental importance. 


105. Condition for a degenerate conic. 


LemmalI. Jf an equation of the second degree is transformed by a transfor- 
mation of coordinates, then the left-hand member of the transformed equation 
can be factored when and only when the left-hand member of the original equa- 
tion can be factored.* 

Proof. For the equations of a transformation of coérdinates [(II]), p. 164] 
are of the first degree when solved for either the new or old coérdinates, and 
hence when we substitute in an equation whose left-hand member is factored 
the result is an equation whose left-hand member is factored. Q.E.D. 


Lemma II. The locus of an equation of the second degree is a degenerate conic 
when and only when the left-hand member of its equation may be factored. 


Proof. By a transformation of codrdinates an equation of the second 
degree may be reduced to one of the forms 


(1) Ag? + Oy2+ F=0, Cy?+ Dx =0, Cy2?+ F=0, 
where A, C, and D are different from zero (Theorem XIII, p. 196). 


* We shall say that the left-hand member of the equation can be factored if it can be 
written as the product of two factors of the first degree in x and y (p. 17). Hence 
x — y? = (@ + Y) (@ —Y) 
can be factored, while a y=(e@+Vy)(e@—- Vy) 
cannot be factored in this sense. 
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The locus of the first of equations (1) is degenerate when and only when 
= 0, the locus of the second is never degenerate, and the locus of the third 
is always degenerate.* Hence the locus of an equation of the second degree 
is degenerate when and only when its equation may be reduced to one of 
the forms 
(2) Az? + Cy2=0, Cy?+ F=0. 

These equations may be written in the forms 

(VAa+V—Cy)(VAx—V—Cy)=0, 
(V6y+V-— F)(VCy—V—F)=0. 

Hence equations (2) are forms of equations (1) which can be factored, 
and they are evidently the only such forms. 

Hence the locus of an equation in its simplest form is dopeneraté when 
and only when it can be factored, and then by Lemma I the same is true of 
the locus of any equation of the second degree. Q.E.D. 

We now seek the conditions which the coefficients of 


(3) Ax? + Bey + Cy2?+ Dx + Ey + F=0 
must satisfy in order that the left-hand member can be factored. 
Arranging (3) according to powers of «, we have 
(4) Ag? + (By + D)x+ Cy? +Hy+ F=0. 
Solving for x (which implies that A is not zero), we may write the left- 
hand member of (4) in the form of (6), p. 3, namely 


5) A(z = RE a Oe 
2A 
2A 


These factors will be of the first degree in y as well as x when and only 
when the quadratic in y under the radical can be written in the second form 
of (7), p. 4, which can be done when and only when 


(6) (2 BD — 4 AE)? — 4(B? —4 AC) (D?-4AF)=0. 
Clearing parentheses and dividing by — 16 A, we obtain 
(7) 4ACF+ BDE —AE? — CD? — FB? =0. 


The left-hand member of (7) is called the discriminant of (8) and is denoted 
by ©. Hence the left-hand member of (3) can be factored (footnote, p. 264) 
when and only when its discriminant is zero. Then from Lemma II we have 


* The equation Cy? + /=0 has no locus if C and / have the same sign (p. 196), but we 
shall speak of this as a degenerate case to distinguish it from the equation Ax?+Cy?+F=0, 
which has no locus if #40, and 4, C, and / have the same sign (p. 195), for the former 
equation has the same form as that of a degenerate parabola (p. 196), while the latter has 
the same form as that of a central conic, 
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Theorem I. The locus of an equation of the second degree 
Az? + Bey + Cy? + De + Ey + F=0 
is degenerate when and only when its discriminant 
O0=4ACF+ BDE — AE* —CD* — FB? 
is zero. 


PROBLEMS 


1. If A=0, then © = BDE — CD? — FB?. Show that the locus of 
Bry + Cy? + Dz + Ey + F=0 

will be degenerate when and only when © = 0. 

Hint. Arrange the given equation according to powers of y. 

2. If A=C=0, then © = DE — FB, after dividing by B which we sup- 
pose is not zero. Show that the locus of 

Bey + Dx + Ey + F=0 

will be degenerate when and only when © = 0. 


Hint. If the given equation can be factored, the factors must have the form 
(4’x + B’) (C’y + DY) =0, 
as otherwise their product would contain 2? or 2. 


Multiply these factors, find the conditions that their product should have the same 
locus as the given equation, and eliminate 4’, B’, C’, and D’. 


8. Are the loci of the following equations degenerate or non-degenerate ? 


(a) a —2aey+y?—2y—-1=0. Ans. Non-degenerate. 
(b) + 2ey+y2?+a+y—2=0. - Ans. Degenerate. 
(c) #+y2—42+2y7y+5=0. Ans. Degenerate. 
(d) a2 +ay+y2?+22+8y—38=0. _ Ans. Non-degenerate. 
(e) ey+ta—-—y+7=0. Ans. Non-degenerate. 
(f) 24+ 2ay¥—y+3=0. Ans. Non-degenerate. 
(g) ey~+2x—y—2=0. Ans. Degenerate. 


4, Find the real values of k for which the loci of the following equations 
are degenerate. 


(a) ka? + (1 —k)y® —(2+k) =0. Ans. 0,1, —2. 
(b) 24+ (1+hk)y? —4kx —16=0. Ans. —1. 
(c) wy + k (a? — y?) =0. Ans. All values. 


5. Find all possible cases in which equation (8), p. 265, has no locus. 


Hint. Solve for x and apply Theorem III, p. 11, assuming that 4 is positive and 
noticing that the discriminant of the quadratic in y under the radical is —16 40. 


Ans. @>0, A<0; @=A=0, D?—4AF<0, 
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106. Degenerate conics of a system. Let the equations of two conics, 
degenerate or non-degenerate, be 


Cy: Aya? + Byry + Cyy? + Dw + Ey + Fi, =0 
and Cz : A gx? + Boxy + Coy? + Dox + Ey + Fy rai) 


Then the equation 


(1) Aye? + Byry + Cry? + Dye + Eyy + Fy 
+k (Agu? + Boxy + Coy? + Dot + Boy + Fo) = 0, 
or 
(2) (Ai + KAg) x? + (By + kBo) xy + (Cy + kC2) y? 
+ (Dy + kD) @ + (#y + kE2)y + (Fi + k Fs) = 0, 
where & is an arbitrary constant, will represent a system of conic sections. 
If Cy, and Cz intersect, all the-conics of the system will pass through their 
points of intersection. 


This is proved as in the case of straight lines (Theorem XIII, p. 119) and circles 
(Theorem IV, p. 140). 


Ex.1. Find the values of & for which the conics belonging to the sys- 
tem «24+ y2—4+ k(x? — y2-—1)=0 are 
degenerate. 


Solution. The given equation may be writ- | 
ten in the form S 


-8) G+h4e?+0—4)y—-(44+h)=0. k4-1 
Its discriminant is . 
O@=—4(114+4) 1-4 (44+. = He=t1 |X 
If the locus of (3) is degenerate, then (Theo- Al 
rem I, p. 266) 


@=—-404+4 01-4 44+4=0. , 
tee — tl, or = 4, 


If K=—1, (3) becomes 2y2—3=0, or y=4+ V3. 

Ifk— 1, (3) becomes 222—5=0, or e=+ V3. 

If k=— 4, (8) becomes 3x2 —5y2=0, or y=+ VE x. 
In each case the locus is a pair of lines. 


The figure shows the circle x2 + y2—4=0, the os x2 — y2—-1=0, 
and the three pairs of lines. 


Theorem II. In every system of conics whose equation has the form (1) there 
is at least one degenerate conic and, in general, there cannot be more than three. 
These are obtained by substituting for k, in the equation of the system, the roots 
of its discriminant ©. 
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Proof. The discriminant © of (1), when set equal to zero, gives an equa- 
tion of the third degree in k. 


For each term in ® consists of the product of three of the coefficients of (2), and such 
products will contain the third power of k. 


The roots of this cubic equation will be the values of k giving the degen- 
erate conics of the system (Theorem I, p. 266). There are, therefore, not 
more than three values of k for which the locus is degenerate. 


In a special case, however, all of the coefficients in this cubic might be zero, in which 
case the locus of (2) is degenerate for all values of k (see problem 4, (¢), p. 266). 


Two or all three of the roots might be equal, and hence there might be 
but two, or even but one, degenerate conic in the system. 

Two of the roots might be imaginary and hence could not be used. But 
one of them must be real,* and hence there is always at least one real value 
of & for which the locus of (1) is degenerate. t Q.E.D. 


Systems of conics defined by equations of the form (1) are classified according to the 
nature of the common solutions of C, and C,. In Algebra it is shown that two equations 
of the second degree have, in general, four pairs of common solutions forzand y. Hence 
five cases arise : 


1. Four distinct pairs of solutions. 

2. Two pairs are identical and the other two pairs are distinct. 

3. Three pairs are identical and the fourth pair is different. 

4. Two pairs are identical and the other two pairs are also identical. 
5. All four pairs are identical. 


If the four pairs of solutions are all real, then these five cases have the following 
geometrical interpretation. 


1. C, and C, have four distinct points of intersection. All the conics of the system 
pass through these four points. ‘There are three degenerate conics in the system [Ex. 1 
and problem 1, (a)]. 

2. C, and C, are tangent at one point and intersect in two other points. All the conics 
of the system are tangent at the first point and pass through the other two points. There 
are two degenerate conics in the system [problem 1, (b)]. 

3. C, and C, are tangent at one point and intersect in a second point. All the conies 
of the system are tangent at the first point and pass through the second point. There is 
but one degenerate conic in the system [problem 1, (¢)]. 

4, C, and C, are bi-tangent, that is, tangent at two different points. All of the conics 
of the system are tangent at these two points. There are two degenerate conics in the 
system (problem 1, (d)]. 

5. C, and C, are tangent at one point and do not intersect elsewhere. All of the 
conics of the system are tangent at this point. There is but one degenerate conic in 
the system [problem 1, (e)]. 


* In Algebra it is shown that the imaginary roots of an equation with real coefficients 
must enter in pairs, Hence if the degree is an odd number, one root, at least, must be 
real. 

+ It is tacitly assumed, as is true, that not all of the roots of the discriminant, when 
substituted for k, give equations which have no locus, But this point is not essential for 
our further reasoning. 
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PROBLEMS 


1. Find the values of k for the degenerate conics of the following systems. 
Plot Ci, Cz, and the degenerate conics. 
(a) a + y2— 16+ k (x2 + 9y2 — 86) = 0. Ans. k=—1, —}4, —4. 
(b) 422+ y2—1624k(e2?+y2-—82)=0. Ans. k=—2, —2, —1. 
(Cc) + 2ay+2y2+ 8x4 8y+k(a2+2y2+ 8y)=0. 
Ang Gh = — 1, lead, 
(d) a + y? — 86 + k (a? + 4y2 — 36) = 0. Ans. k=—1, —}, —1. 
(e) + y?—4¢+4+h(4a2 + y2 42) =0. Ans. k=—1, —1, —1. 
2. Find the points of intersection of C, and C2 in problem 1. 
Ans. (a) (V6, 4V10), (¢V6,— 310), ($6, $10), (—$V6,—}V10). 
(b) (0, 0), (0, 0), (3, § V2), (§, — $ V2). 
(c) (0, Se 4), (0, a 4), (0; ms 4), (0, 0). 
(d) (6, 0), (6, 0), c 6, 0), (= 6, 0). 
(e) (0, 0), (0, 0), (0, 0), (0, 0). 
3. Discuss the following systems of conics. 
(a) 2+ y? —16+4 k (a — 4724 16) = 
(b) a —2y+4+k(2?+ 8y) =0. 
(c) ey+8y+8+k(ay + 8)=0. 
(d) w+ 2y2—8+k (a? +y?—4)=0 
(e) #2 +6y4+94+k(2?+6y)=0. 
(ff) yYy—424+ k(y?+42)=0. 
(g) a? — y? + 25 + k(x? + y?) = 0. 
(h) 2? — y? + k(a? + y2) = 0. 
(i) y? —4@ —16 +k (2? — y? + 82%+16)= 
(j) 7? — y? + k (a? — 4y? — 3)=0. 
107. Invariants under a rotation of the axes. 


Lemma III. Jf the axes are rotated about the origin, then for any point whose 
old and new coordinates are respectively (x, y) and (a’, y’) we have 


e+yr=ar+y? 
Proof. To rotate the axes through an angle @ we set (Theorem II, p. 162) 


(1) {i = 7’ cos @ — y’sin 6, 
y= wv sin 6+ y¥’ cos 6. 
Then x2 + y? = (w’ cos 6 — y’ sin 6)? + (x sin @ + y’ cos 6)? 
= x (cos? + sin? 6) + y (sin? 6 + cos? 6) 
= 7/24 y”, (by 38, p. 19) 


Q.E.D. 


The lemma is evident geometrically since z?+ y? and a’ + y’2 are the squares of the 
distance from the point to the origin [(IV), p. 31] in the new and old codrdinates 
respectively. 
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We are considering in this chapter the equation 
(2) Ag? + Buy + Cy2?+ Dx + Hy + F=0. 
If we substitute from (1) without simplifying the result, we obtain an 
equation of the form 
(3) A’? + Bey + Cy? + Dw + ky +F=9, 
which has the same constant term (Corollary, p. 170). 
Consider the system of conics 
(4) Ag? + Bry + Cy2?+ De + Fy + F + k(x? + y?) =0. 


If the axes be rotated by substituting from (1), the equation of the system - 


becomes 
(5) A’a2 4+ Bay + Cy24+ De + Hy +F +k (72+ y?%) =0. 

For the left-hand member of (2) becomes the left-hand member of (3), and z?+ 4? 
becomes x7 + y” by Lemma III. 


Denote the discriminants of (2), (8), (4), and (5) by ©, 0’, Oi, and ©,’ 
respectively. The locus of (4) is degenerate when and only when (Theorem I, 
p. 266) 

0, =4(4+4+k)(C+hk)F+ BDE-—(A+hk)E*—-(C+k)D? —-FB=0, 
or 
(6) 4Fi2?+ (4ARF+4CF — EE? — D?)k+0=0.* 

Similarly, the locus of (5) is degenerate when and only when 
(7) 4 Fk? + (4A’F+40F — £2 — D2)k4+0'=0. 

The roots of (6) and (7) must be the same. 

For (4) and (5) are the equations of the same conic referred to different axes. Hence 


the locus of either equation is degenerate if the locus of the other is degenerate. 


Since the coefficients of k? in (6) and (7) are equal, the other coefficients 
must also be equal. Hence 


(8) 0’=0 
and 4 A/F + 40°F — EB? -—D2=4AF4+40F — FE? — D2, 


An expression involving the coefficients A, B, C, D, H, and F whose value 
remains unchanged when the axes are changed is called an invariant of the 
general equation of the second degree under a transformation of codrdinates. 
It is assumed in this definition that the equation in the new cobrdinates is not 
simplified by multiplying or dividing by a constant. An expression involv- 


ing the coédrdinates which remains unchanged when the equation in the new ~* 


coordinates is simplified is called an absolute invariant. Hence, from (8), 


* This quadratic may be regarded as a cubic equation with one infinite root, by a 
theorem analogous to Theorem IV, p. 15. The locus of (4) for k= is 22+ y?=0, which 
is one of the degenerate conics of the system. 


GENERAL EQUATION OF SECOND DEGREE 271 


Theorem Ill. The discriminant © of an equation of the second degree is 
invariant under a rotation of the axes. 


Corollary. The expression &=4AF+4CF — H2 — D? is invariant under 
a rotation of the axes. 


Lemma IV. An invariant of 
(9) Ax? + Bay + Cy? + F=0 
under a rotation of the axes which involves only A, B, and C is also an 
invariant of (2). 
Proof. Substituting in (9) from (1), we obtain 
A’? + Ba’y’ + C’y2+F =0, 
where A’ , B’, and C’ have the same values as in (8). 


For when we substitute from (1) in 4z?+ Bry + Cy? we obtain only terms in 2/2, x’y’, 
and y”, and substituting in Dx + Hy in (2) we obtain only terms in 2’ and y’. 


Hence an expression involving only A, B, and C will be an invariant of 
(2) if it is an invariant of (9). Q.E.D. 


Theorem IV. The expressions 
A= B’?’—4AC, H=A+0, 
are invariants of an equation of the second degree under a rotation of the axes. 


Proof. Consider the system 
my Ax? + Bay + Oy + F +k? +y%)=0. 


Rotating the axes, this equation becomes 
(11) A’e? + Ba’y + Cy? + F+k(e? + y?) =0. 

Denote the discriminants of (10) and (11) by ©; and @;’._ Then the locus 
of (10) is degenerate when and only when 


@,=4(A +h) (C +k) F— FB =0 
or 


(12) 4k24+4(4+ C)k —(B*-—4AC)=0. 

Similarly, the locus of (11) is degenerate when and only when 
(18) Oy =4k?2+4(A’+ O) k — (B2-4A’C) = 0. 

Since (10) and (11) have the same locus, (12) and (18) have the same roots. 
And since the coefficients of k? in (12) and (18) are equal, the remaining 
coefficients are equal. Hence 

Be = 4 AC = be 4A C 
and (Ar C= ALC. Q.E.D. 


272 ANALYTIC GEOMETRY 


1 
Ex.1. Transform «2+ 2y + %—2y+4=0 by rotating the axes through - 
Compute A, H, and @ for the given and required equations. 


Solution. In the given equation 
A=1,B=1, C=0, D=1, F=—-2, F=4. 
o H=1l+0=1, A=12—4-1-0=4, 
@=4-1-0-441-1(—2) —1(— 2)? —0- 2 — 4-12=— 10, 


To rotate the axes set (Theorem II, p. 162) 


W 4 i Hs nm w¢+y’ 
= GX COS y sin = WV , Fe Eg eine 
This gives, after removing parentheses but not clearing of fractions, 
(14) btn By z ie = oa Ol 
va V2 
Here A=) B= 1 C= ORD i oe = ee ee 
V3 v3 


27 A= 1 Be Oi — 10; 


Hence the values of A, H, and © are unchanged. 
But if we clear fractions in (14) we obtain 

V20/2 — V22/y’ —w —38y+4 V2= 0. 
For this equation A= 2, i Vv 2, (3) 20 V2. 


Hence A, H, and © are not absolute invariants under a rotation of the axes. 


H2 H3 
Theorem V. The expressions oe and fal are absolute invariants of an equa- 


tion of the second degree under a rotation of the axes.* 
Proof. The given expressions are invariants because A, H, and © are 


invariants. To show that they are absolute invariants we must prove that 
their values are unchanged when we multiply 


(15) Ax? + Bry + Cy? + De + Ey + F=0 
by a constant. Multiplying (15) by k, we get 
(16) kAa + kBey + kCy?+ kDe+kEy+kF=0. 
Denote the invariants of (16) by A;, Hz, and @;. Then 
(17) > Ay = 2B? — 4k AKC = k?(B2 — 4 AC) = FA, 
(18) H,y=kA+kC=k(A + C) =k. 
(19) ©, = 13 (4 ACF + BDE — AE? — CD? — FB?) = k80. 


* The proof also holds for a translation of the axes after Theorems VI and VII are 
proved. 
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Dividing the square of (18) by (17), 


Hy? _ He 
Ax A 

Dividing the cube of (18) by (19), 
Hy? _ H? 
Oo @ 

H2 H3 
Hence aN and © are absolute invariants. Q.E.D. 
‘PROBLEMS 


2 He : ; 
1. Compute Fe and © for the equations in problem 2, p. 168, and also 
for their answers. 


2. The values of A’, B’, and C’ in (8), p. 270, are respectively the 
coefficients of 7, vy’, and y” in (4), p. 170. Compute the values of 
B2 — 4 A’C’ and A’+C’ in terms of A, B, and C. 


3. Show that is an invariant of the line Ax + By +C=0 


C 
+VA24+4 B2 
under a rotation of the axes. 
Ax, + By, +C 


+VA2+ B 
and the point P; (x1, y1;) under a rotation of the axes. 


4. Show that is an invariant of the line Ax + By + C=0 


5. Show that vV (x1 — £2)? +(y1 — yz)? is an invariant of the points 
Pi (1, .y1) and Pz (x2, yz) under a rotation of the axes. 


AgB, = A,Be 


A;Ao+ BB 
and A,x + Boy + C2 = 0 under a rotation of the axes. 


6. Show that is an invariant of the lines Ay + Byy+C,=0 


7. Interpret geometrically the meaning of the invariants in problems 3 
to 6. 


108. Invariants under a translation of the axes. 
Theorem VI. The expressions 
A=B2—4AC, H=A+C 
are invariants of an equation of the second degree under a translation of the axes. 


Proof. Ifanequation of the second degree be transformed by translating the 
axes, the coefficients A, B, and C are unchanged (Corollary I, p. 171). Hence 
any expression involving these letters, as A or H, is an invariant. Q.E.D. 
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Lemma V. If the axes are translated to the point (h, k), then for any point 
P whose old and new codrdinates are respectively (x, y) and (x’, y’) we have 


ka — hy = ka’ — hy’. 
Proof. To translate the axes we set (Theorem I, p. 160) 
Ga ty af Yo te 
Then ka —hy =k(e’ +h) -—A(y’ + k) 
= kx’ — hy’. Q.E.D. 


The Lemma is evident geometrically since either ka — hy or ka’ — hy’ is the area of the 
triangle whose vertices are P and the old and new origins [(VIIJ), p. 42]. 


Theorem VII. The discriminant © of the equation 


(1) Ax? + Bey + Cy2?+ Dx + Ey + F=0 
is an invariant under a translation of the axes 
(2) t=eU"+h y=y tk. 


Proof. Consider the system 
(8) Ag? + Bey + Cy? + Dx + Hy + F +k’ (kx — hy) =0. 
Substituting in (8) from (2), we obtain 
(4) Az”? + Ba’y’ + Cy? + Da’ + BY’ + F + i (ke’ — hy’) = 0. 
For (1) becomes an equation of the form (Corollary I, p. 171) 
(5) Ax’? + Ba'y’ + Cy? + Dia’ + Hy +F’ =0, 
and kx — hy becomes ka’ — hy’ (Lemma V). 
Denote the discriminants of (1) and (5) by © and 0’; of (8) and (4) by ©, 
and @;’. If the locus of (8) is degenerate (Theorem I, p. 266), 
0, =4ACF+ B(D+ Wk) (EH —k’h)— A (EB — Ih)? — C(D+ k’k)? — FB? =0, 
or 
(6) (Bhk — Ah? — Ck?) k? + (BEk — BDh + 2A Eh —2 CDk)k’ + @0=0. 
Similarly, the locus of (4) is degenerate if 
(7) (Bhk — Ah? — Ck?) kk? + (BE’k — BD’h +2 AE/h —2CDk)k’ + QO’ =0. 


Since (6) and (7) must have the same roots, and since the coefficients of k”2 
are equal, then the remaining coefficients are equal. Hence 


oe’ = @. Q.E.D. 
Since any transformation of codrdinates may be effected by a rotation and 


a translation of the axes, the results of Theorems III, IV, VI, and VII may 
be embodied in a single theorem. 
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Theorem VIII. Jf the equation 
Ax? + Bey + Cy2+ Dx + Ey + F=0 
be transformed by a transformation of codrdinates into 
An? + Bay’ + Oy? + Da’ + Ey’ + F’ =0, 


then A= B42 —4A’C = B-AACH=A, 
He—rAy CsA -+ Ci He 
and O4= 4 ACE BoD Eo A! — Coy? — FYB 


=4 ACF + BDE — Al? — CD? — FB? = ©. 


That is, A, H, and © are invariants of an equation of the second degree under 
any transformation of codrdinates. 


PROBLEMS 


2 8 
1. Compute a and s for the equations in problem 1, p. 168, and the 
answers. ; 
2. Prove that the expressions in problems 4 to 6, p. 278, are invariant 
under a translation of the axes and interpret them geometrically. 
3. Prove by direct substitution that £ (Corollary, p. 271) is invariant under 
a translation of the axes provided that A=@O= 0. 


109. Nature of the locus of an equation of the second degree. By a trans- 
formation of coérdinates the equation 


(1) Ax? + Bry + Cy? + Dx + Ey +F=0 
may be reduced* to one of the forms (Theorem XIII, p. 196) 
(I) Aa? + C’y2 + F’=0, where A’ ~0 and 0’ +0; 
(GUN C’y2 + D’x’ = 0, where C’ 40 and D’+0; 
(III) C’y2 + F’ = 0, where C’ 40. 


The theory of invariants enables us to determine to which one of these 
three forms a given equation may be reduced and to find the exact nature of 
the locus without actually effecting the transformation of codrdinates. 

To do this compute the numerical values of A, H, and © for the given 
equation (1). We have, further, 


(2) for (I), M=-44'0' 40, WHA’ 40, W=4A'CF; 


(8) for (LL), (AZ =10) Ha CG7.0 On — CcD2 =. 0% 
(4) for (ELL), yAG—10; CaO OC a= 10, 

But in each case, by Theorem VIII, 
(5) NaN ee Ha) Oa) 


*It is assumed that the equation is not multiplied or divided by a constant in this 
reduction. 
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Hence, if A +0, (1) may be reduced to the form (1) ; 
if A=0 and © £0, (1) may be reduced to the form (II) ; 


and 


if A=0 and ©=0, (1) may be reduced to the form (III). 


We shall discuss these three cases separately. 
Case I. AZO. Substituting from (2) in (5), we get 


(6) —4A’C’=A, 
(7) YMC RS (OH ce 15 
(8) 4A’C'F’ = ©. 


Elliptic type, A<0. 

From (6), if A<0, A’ and C’ have 
the same signs and the locus belongs 
to the elliptic type (p. 195). 

From (8), if @ 4 0, then #” 4 0 and 
the locus is an ellipse if H and © differ 
in sign, or there is no locus if H and © 
agree in sign. For d’ and C’ have the 
sign of H, from (7), and /” has the sign 
of ©, from (8). 

From (8), if @ = 0, then = 0 and 
the locus is a point. 


Hyperbolic type, A>0. 

From (6), if A>0, A’ and C’ have 
opposite signs and the locus belongs to 
the hyperbolic type (p. 195). 

From (8), if © #0, then F’ 40 and 
the locus is an hyperbola. 


From (8), if @=0, then #=0 and 
the locus is a pair of intersecting lines. 


The values of A’, C’, and F’, if desired, may be found by solving (6), (7), and (8). 


Case II. A=0Oand@+0. The locus is a parabola (p. 180). 
Substituting from (3) in (6), we get C’= H and — C’D“=6, from which the values of 


C’ and D’ may be found if desired. 


Case III. A=0and@=0. Substituting from (4) in (5), we obtain the 
single equation C’ = H, which does not enable us to compare the signs of 


C’ and F’ in (III). 


But €=4AF+44CF — FE? — PD? is invariant under a 


rotation of the axes, and when A= @©=0, € is also an invariant under a 


translation of the axes. 


For, substituting the values of D’, #’, and #” given by (5), p. 170, and setting A’= A, 


B’ = B, C’= C (Corollary I, p. 171) in 


= 4 AR +4 0/9’ — E2— D2, 


we get 


&/=(4CD -2BE)h+(4d4E-2BD)k+E. 


But if A= @=0, then 2BD—4 AE =0, from (6), p. 265. Multiplying this by B and set- 
ting B?= 4 AC (from A= 0), we have 4 ACD—2ABH=0,or4CD-2BE=0. Hence é’=€. 


For (III) we have & = 4 C’F’, and hence 
ACE = &: 


Hence (p. 196) 


if —& <0, the locus is two parallel lines ; 


b) 


if  =0, the locus is a single line; 
if € > 0, there is no locus. 


The results of this section are embodied in 
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Theorem 1X. The nature of the locus of the equation 
Ax? + Bey + Cy?+ Di + Ey + F=0 
depends upon the values of the invariants 
A= B?—4AC, H=A+0C, 
@O=4ACKF+4+ BDE — AE? — CD? — FB, 
and §=4AF44CF— EH? — D2, 
as indicated in the following table. 


Ellipse, if H and © differ in sign. 
No locus, if H and © agree in sign. 


Parabola. 


Hyperbola. 


Point. 


0=0 Two parallel lines, if §<0. 
Degenerate One line, if § = 0. 
Conic. No locus, if €>0. 


Two intersecting lines. 


PROBLEMS 
1. Find the exact nature of the locus of 
(a) w+ 2ay + 2y?-6x—2y+9=0. Ans. Ellipse. 
(b) a2 —2ay+2y?—4y+8=0. Ans. No locus. 
(c) 2+ 6ey+ 9y?+2%—-—6y=0. Ans. Parabola. 
(d) a —2ay —y?+8e—6=0. Ans. Hyperbola. 
(e) 422+ 9y?4+4%4+1=0. Ans. Point. 
(f) 402+ 4ay+y2+424+2y—48=0. Ans. Two parallel lines. 


(g) 4a? — 20ay + 25y?4+ 12% —30y+9=0. Ans. One line. 
(h) 9a? —12ay+4y?—18%+4+12y+4+34=0. Ans. No locus. 
(i) 8a? — 1l0ay + 7y2+ 15% —Ty — 42 =0. Ans. Intersecting lines. 


2. Find a? and b?, or », for the following conics : 


(a) 22 —2ay+y2—8a2=0. Ans. p = V2. 
(b) 3a? —l0ay+3y3—8=0. ANS a? = ly O24, 
(c) 542 + 2ay + dy? —12¢% —12y=0. Ans, 02 = 3,-b2= 2. 


2 3 
Hint. Compute the absolute invariants = and E for the given equation and for that 


one of the typical forms (ITI), p. 179, (V) and (V1), p. 185, to which it may be reduced, 
Equate and solve for a? and 0? or for p. 
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8. Show that A’ and C’ in (I), p. 275, are the roots of the quadratic 
42 _4Hx —A=0 and show that they are always real. When will they 
also be equal ? 

110. Equal conics. The object of this section is to determine when two 
conics whose equations are given are equal. The solution of this problem 
affords a further application of the theory of invariants. 

Theorem X. The axes of a non-degenerate central conic whose equation is 

Ag? + Bey + Cy2?+ Dx + Ey + F=0 
H2 He 
are determined by the values of the absolute invariants a and % 

Proof. The equation of a central conic may be reduced to the form [ (11), 
p. 187] 


2 2 
ce a y == a 
a” 8B 
The absolute invariants of this equation are 
1 1)\2 ie ING 
GD Gn 
H? _\a 6 _ (ap? —H? \aose? eee 
v  -4 408’ @ -4 —4arpi 
ap ap 


Hence (Theorem VIII, p. 276) 
(e+ 62 FP (a py 
—4ap A’ —4a%? © 


(1) 


’ 


H? H8 : 
where — and @ are known. These equations can be solved for @ and 8, 


and the values of the axes determined from them by 1 and 2, p. 187, and the 
definition of the axes (p. 185). Q.E.D. 


Equations (1) may be solved as follows: 
Dividing the second by the first, 


® a+p_ aH, 
ap ro) 
Dividing the first of equations (1) by (2), 
4HO 
(3) a+ B =— Ate 
nee f, 4 @2 
Dividing (3) by (2), ap =-— as? 


Then, by Theorem I, p. 3, a and 8 are the roots of the quadratic equation 
4HoO 4 @2 
Ria oa Nest or Asz?+ 4AH@z —-40?2=0, 
The roots of (4) are always real, for the discriminant is 
(4AH®)? — 4.A3(— 4 ©2) = 16 A2@2 (H2 + A) 
= 16 A®@? (A? +2 AC + C2 + B2-4 AC) 
= 16A2@2[(A — C)? + B2), 
which is always positive when the coefficients A, B, C, D, HZ, and F are real numbers. 


(4) x? + 


JS 208 ey 
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Theorem XI. The value of p for a parabola whose equation is” 


Ax? + Buy + Cy?+ D’+ Ey +F=0 
8 
is determined by the value of the absolute invariant > : 


Proof. For the parabola ye ope 
3 
we have gs Lae 
@ —4p? 4 p? 
1 H3 
Hence (Theorem VIII) i) 
4p? O 
1 (3) 
whence i ae mae Q.E.D. 


As the value of p is always a real number, ® and H must have opposite signs. This 
may also be proved from the values of ® and H by means of the condition A= 0. 


Theorem XII. Two non-degenerate conics 
C: Az? + Bay + Cy2+ De + Fy + F=0 
and :Ae + Beyt+ Cy2?+ Da+ Hy+ F’=0 
are equal when and only when 
H!2 H? H®? H? 
Te Goer > ee 
Proof. If the conics are central conics, they are equal when and only when 


their axes are equal. But the axes of C and C’ are determined in the same 
72, H2 
and 9 respectively (Theorem X). 


2 3 
manner from “ and o and from 


Hence the axes are equal when and only when 
H2 #2 H3 4B 
=— and —=—. 
Ise pak Y @®@ 
If C and C’ are parabolas, they are equal when and only when they have 
the same value of p, that is (Theorem XI), when and only when 
H3 4B 
ev oO 
111. Conics determined by five conditions. The equation of any conic 
has the form 
(1) Aa? + Bey + Cy? + Dx + Ey + F=0, 
and the conic is completely determined if five of the coefficients are known 
in terms of the sixth. Any geometrical condition which the curve must 
satisfy gives rise to an equation between one or more of the coefficients. 
Hence five conditions will determine the equation of a conic. The locus may 
be degenerate, or there may be no locus, which would mean that the five 
conditions are inconsistent. 


Q.E.D. 
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Rule to determine the equation of a conic which satisfies five conditions. 
First step. Assume that the equation of the conic is 


Ax? + Bry + Cy2?+ Dx + Ey + F=0. 


Second step. Find five equations between the coefficients, each of which 
expresses that the conic satisfies one of the given conditions. 

Third step. Solve these equations for five of the coefficients in terms of the 
sixth. 

Fourth step. Substitute the results of the third step in the equation in the 
first step and divide out the remaining coefficient. The result is the required 
equation. 


PROBLEMS 


1. Show that the following pairs of conics are equal and determine the 
nature of the conics. 
(a) 2% —4y%2—-22%—16y—14=0, 3224 10ay4+ 3y?-—2=0. 
- (b) 92242427416 y2—80a+60y=0, a2—2ay+y2—4 V2a—4 V2y=0. 
(c) e+ y2—2¢—8y—8=0, 22+y?+6x%—-—10¥y4+9=0. 
(d) 202+ y2-—12%+4+10y+4+41=0, 1722 —12ay + 22y? — 26=0. 


2. Find the equations of the conics determined by the following condi- 
tions and determine the nature of the conic in each case. 
(a) Passing through (0, 0), (2, 0), (0, 2), (4, 2), (2, 4). 
Ans. w2—ay+ y2—-24—2y=0. 
(b) Passing through (0, 0), (10, 0), (5, 3) and symmetrical to the X-axis. 
Ans. 922 + 25y2— 902% =0. 
(c) Passing through (— 4, 0), (0, 4), (0, — 4), (5, 6) if A= 0. 
Ans. y2—4x—-16=0. 
(d) Passing through (0, 5), (5, 0) and symmetrical with respect to both 
axes. Ans. x2 + y2?—25=0. 
(e) Passing through (0, 0), (2, 1), (— 2, 4), (— 4, — 2), (2, — 4). 
Ans. 242 —38ay —2y2=0. 
(f) Passing through (0, 2), (— 2, 0), (2, — 8) and symmetrical with respect 
to the origin. Ans. 2+4ey+y2—4=0. 


3. Show that, in general, two parabolas may be constructed which pass 
through four given points. a 


4. Find the parabolas passing through the following points and construct 
the figures. 
(a) (0, 2), (0, — 2), (4, 0), (—1, 0). Ans. a? 4+ 2ay + y2-82—4=0. 
(b) (2, 0), (0, ™ 8), (= 2, 0), (0, 2). 
Ans. 4a27 + 4ay+ y2+ 6y—16=0. 
(c) (0, 1), (0, — 2), (2, 0), (—1, 9). 
Ans, wi4ay+4y2—-4%-2y—2=0. 
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EUCLIDEAN TRANSFORMATIONS WITH AN APPLICATION 
TO SIMILAR CONICS 


112. An operation which replaces a given figure by a second figure in 
accordance with a given law is called a transformation. If a transformation 
replaces the points of one figure by the points of a second, it is called a point 
transformation. If a point transformation replaces P(x, y) by P’(2’, y’), 
then the equations expressing # and y’ in terms of # and y, or conversely, 
are called the equations of the transformation. In this chapter we shall con- 
sider the transformations which replace a given figure by one equal or similar 
to it. They are called Euclidean transformations, because the properties of 
equal and similar figures are studied in the Elementary Geometry of Euclid. 


118. Equal figures. Two figures whose corresponding lines and angles 

are equal may be brought into coinci- 

co” 4 dence and are therefore equal. Equal 

figures in the same plane are said to be 

congruent if the corresponding parts are 

arranged in the same order, and sym- 

B B metrical if they are arranged in the 

A G opposite order. Thus the triangles A BC 

and A’B’C’ are congruent, and either 

; is symmetrical to A” B’C”, because the 

directions established on the perimeters by the corresponding vertices are the 
same (clockwise) in the first case but are different in the second case. 


B C 


, 


C 


In Plane Geometry we do not study symmetrical figures as such. A 

It is true that we study figures which are symmetrical with respect 
to a point or with respect to a line. But it should be noticed, as 
is seen from the figures, that figures which are symmetrical with 
respect to a point are congruent, while figures which are symmetrical 
| 


with respect to a line are sym- B Cc 
metrical in the sense defined | 
above. Sire eae 
The essential distinction be- f | , 
tween congruent and symmet- \C’ 


rical figures is this: two con- 
gruent figures may be brought 
into coincidence by moving them 
around in the plane, but before A 
two symmetrical figures can be 

brought into coincidence one of them must be taken out of the plane and turned over. 
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114. Translations. A translation is the transformation which moves all 
points of a figure through the same distance in the same direction. Hence 
if a translation replaces any point P by P’, the projections of PP’ on the 
axes will be constant. 


Theorem I. The equations of a translation through the directed length whose 
projections on the axes are respectively h and k are 


i =a+h, 


7 y=y tk. 


Proof. By Theorem III, p. 31, the projections of PP’ on the axes are 
respectively 
v—-f, yy. 
Then, by hypothesis, 
CH—t— hy Paya 

Solving for a and y’, we obtain (I). QE. . 

If we solve (I) for z and y and substitute their 
values in the equation of a curve, the result will 
evidently be the equation of the curve after it 
has been translated. 


If P is the origin (0, 0), then P’ is the point (hk, k). If we solve (1) for x and y, we 
obtain 
2=2/-h, y=y'-k. 
These may be regarded as the equations for translating the axes to a new origin 
(—h, —k) (Theorem I, p. 160). 


ie ye 
| 
OlGhk) z 
i} 
(1) (2) 


It is evident that the relative position of the new figure and the old axes (Fig. 1) is 
the same as that of the old figure and the new axes (Fig. 2). 

Hence it is immaterial whether we regard equations (I) as the equations of a transla- 
tion of a figure in one direction or as the equations of a translation of the aves in the 
opposite direction. 


115. Rotations. The transformation which turns all points through the 
same angle about a given point O is called a rotation. O is called the center 
of the rotation. Ifa rotation replaces P by P’, then OP’ = OP. 
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* 


Theorem II. The equations of a rotation about the origin through an angle — 
6 are 
(a) a! = aw cos 8 — y sin 6, 
y' =x sin +y cos 6. 
Proof. Let the polar codrdinates of P be (p, ¢). Then, by definition, 


those of P’ are (p, ¢+ 4). Hence (Theorem 
I, p. 155) 


¥; 
x’ = p cos (¢ + 8) 
= pcos ¢ cos 0 — psin ¢ sin 8 
(by 10, p. 20) A! 
=2cos 0 — ysin 4, vA 
since [(I), p. 155] ji | 
: nes | 
%=pcos¢, y=psin ¢. iff | 
Similar] AO eegT | 
Y) O fio ss 
y’ =xsind+ ¥ cos 0. Q.E.D. ? x 
If we solve (IJ) for w and y, we get 
x = x’ cos 0 + y’ sin 6 = x’ cos (— 6)—y’ sin (— 4), (by 4, p. 19) 
y =—ax/’siné + y’ cos 0 = x’ sin (— 0) + y’ cos (— 8). (by 4, p. 19) 


These may be regarded (Theorem II, p. 162) as the equations for rotating the axes 
through an angle —@. Hence it is immaterial whether we regard equations (II) as the 
equations of a rotation of a figure in one direction or of the axes in the opposite direction. 
This should be illustrated by figures analogous to Figs. 1 and 2, p. 282. 


PROBLEMS 


1. Plot the following curves, translate them through the directed length 
whose projections are given, and find the equations of the curves in their new 
positions. 


(a) yY2=4e,h=—3,k=2. Ans. y2—4x~—4y—8=0. 
(b) ty =6, h= 2, k =— 2. Ans. wy +2u—2y—2=0. 
(c) 22 + 9y? = 25, h=0, k = 3. Ans. 22+ 9y?—30y=0. 


2. Plot the following curves, rotate them about the origin through the 
given angle, and find the equations of the curves in their new positions. 


(a) my =8,0= 7. Ans. y?—x?=16. 
(b) e+ y? —8%+12=0, 0=7. Ans. 22+ y?+ 8%+12=0. 
(c) m4 4y2— 18% =0,0=-". Ans. 422+ y24+18y=0. 
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8. Translate the locus of «2+ 4y=0 through a distance whose projec- 
tions are h = 0, k = — 4 and then rotate it about the origin through an angle 


Of Ans. y2—424+4+16=0. 
2 


4. Rotate the curve in problem 3 through the given angle and then trans- 
late it. Ans. y2—4x%+8y+16=0. 


5. Prove from equations (II) that the origin is unchanged by a rotation, 
that is, that the origin is a fixed point. 


6. Find the equations of the straight lines which are unchanged by the 
translation (I). 
Hint. Translate Ax + By + C=0 and then determine A, B, and C so that this line 


coincides with the line into which it is translated by Theorem III, p. 88. 
Ans. kx —hy=0. 


7. Find the equations of all circles which are unchanged by the rotation (II). 
Ans. 224+ 42+ F=0. 


8. Show that no straight lines are invariant under the rotation (II). 


Hint. See the hint, problem 6, and apply Theorem LY, p. 90. 


9. Prove analytically that no points are unchanged by a translation unless 
all points are unchanged. 


116. Displacements. A transformation which replaces any figure by one 
congruent to it (p. 281) is called a displacement. Hence a figure is displaced 
when it is moved in the plane from one position to another. This may evi- 
dently be accomplished in many different ways. Two displacements which 
move a figure from one position to the same second position are said to be 
equivalent. 


LemmalI. A displacement is equivalent to a translation or to a rotation 
followed by a translation. 


Proof. Let the given displacement replace any figure F by a figure F’. 
Then if corresponding lines in F and F’ are parallel and have the same direc- 
tion, F may be translated into F’, and hence the displacement is equivalent 
to a translation. 

If this is not the case, then F may be rotated into a position F” such that 
corresponding lines in F” and F” are parallel and have the same direction 
and then ¥’” may be translated into 7”. Hence the given displacement is 
equivalent to a rotation followed by a translation. Q.E.D. 
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Theorem III. The equations of any displacement have the form 
i =x cos 9 — ysin 6 + h, 


(111) y' =a sin8+ y cos @ + k, 


where 0, h, and k are arbitrary constants. 


Proof. Let the given displacement replace any figure F by a congruent 
figure F’. Then by Lemma I it is equivalent to a translation whose equa- 
tions have the form (III) when 6=0 (Theorem I, p. 282), or to a rotation 
which replaces F by a figure F” followed by a translation which replaces F” 
by FF’. 

By Theorem II, 

e’=xcosd—ysind, y’=xsinéd+ycos8, 
and by Theorem I, La te YOY tae 


Substituting the values of 2” and y” in these equations, we obtain (III). 
Q.E.D. 
If a point is unchanged by a transformation, it is called a fixed or an 
invariant point. Thus the center of a rotation is an invariant point. 


Theorem IV. If a displacement is not equivalent to a translation, there is one 
fixed point. } 

Proof. The point (a, y) will be a fixed point when and only when 2’ =a 
and y’=y. Substituting in (IIJ) and transposing, we get 

1 (1 — cos 6)%+sin@-y=h, 

(1) —siné@.%+(1—cosé)y=k. 

These equations can be solved, in general, for one pair of values of x and y 
(Theorem IV, p. 90), and hence there will be, in general, but one fixed point. 


1—cosé@ sin 6 
But if F = ’ 
— sin 0 1—cosé@ 
or, reducing, cos @=1, 


there will be no solution, that is, there is no fixed point. If cos @=1, then 
sin 0 = 0 (by 3, p. 19) and equations (III) become 
Ce= et he 8 =U --Evks, 
which are the equations of a translation. 
Hence there is one fixed point unless the displacement is a translation. 
Q.E.D. 
There cannot be an infinite number of solutions of (1) unless h=k=0. For if 


1-cos@ sind kh 
=sin@ 1—coséd k’ 


then, as above, cos @=1andsin@=0. Substituting in (1), we get h=Oandk=0. Inthis 
case every point (x, y) is a fixed point, that is, there is no displacement. 
> 
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Theorem V. Every displacement which is not equivalent to a translation is 
equivalent to a rotation. 

Proof. If the displacement is not equivalent to a translation, then it has a 
fixed point (Theorem IY). Let the fixed point be chosen as origin. Then if 
z=Oandy=0, we get x =0 andy =0. Substituting in (III), we obtain 

=O le= 0 
as the conditions that the origin is the fixed point. For these values of h 
and k equations (III) reduce to (II), p. 283, amd hence the displacement is 
equivalent to a rotation. Q.E.D. 


Corollary I. Any two congruent figures may be brought into coincidence by 
a rotation or a translation. 

Corollary I. The perpendicular bisectors of the lines joining corresponding 
points of two congruent figures pass through the same point or are parallel. 


For if the figures may be brought into coincidence by a rotation, they pass through the 
center of the rotation; and if the figures may be brought into coincidence by a translation, 
they are perpendicular to the direction of the translation. 


PROBLEMS 


1. Show analytically that the angle between two lines is unchanged by a 
displacement. 

Hint. Show that the value of tan @ given by (X), p. 109, is an absolute invariant of the 
displacement (II). 

2. Show analytically that the distance between two points is unchanged 
by a displacement. 

Hint. Show that the value of / given by (IV), p. 31, is an absolute invariant of (III). 


3. Prove Corollary II geometrically and derive Theorem V from it. 


4. Show that a rotation about the origin through an angle of z replaces 
any figure by the figure symmetrical to it with respect to the origin. 
5. Find the equations of a rotation about the point (1, 4) through an 
angle of = Ans. %=4 8a —1Ly+8—i V3, Y= la+iv8y+%—-2 V3. 
6. Find the equations of a rotation about the point (8, — 2) through an 
30 
ee Ans. # =y+5, Y¥=—2+1. 


7. Find the equations of a rotation about the point (7, y1) through an 
angle 0. ‘ Ans, x = (« — 1) cos 6 — (y — yy) sin 0 + 24, 


y’ = (& — &) sin 6 + (y — yi) cos 0 + yy. 
* 
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117. The reflection in a line. A transformation which replaces any figure 
by one symmetrical to it (p. 281) is called a symmetry transformation. The 
simplest symmetry transformation is the reflection in a line, which replaces 
a point by the point symmetrical to it with respect to that line. Hence a 
reflection in a line replaces a figure by the figure which is symmetrical to it 
with respect to that line. = 


Theorem VI. The equations of a reflection in 
the X-axis are 


w' =a, 
(VI) { aoa 
YY —\—Y- 


118. Symmetry transformations. 

Lemma II. A symmetry transformation is 
equivalent to a reflection in any line followed 
by a displacement. 


Proof. Wet the given transformation replace 
a figure F by a symmetrical figure 7’. Let F be 
transformed into a figure F” by a reflection in any line. Then since F” and 
F” are both symmetrical to F, they are congruent to each other. 


For the parts of #’” and F'” are equal, since they are equal to the parts of F, and they 
are arranged in the same order, for they are in each case arranged in the opposite order 
to those of F. 


Hence F” can be brought into coincidence with F’ by a displacement, 
that is, F may be transformed into F” by a reflection in any line followed 
by a displacement. Q.E.D. 


Theorem VII. The equations of any symmetry transformation have the form 


Leer 


II 
ve y' =asind—ycos6+k, 


where 6, h, and k are arbitrary constants. 


Proof. Let the given transformation replace any figure F by a symmetrical 
figure F’. Then by Lemma II it is equivalent to a reflection in the X-axis 
which replaces F by a figure F'”, followed by a displacement which replaces 
Syl, 

By (VI), B= kf, Yo =—Y, 
and by (III), p. 285, 

w=“ cosdé—y’sind+h, y=e’sind+ y’cosé +k. 


Substituting the values of 2” and y” in these equations, we get (VII). 
Q.E.D. 
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Theorem VIII. The line whose equation is 
xcosw+ysinw—p=0 
is transformed by (VII) into the line whose equation is 
x cos (9 — w) + ysin(6— w)— [p + hcos(@ — w) + ksin (0 — w)] = 0. 


This is proved by solving (VII) for x and y, substituting in the given equation, simpli- 
fying by 9 and 11, p. 20, and dropping primes. 


A line is said to be invariant under a transformation if it is transformed 
into itself by that transformation. 


Theorem IX. There is always one line which is invariant under the sym- 
metry transformation (VII), and if 
heosié+ksinié@=0, 
then all of the lines perpendicular to that line are invariant. 
Proof. If the lines in Theorem VIII coincide, then (Theorem III, p. 88) 


CORON) a SiC) Dp 
cos(@—w) sin(@Q—w) p+hcos(9—w) +ksin(6— w) 


(1) 


From the first two ratios 
sin (9 — w) cos w — cos (0 — w) sinw = 0, 

or (9, p. 20) sin (9 —2w) = 0. 

Hence 6—2w=0 or z. 

.w=20orw=30—1iz. 

Caspr I. w=46—i72. Substituting this value of w in the last two ratios 

of (1) and simplifying by 4, p. 19, and 6, p. 20, we get 
—cos;0 _ p 
cosi@ p—hsinid+kcosid 


Solving for p, p=}(Asin}é@—kcost}6). 


Hence there is always one pair of values of w and p for which (1) is true, 
that is, there is always one line which is transformed into itself by (VII). 

Casr Il w=}86. Susbtituting this value of w in the last two ratios in 
(1), we get sin 16 p 


sin}@ p+hcosio+ksinid 


The first of these ratios equals 1, but the second is never equal to 1 unless 
(2) hceos}6+ksini@=0, 
in which case p may have any value. Hence there is, in general, but one 


invariant line. But if (2) is satisfied, all of the lines of a system of parallel 
lines are invariant. 


Since the values of w in Case I and Case II differ by 2 » the invariant system 


of parallel lines is perpendicular to the single invariant line. Q.E.D. 
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Theorem X. Ifthe invariant line of a symmetry transformation is the X-axis, 
then the equations of the transformation are 


a!=a+h, 
a =-y. 

Proof. If the X-axis is invariant, then, if y = 0, we must have y’ = 0 for 
all values of x. Substituting y= 0 and y’=0 in the second of equations 
(VII), we get “sind +k=0. 


(X) 


This is true for all values of « when and only when sind =0 and k=0. 
If sind = 0, then cos@=+1. 

Substituting k = 0, sin @ = 0, and cos@ = 1 in (VII), we get (X). 

Substituting k = 0, sin@ = 0, and cos@ =—1 in (VII), we get 

Ce Ah, a ay, 

This transformation leaves all of the lines parallel to the X-axis invariant, 
for if y =a, then y’ =a. - Hence the X-axis is not the single invariant line, 
so that this case is to be excluded ; that is, equations (VII) reduce to (X) if the 
A-axis is the invariant line in Case I of Theorem IX. Q.E.D. 


Corollary I. A symmetry transformation is equivalent to a reflection in a line 
or to a reflection in a line followed by a translation parallel to it. 
For if h =0, equations (X) reduce to equations (VI). 
If h#0, equations (X) are equivalent to the two transformations 
coe and ES ee soll 
y“=—-Y, Yeas 
which are respectively a reflection in the X-axis and a translation parallel to it. 


Corollary II. The middle points of the lines joining corresponding points of 
two symmetrical figures lie on a straight line. 


For let (X) be the equations of the symmetry transformation which transforms one 
figure into the other. The middle point of the line PP’ is (Corollary, p. 39) 


[s(w@ +2’), sy+y’))- 


Substituting the values of x’ and y’ from (X), this becomes (# + $h, 0), which is a point 
on the X-axis. 
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PROBLEMS 


1. Find the equations of the curves symmetrical to the following curves — 
with respect to the X-axis and construct the figure. 

(a) y2— 42% =0. (c) 24+ 4y2?-427=0. 

(b) 22+ ay —247=0, (d) #—8y=0. 


2. Show analytically that the distance between two points is unchanged 
by (a) a reflection in a line, (b) any symmetry transformation. 


8. Show analytically that the numerical value of the angle which one 
line makes with another is unchanged by (a) a reflection in a line, (b) any 
symmetry transformation, but that its sign is changed in both cases. 


4. Find the equations of the invariant lines which are proved to exist in 
Theorem IX. 


5. Find the equations of a reflection in the Y-axis. 


6. Prove that a reflection in a line followed by a reflection in a line per- 
pendicular to the first is equivalent to a rotation through z. 


7. Asymmetry transformation (VII) has, in general, no fixed points, but 
if h(1 + cos 6) + ksin@ = 0, then all of the points of the line «(1 — cos @) 
—ysin 0=k are fixed points. 


8. If h(1+ cos 6) + ksin 6 = 0, then (VII) is a reflection in a line. 


9. Find the equations of a reflection in the line 3% + 4y—10=0. 
Ans. w= 55% —24y4+ B, YW =— 34e-— By +18. 
Hint. The distances from the line to P(x, y) and P’(«’, y’) (Rule, p. 106) must be 
equal numerically with opposite signs, and the slope of PP’ (Theorem V, p. 35) must be 


equal to the negative reciprocal of the slope of the given line (Theorem VI, p. 36). These 
conditions give two equations which may be solved for 2’ and y’ in terms of x and y. 


10. Find the equations of a reflection in the mis 5a —12y —27=0. 
Ans. v= Hot Hg + Hb y= Hoe — Hey — $48 


11. Find the equations of a reflection in the line Aw + By + C=0. 


Bigs Ae 2AB 2AC 
Ans. «x x y ’ 
~ Al 4 Be A2 4 B2 A2 4 f2 
re 2AB B?— A? 2-BC 


— x ; 
A? +. B Az BY A2 4+ B 
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119. Congruent and symmetrical conics. The conditions that two conics 
should be equal are given in Theorem XII, p. 279. We shall now prove 


Theorem XI. Two equal conics are both congruent and symmetrical. 


Proof. Since a conic is symmetrical with respect to its principal axis 
(p. 174), it is unchanged by a reflection in that axis. 


Let C and C’ be two congruent conics, ! eA 
and let D be the displacement which 3 eG 
transforms C into C’, Then C may be. CS) 
transformed into C’ by a reflection in (0) > 
its principal axis followed by the dis- = yrds 
placement D, that is (Lemma II, p. 287), ie pg 
by asymmetry transformation. Hence S LOG ey 
C and C’ are also symmetrical. eee 


Conversely, let C and C’ be two sym- 
metrical conics, and let S be the symmetry transformation which transforms 
C inte C’. Then S is equivalent to a reflection in the principal axis of C 
followed by a displacement D. Since C is unchanged by a reflection in its 
principal axis it may be transformed into CO’ by the displacement D, and 
hence C and C’ are congruent. 

Hence two equal conics are both congruent and symmetrical. Q.E.D. 

In the figure C may be transformed into C’ by a rotation about O or by 
asymmetry transformation consisting of (Corollary I, p. 289) a reflection in 
the line S which replaces C by C”, followed by a translation parallel to S. 


120. Homothetic transformations. Given a fixed point O, the transfor- 
mation which replaces a point P by a point P’ on the line OP such that 


OP’ = .- OP, 


rA>0 rA<0 


where X is constant, is called a homothetic transformation. O is called the 
center and X the ratio of the transformation. Corresponding figures are 
called homothetic figures. They may easily be proved similar, with the ratio of 
similitude (that is, the ratio of corresponding lines) equal to A. Homothetic 
figures are also similarly placed. 
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Theorem XI. The equations of a homothetic transformation whose center 
is (h, k) and whose ratio is \ are 
Sar aw! =Axn+h(1—A), 
oy iy ee ey: 

Proof. Let P and P’ be two corresponding points. Then, by definition, 


yt 4 = e yee 
Pely) ORG Neu, 


Projecting on the X-axis (Theorem III, 
P(x,y) p. 31), 


6 (nk) xv’ —h=r(xe—h). 
Hence xv = re + h(1—2). 


Similarly, y’ = \y + k(1—)). Q.E.D. 
Corollary. The equations of a homothetic transformation whose center is the 
origin and whose ratio is \ are 


a! = Ax, 
y!' — Ay. 


121. Similitude transformations. A transformation which replaces any 
figure by one similar to it is called a similitude transformation. It is said to 
be direct or inverse according as corresponding figures are directly or inversely 
similar, that is, according as the corresponding parts of the similar figures 
are in the same or opposite order. 

If F and F’ are two similar figures whose ratio of similitude is \, then 
a homothetic transformation with any center and with the ratio) will transform 
F into a figure Ff” which is equal to F’. HF” may be transformed into F” 
either by a displacement or by a symmetry transformation according as F”’ 
and F” are congruent or symmetrical, that is, according as F and F’ are 
directly or inversely similar. Hence 


Theorem XIII. A similitude transformation is equivalent to a homothetic 
transformation with any center and with its ratio equal to the ratio of simili- 
tude of corresponding figures, followed by a displacement or a symmetry 
transformation according as the similarity is direct or inverse. 


PROBLEMS 
Problems 1 to 4 and 5 to 10 are to be solved in order by using those preceding, 


1. The equations of a transformation of direct similitude have the form 
ve’ =d(%cosé—ysind +h), y =r(esiné + ycosé + k). 


2. A transformation of direct similitude has one fixed point. 
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8. If the fixed point is the origin, the equations of a transformation of 

direct similitude have the form 
“= X(xcosé—ysin#), y= r(xsin@ + ycos 6). 

4. A transformation of direct similitude is equivalent to a rotation fol- 
lowed by a homothetic transformation with the same center. 

5. The equations of a transformation of inverse similitude have the form 

e =d(ecosd+ ysind +h), y’ =r(xsin 6 — ycos6 + k). 

6. The line zcosw + ysin w — p= 0 is transformed by a transformation 
of inverse similitude into the line 

x COS (9 — w) + ysin (9 — w) —A[p + Acos(@ — w) + ksin (6 — w)] = 0. 

7. The perpendicular lines 

(1 — A) x cos $6 + (1 —rA)ysin $6 —A(Acos 40+ ksin 46) =0 
& 

and (1+ A)#sin}é@ — (1+ A)y cost @ — A(hsin $6 — kcos$6) =0 


are invariant under a transformation of inverse similitude. 
8. A transformation of inverse similitude has a fixed point. 


9. If the invariant lines are the axes, the equations of a transformation 
of inverse similitude have the form a = dw, y’ =— hy. 


10. A transformation of inverse similitude is equivalent to a reflection in 
a line followed by a homothetic transformation whose center is on that line. 


11. The equations of two congruent, symmetrical, or similar curves are of 
the same degree. 


12. Show that the angle which one line makes with another is unchanged 
by a homothetic transformation. 


13. Show that the distance between two points is multiplied by \ by a 
homothetic transformation. 


14. Show by means of problems 12 and 18 that a homothetic transforma- 
tion is a similitude transformation. 


15. Show that the angle which one line makes with another is unchanged 
by a transformation of direct similitude, but that its sign is changed by a 
transformation of inverse similitude. 


122. Similar conics. We have seen (Theorem XI, p. 291) that it is un- 
necessary to distinguish congruent and symmetrical conics, and hence it is 
unnecessary to distinguish directly and inversely similar conics. 
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Theorem XIV. Jf the non-degenerate conic 
Ax? + Bry + Cy?+ Dt + Hy + F=0 
is subjected to a homothetic transformation whose center is the origin and 
whose ratio is \, then the equation of the homothetic conic is 
Ag? + Bay + Cy? + Dx + Hy + MF =0. 

This is proved by solving the equations of the transformation (Corollary, p. 292) for x 
and y, substituting in the given equation, and simplifying. 

Theorem XV. If two conics C and C’ are homothetic, the origin being the 
center and ) the ratio, then 
H? H? 4H 1 H® 


XV = 
Y Mm A OO MO 
H2 HH’ : : H2 H3 
where —- and oy are the absolute invariants of C’, and a and @ are those 
of C.* 


Proof. Let the equation of C be . 
Ax? + Buy + Cy? + De + Ey + F=0, 
and then by Theorem XIV that of OC’ may be written in the form 
Az? + Bay + Cy? + \Dz + By + 2F=0. 
The absolute invariants of C’ are 
2 (AC) ) eee 
NY Bt-4AC A 
HW (A + C)3 _ 188 


@  4A02F + BXDNE — A (AE)? — CAD? — FB? © 
Q.E.D. 


’ 


Theorem XVI. If two non-degenerate conics C and C’ are similar, then their 
absolute invariants and their ratio of similitude \ satisfy equations (XV). 
Conversely, if the absolute invariants of two conics C and C’ satisfy the first of 
equations (XV) and if the value of determined by the second is real, then C 
and O’ are similar, with the ratio X. 


Proof. By Theorem XIII, p. 292, C may be transformed into C’ by a 
homothetic transformation, whose center is the origin and whose ratio is X, 
which transforms C into a conic 0”, followed by a displacement or symmetry 
transformation which transforms C” into C’. Then, by Theorem XV, 


B42) HZ Hee eee 
(1) uy = 3 (4 = TN } 
A A 1) 2 Oo 
and by Theorem XII, p. 279, 
‘ H’”2 H’2 H’”3 H’3 
(2) — = ; = : 
A nN’ 0” oe 


* Theorem VY, p, 272. The values of A, H, and @ are given on p. 264. 
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From equations (1) and (2) we obtain equations (XV). 

Conversely, if equations (XV) are satisfied, the value of \ determined by 
the second being real, then C and C’ are similar. For let C be transformed 
into a conic C” by a homothetic transformation whose center is the origin 
and whose ratio is \.* Then equations (1) are true by Theorem XV. From 
(1) and (XV) we get equations (2), and hence (Theorem XII, p. 279) C” and 
C’ are equal. Then C” may be transformed into C’ by either a displacement 
or a symmetry transformation. Hence C may be transformed into OC’ by a 
homothetic transformation followed by a displacement or a symmetry trans- 
formation, that is (Theorem XIII, p. 292), by a similitude transformation. 
Hence C and C’ are similar. Q.E.D. 


Corollary I. Two conics are similar if the coefficients of the terms of the 
second degree are proportional, that is, if 
AaB nC 
4B 
and the value of determined by the second of equations (XV) is real. 
For if ris the common value of these ratios, then 
AIA n i Baie C= IO. 
Es ACA) 2 ee ea AGILE iste 
A (BY? —4rArC’ 92(B2-4A/C) A” 
* Hence the first of equations (XV) is satisfied. 


and hence 


Corollary I. Any two parabolas are similar. 


For if C and C’ are parabolas, then (Theorem IX, p. 277) A=0 and A’=0. Hence the 
first of equations (XV) is satisfied. Since A=0, H and © have opposite signs (p. 279) and 
similarly H’ and ©” have opposite signs. Hence the value of A obtained from the second 
of equations (XV) is real. 


Ex. 1; Show that the conics 7?+2y?=36 and 3%2+2ay+3y2—6u%—2y—5=0 
are similar and find the ratio of similitude. 
Solution. Computing the absolute invariants of the given equations and substi- 
tuting in (XV), we obtain 
G7 > OP Sie). 


Bag hs | ORG Ka 2 88 
Solving the second equation, we get A=+4. Hence the first of equations (XV) 
is satisfied, and the second is satisfied if A= +4. The conics are therefore similar, 


with the ratio of similitude equal to +4. The double sign means that they are 
either directly or inversely similar. 


* The proof would break down at this point if the value of A determined by the second 
of equations (XV) were imagifiary, because the ratio of a homothetic transformation is 
a real number. 

That such eases arise is illustrated by the hyperbolas 4 ?— y? = 16 and —427+y?=4. 
whose absolute invariants satisfy the first of equations (XV); but from the second, 


A=ti}v-1. 
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PROBLEMS 


1. Show that the following pairs of conics are similar. Find the ratio 
of similitude in each case and construct the figure. 


(a) 2% —4y2=1, 3a274+4ay+4=0. Ans. }=+2. 
(b) e+ 4y7=0, y? -—8%=0. Ans. }=+2. 
(c) 9a? + y2=9, 22 + Oy? — d4y =0. Ans. X=+8. 
(d) 1622 + 9y? = 144, 2502+ l4ay + 25y2%= 72. Ans. X=+i. 
(e)-a2 — y? = a?, 2ay =a”. : Ans. X= - 
(f) y2=2px, (w—h)?=2p’(y — 2h). Ans. N=4T 


2. Show that the ellipses in Ex. 1, p. 200, are similar. 


3. Show that the hyperbolas in Ex. 2, p. 201, for which & is positive or 
for which k is negative, are similar. 


4. Show that the locus of Az? + Bry + Cy? =k is, in general, a system 
of similar conics. Discuss all possible special cases in which this statement 
is not exact. 


5. Any homothetic transformation is equivalent to a homothetic trans- 
formation whose center is the origin followed by a translation. 


6. By means of problem 4 prove that two conics are homothetic if — 
coefficients of the terms of the second degree are proportional. 


7. Find the center and ratio of the homothetic transformation which 
transforms y2? = 2 px into y2 = 2px. s. (0, 0), X ay 


8. A homothetic transformation whose center is O(0, 0) and whose ratio 
is \ followed by a homothetic transformation whose center is O’ (a, 0) and 
whose ratio is \’ is equivalent to a homothetic transformation whose center 


is (—, 0), that is, a point on OO’, and whose ratio is \. 


9. A circle may be transformed into any other circle by two homothetic 
transformations whose centers, called the centers of similitude of the circles, 
lie on the line of centers. 

Hint. Take the center of one circle for the origin and let the X-axis pass through the 
center of the other circle. Substitute from (XID, p. 292, in the equation of the first 
circle and determine h, k, and A so that the result coincides with the second circle. 

10. Given three circles, the line joining a center of similitude of one pair 
with a center of similitude of a second pair will pass through a center of 
similitude of the third pair. 


Hint, Apply problem 8. * 


11. The six centers of similitude of three circles taken by pairs lie three 
by three on four straight lines. 
Hint. Apply problem 10. 


CHAPTER XIV 


INVERSION 


128. Definition. Let O be a given point and let P be any point of a 
figure F. Construct P’ on OP such that 
ORATOR alc 

By letting P assume different positions on F, 
P’ will move on a figure #’. The operation or 
transformation which replaces P by P’ is called 
H an inversion, while F and F” are called inverse 
\ One, A' figures. O is called the center of the inversion. 


The figure has been accurately constructed and indi- 
SS Z cates that the inverse of a triangle is a figure bounded 
by three curves. Hence we may expect to find that the 
properties of inverse figures are, in general, quite different from those of equal or 
similar figures. 

Two important properties of an inversion are immediately evident from 
the definition. 

1. If P approaches the origin, P recedes to infinity, and conversely. 

For if OP approaches zero, then OP’ must become infinite since OP’: OP =1, and 
conversely. 

2. The points of the circle of unit radius whose center is O are fixed points. 

For if OP =1, then from OP’. OP =1 we get OP’=1. Hence P’ coincides with P, 
that is, P is a fixed point. This fact is useful in plotting inverse figures, for the points 
in which a figure cuts this circle will be points of the inverse figure. 

124. Equations of an inversion. By the equations of an inversion we mean 
two equations involving the coérdinates of two corresponding points P and 
P’. These equations must express the two conditions: 

1. That P and P’ lie on a line through the center. 

2a nats Oars Oke—alp 


The first of these conditions is satisfied when the 
triangles OPM and OP’M’ are similar, whence 


Yi 


(1) Ls LS ¥ = OP. . O 
hve y OP’ 
The second condition may be written, by dividing by OP”, 
FOR. 1 1 
2 = = . by (IV), p. 31 
(2) OP OP? ay? (by (IV), p. 31) 
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ABP) 1 
F 1) and (2 —=—= 
rom ( ) a ( )s 7 y y/2 a y?2 
2 a’ ao y 
wip ye ete y? 


Hence we have 
Theorem I. The equations of an inversion whose center is the origin are 


a! y! 
(1) C= yp ye Vary 


Ex. 1. Find the inverse of the line 2% +4y —1=0. 
Solution. Substitute the values of x and y given by (I) in the given equation. 
We thus obtain 
De 47’ 
w/2 4 y/2 w/2 4+ y/2 
Reducing and dropping primes, we get 
v2 + y2 —24—4y=0. 


This is the equation of a circle whose center is the 
X point (1, 2) and whose radius is V5 (Theorem I, p. 131). 
In the figure a number of inverse points are indicated 
by the dotted lines. 


Ex. 2. Find the inverse of the straight line dz + By + C=0. 
Solution. Substitute in the given equation the values of % and y given by (1). 
This gives i ee 
ee 
a2 + y/2  a/24+ y2 
Simplifying and dropping primes, 
Cx? + Cy2 + Ax + By = 0. 
The locus of this equation is a circle (Theorem II, p. 182) which passes through 
the origin (Theorem VI, p. 73). If C = 0, the locus is the given line. Hence 


The inverse of a straight line which does not pass through the origin is a circle, 
and a line which passes through the origin is invariant under an inversion. 


Ex. 3. Find the inverse of the circle v2 + y2 + Dx + Ey + F=0. 
Solution. Substituting from (I), we get 
_ y? Dx’ i Ey’ 
(x2 + y/2)2 ° (a2 + y/2)2 9 e2@+y2" g2+ y2 
Multiplying by x2 + y” and dropping primes, 
(38) Fur + Fy? + Dx + Ey +1=0. 
The locus is a circle (Theorem II, p. 182) unless F' = 0, in which case (3) is an 
equation of the first degree and its locus is a straight line (Theorem II, p. 86). Hence 


1-2 = 05 


The inverse of a circle is, in general, a circle, but the inverse of a circle which 
passes through the origin is a straight line. 


INVERSION 299 


‘PROBLEMS 


1. If the origin is the center of inversion, find the inverse of each of the 
following curves. Construct the figure in each case. 


(@) Hatea (g) @+y?+4e2—-—6y—4=0. 
(b) 4y =1. (h) 8a—4y=0. 

(c) ¢+y—1=0. (i) 7 — y2= 0. 

(ad) w+ y?-—42=0. (j) 4e¢ —8y=1. 

(e) 2+ y2=4, (US) 422 te te 7 aX) 

(f) w+ y2-2¢%—4y+1=0. Ql) y2=4@. 


2. Find the inverse of the points (0, 2), (8, 0), (8, 4), (2, 1), G, 0), (G, 4), 
(a, 0), and (0, 6). Plot the given and inverse points. 

8. Prove by (I) that the points on the unit circle are fixed points. 

4. Find the equation of all circles which are unchanged by an inversion 
whose center is the origin. Ans. w+ y?2+ De+ Hy +1=0. 

5. Show that the inverse of the center of a circle is not, in general, the 
center of the inverse circle. 


6. Show that the center of the circle obtained in Ex. 2 lies on the perpen- 
dicular drawn from the origin to the given line. 

7. Show that the inverse of a circle whose center is the center of inver- 
sion is a concentric circle. 


125. Inversion of conic sections. In this section we shall discuss several 
curves which are obtained by inverting a conic section. These curves have 
been otherwise defined in Chapter XI. 


Theorem II. The inverse of the parabola is the cissoid if the vertex of the 
parabola is the center of inversion. 


Proof. If the vertex of the parabola is the origin, its equation is 
y? = 2 px. 
Then, from (1), p. 298, 
y’2 2 pa’ 
(a? + y’2)2 ~ gy’? 
Reducing and dropping primes, 
= y? eee n). 


This is the equation of the cissoid of Diocles 


1 
(problem 10, p. 258). If we replace 2p by 2a, 


we obtain the form of the equation usually 
given, namely, 


(1) v= y2(2a—2). Q.E.D. 
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A general discussion (p. 74) gives us the following properties of the 
cissoid. 

1. The cissoid passes through the origin (Theorem VI, p. 78). 

2. It is symmetrical with respect to the X-axis (Theorem V, p. 78). 

8. Its intercepts on both axes are zero (Rule, p. 78). 

4, The cissoid lies entirely between the Y-axis and the line z = 2a. 


For, solving (1) for y, 


a 
(2) yetNie os: 


If x is negative, the numerator is negative and the denominator positive; and if 7 > 2a, 
the numerator is positive and the denominator negative. In either case the fraction is 
negative and y is imaginary. 


5. The cissoid recedes indefinitely from the X-axis and approaches the 
line 2= 21a. 
For as x approaches 2a the fraction in (2) becomes larger and approaches infinity as a 
limit. 
This may also be seen by transforming (1) to polar codrdinates, which gives 
p= 2asiné tané6 


as the polar equation of the cissoid ; and hence, if 6= or “2 > p=. 


Theorem III. The inverse of the equilateral hyperbola is the lemniscate if 
the center of inversion is the center of the hyperbola. 


Proof. The equation of the equilateral hyperbola is (p. 186) 
a? — y2 = q?, 
The equation of the inverse 
curve is (by (I), p. 298) 
4/2 y? 
(a2 + y’2)2 (a2 + y’2)2 = 


Reducing and dropping primes, 


a, 


i 
(a2 + y?)2 = PGs —y?), 


The locus is the lemniscate of 
Bernoulli (problem 1, (g), p. 248, 
1 and problem 4, p. 262). Replacing 
r by a2, we get the form of the equation usually given, namely, 

a 


(3) (x? + y?)2 = a’? (x? — y?). Q.E.D. 


A discussion of the equation of the lemniscate in polar coordinates is given in Ex. 2, 
p. 152. From (3) it is evident that the lemniscate is symmetrical with respect to both axes 
and the origin (Theorem \V, p. 73). 

In the figure a<1 and a’>1. If a=a’=1, the lemniscate will be tangent to the 
hyperbola at its vertices. Ifa@>1and a <1, the two curves will not intersect. 
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Theorem IV. The inverse of the equilateral hyperbola is the strophoid if the 
center of inversion is a vertex of the hyperbola. 


The equation of the equilateral hyperbola, when the origin is the right- 


hand vertex, is 
a — y24+ 2axr=0. 


This is obtained from 2? — y?= @ by setting (‘Theorem I, p. 160) z=2'+a,y=y’, and 
dropping primes. 
The inverse curve, from (1), p. 298, is 
ap’? ape 200 
(a2 + y/2)2 a’? + ’2)2 + gz 4 y/2 


Reducing and dropping primes, 
1 
x (x? + y?) + — (a? — y?) = 0. 
I a gel ala) 


The locus of this equation is the 
strophoid (problem 9, p. 262). Repla- 


4 1 ‘ 
cing Da by a’ and solving for y?, we 


get the form of the equation usually 
given, namely, 


(4) yaa? 


In the figure a/=2a=1. If a’ >1 and 
2a < 1, the left-hand branch of the hyperbola 
will intersect the loop of the strophoid. If a@/<1and 2a >1, the left-hand branch of the 
hyperbola will not meet the strophoid. 


A general discussion of (4) gives us the following properties of the 
strophoid. 

1. It passes through the origin (Theorem VI, p. 78). 

2. It is symmetrical with respect to the X-axis. 


3. Its intercepts are y = 0 or 0 and x=— @’, 0, or 0. Hence it passes 
twice through the origin. 
4. The strophoid lies entirely between the lines v= @ anda =— @. 


For, solving (4) for y, 


y [a + 
(5) y=iu = fae = N08 32 
a= 2 ax 


The quadratic under the radical is negative for values of x not lying between the 
roots (Theorem III, p. 11), and for these values y is imaginary. 


5. The strophoid recedes indefinitely from the X-axis and approaches the 
line 4 = a/, 


For, from (5), y becomes infinite when x approaches a’, 
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Theorem V. The inverse of a conic is a limacon if the center of inversion is 


a focus of the conic. 


EQ Sil= 


Proof. The equation of a conic whose focus is the origin is (Theorem I, 


. 178) 


(1— e2) a? + y? — 2px — ep? = 0. 
Substituting from (I), p. 298, the equation of the inverse curve is 
(1— e?) a y? ~~ 2 e par’ 
(a2 + y2)2  (@2@ + y2)2 w2+ y2 
Clearing of fractions, transposing, and dropping primes, 
ep? (a? + y?)? + 2 px (a? + y?) = (1— €) a2 + y?. 
Adding ex? to both sides and dividing by e?p?, 


= e2p2 = 0. 


2S x? + y?). 
ate) 


i! 
(a? + y2 4+ —2)?= 
Pp 


The locus of this equation is the limacon (problem 11, p. 253). If we set 


=a and aes = b?, we get the form of the equation usually given, namely, 
ep 


) (2? + y? + ax)? = 0? (a? + y?). 2252 


The limagon has three distinct forms corresponding to the three forms of conics, 
according as a is less than, equal to, or greater than b. If a=6, the limagon is some- 
times called the cardioid (Ex. 2, p. 158). 


a>b 


A general discussion of (6) gives us the following properties of the limagon. 
1, It passes through the origin (Theorem VI, p. 78). 

2. It is symmetrical with respect to the X-axis (Theorem V, p. 78). 

3. Its intercepts are x = 0, 0, —a—b, and —a+b andy =0, 0, b, and 


—b. Hence the limacon passes twice through the origin. 


4. The limagon is a closed curve. 


For, transforming to polar codrdinates, (6) becomes (Theorem I, p. 155) 
(p2 + ap cos 6)? = b2p2, 
Solving for p, p=b—acosé. 


Since — 1 cos 6 $1, p cannot become infinite. 
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PROBLEMS 


1. Construct the following conics, find the equations of the inverse curves, 
and discuss and construct their loci. 


(Qi = ay? = San 4 yy, 

(b) a2 — y2= 4, a? — y2=1, 22 — y2 = 4, Qay =1. 

(c) a—y4+vV2e=0, 2 —y2+2=—0, 2—y2+4e=0. 

(dq) 8a27+4y?—47=4, y—47 =16, 822? -—y? +1624 16=0. 


2. Find the inverse of the hyperbola 3 rx? — ry? + 2” = 0, and discuss its 


i ties. 
oe sae Ans. The trisectrix of Maclaurin x (a? + y?) = 5 — 32). 


3. Prove that the inverse of 


(a) the cissoid is a parabola ; 

(b) the lemniscate is an equilateral hyperbola ; 

(c) the strophoid is an equilateral hyperbola ; 

(d) the limagon is a conic, if the origin is the center of inversion. 


4. Prove analytically and geometrically that if a curve C inverts into C’, 
then C’ inverts into C. 


5. Show that the inverse of the locus of an equation of the second degree 
is, in general, a curve whose equation is of the fourth degree. In what 
combination of « and y will the terms of the fourth degree enter? What 
will be the degree if the given locus passes through the origin ? 


126. Angle formed by two circles. If 
radii be drawn to a point of intersection of 
two circles, the angle formed is equal to one 
of the angles formed by the tangents at that 
point, since their sides are respectively per- 
pendicular. That angle @ is called the angle 
formed by two circles. 


Theorem VI. The angle 6 formed by two 
intersecting circles 
Cy: 22+ 47+ Die + Ky + 7 =0 
and Co: 2? + y2 + Dot + Hoy + Fo = 0 
is given by 


(VI) cos 9 = D,D,4+ EE, —2F,—2F, 


VD? + EY—4F,VD?+ EZ—4F, 
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Proof. By definition § equals the angle formed by the radii drawn to a 
point of intersection. Hence from the figure and 17, p. 20, 
ry? + 12" — a 
where r; and rg are the radii of C, and Cz respectively and d is the length of 
the line of centers. By Theorem I, p. 131, 


= Dey — As, 
=4VD-? + E2—4 Fp, 
and the centers of C, and Cz are respec- 


tively (— =, -2) and (-2. a 
2 Z 2 2 
Hence (by (IV), p. 31) 


ay = : V(D; — Di)? + (En — Ey 


(1) cos 6 = 


z)+G- 


Substituting in (1) and reducing, we get (VI). Q.E.D. 
Corollary. C, and Cz are orthogonal if D,D2 + FE, £2 —2 fF, —2F,=0. 


127. Angles invariant under inversion. 


Theorem VI. The angle between two circles is equal to the angle formed by 
the inverse circles. 


Proof. Let the equations of two circles be 
Q:2P+Y+ De+ y+ hy=0 


and (2:27 +7? + Ds + Ex + F, =0. 
Then the equations of the inverse circles are respectively [(3), p. 298] 
Dy - E 1 
Cf Fae ap 
y Fat F, Y + Fr 
Dz 1 


and Cf: 2? + y? + —27 + —y+i—=0 


By Theorem VI the angle formed by Cy and Cy’ is given by 
DD, , EiE2, 2 2 
Fife Fis F; 


ery eye 


~~ D,D, + FE, E, — 2 F, —2 Fs 
VD? + Ey — 4 F, VD2 + Ep? —4 Fe 
= 0, 


COs f= 


where @ is the angle formed by C; and C2. 
Since & and @ are both less than 7, we therefore have # = 0. Q.E.D, 
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Corollary. The angles formed by two intersecting curves are equal to the 
angles formed by the inverse curves. 

For draw two circles respectively tangent to the given curves at a point of inter- 
section. The inverse circles will be tangent to the inverse curves at a point of intersec- 
tion. The angles formed by either pair of curves and the tangent circles are identical, 


and the angles formed by the two pairs of circles are equal. Hence the angles formed 
by the given curves and by the inverse curves are equal. 


PROBLEMS 


1. Find the angles formed by the following pairs of curves and the angles 
formed by the inverse curves, and show that they are equal. 
(a) ~—y=0, 74+ 2y=0. 
(b) e+ 38y—2=0, x—2y=0. 
(c) 2+y2+4e—-—8y=0, 2+ y2—42=0. 
(d) w+ y%—42+412=0, @+y?-—8y=0. 
(e) 2+y2?—6x+4y=0, 64—-—4y—-1=0. 


2. Show that the circles found in problem 4, p. 299, are orthogonal to the 
circle a2 + y2=1. 


3. If P and P’ are two inverse points, show that all of the circles which 
pass through P and are orthogonal to x? + y? = 1 will also pass through P’. 


4. How may problem 3 be used to define an inversion ? 


5. Into what kind of a figure will three lines forming a triangle invert if 
the center of inversion is not on one of these lines ? 


6. Into what kind of a figure will three circles which have a point in 
common invert if that point is the center of inversion ? 


7. Three circles pass through a point and intersect each other in three 
other points. Show that the sum of the angles formed by the circles at 
these three points is two right angles. 


Hint. Invert the figure, using the point common to the three circles as the center of 
inversion, 


8. Three circles pass through the same point. Show how to construct 
four circles tangent to the three given circles. 


Hint. Suppose the required circles constructed. Invert the figure, using the common 
point as the center of inversion and show how to construct the inverse of the required 
circles. Then invert the figure so constructed, using the same center of inversion. 


9. Show that the sign of an angle is changed by an inversion. 
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128. Inversion of systems of straight lines. 

Theorem VII. The inverse of a system of parallel lines is a system of tan- 
gent circles whose centers lie on a line perpendicular to the lines of the system. 

Proof. Choose one of the lines of the system for the Y-axis. Then the 
equation of the system is =a, where a is an arbitrary constant. The 


/ 


ze ; 
inyerse system is therefore (by (I), p. 298) ay? =a, or, reducing and 
Ki 
a ».4 
y 


dropping primes, x? + 7? 22 =0. This is the equation of a system of 


circles whose centers lie on the X-axis and which are tangent to each other 
at the origin (Theorem VIII, p. 144). Q.E.D. 


Theorem IX. The inverse of a system of lines passing through a point is a 
system of circles passing through the origin and through the inverse of that 
point. 

Proof. Let the system of lines be y = mz + b, where 0 is constant and m 
varies. By Theorem I, p. 298, the inverse of the system is, after reducing 
and dropping primes, 


xX 


¥, 
This is the equation of a system of circles passing through the origin 
(Theorem VI, p. 78) and through (0, *) (Corollary, p. 58), which is the 


inverse of (0, 6) thrcugh which the lines pass. Q.E.D. 
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129. Inversion of a system of concentric circles. 


Theorem X. The inverse of a system of concentric circles is a system with 
two limiting points, one at the origin and the other at the inverse of the center 
of the concentric circles. 


Proof. The equation 
(1) a? + y® — 2 By + p?— 12 =0 
represents a system of concentric circles if 6 is constant and r varies 
(theorem IT, p. 58). 


YA 


xe | 


y’ 

The inverse of (1) is [(8), p. 298] 
26 

B2 — r2 


The locus of (2) is a system of circles with their centers on the Y-axis 
(Corollary, p. 181). The radius of any one is (Theorem I, p. 131) 


ala —26 te ee OG 
aa) p2— 7 Be— pe 


Hence 7’= 0 if r = 0, and the locus of (2) is then the point-circle (0, = 


which is the inverse of (0, 8), the center of (1). If r=, (2) eee 
x? + y* = 0, whose locus is the origin. Hence the system (2) has two limiting 
points (p. 144), at the origin and at the inverse of the center of (1). Q.E.p. 


2) ay? 


PROBLEMS 


1. Why do we not consider the system of lines passing through the origin 
in proving Theorem IX ? 

2. Why do we not take the origin for the center of the system of circles 
in proving Theorem X ? 

8. Construct a number of lines of the system # = a and the inverse circles. 
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4. Construct a number of lines of the system y=ma-+ 4 and the 
inverse circles. 


5. Construct a number of circles of the system 2? + y? — 324+ %—1r?=0 
and the inverse circles. 


6. What is the inverse of a system of tangent circles if the point of tan- 
gency is the center of inversion ? 


7. What is the inverse of a system of circles passing through two points 
one of which is the center of inversion ? 


8. What is the inverse of a system of circles with two limiting points 
one of which is the center of inversion ? 


9. The point P; (a, yi) may be regarded as a point-circle whose equa- 
tion is (« — x)?+(y—yi)2?=0. Show that the system of circles repre- 
sented by (x — x1)? + (y — y1)? + k (a? + y? — 1) = 0 has two limiting points, 
namely, P; and the inverse of Pj. What is the nature of the system if P; 
lies on the circle x? + y2=1? 


10. How may problem 9 be used to define an inversion ? 


130. Orthogonal systems of circles. Two systems of circles are said to be 
orthogonal if each circle of one system is orthogonal (p. 148) to every circle 
of the other system. The preceding sections enable us to construct such 
systems with ease. 


Consider two systems of parallel lines such that the lines of one system 
are perpendicular to the lines of the other. If we invert these systems of 
lines, we get two systems of tangent circles whose centers lie respectively on 
two perpendicular lines (Theorem VIII, p. 306). Since angles are preserved 
by inversion (Corollary, p. 305) these systems are orthogonal. Hence 
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Theorem XI. Two systems of tangent circles are orthogonal if they have the 
same point of tangency and if their centers lie on perpendicular lines. 
It is also evident that all of the lines passing through the same point P 


and all of the circles having the center P intersect orthogonally. The 
inverse of the system of lines is the system of circles passing through 


the origin and the inverse of P (Theorem IX, p. 306), and the inverse of 
the system of concentric circles is the system of circles having the origin 
and the inverse of P as limiting points (Theorem X, p. 807). Hence 
Theorem XII. Two systems of circles are orthogonal if all the circles of one 
system pass through two points which are the limiting points of the other. 


MISCELLANEOUS PROBLEMS 


1. Show that the degree of an equation is, in general, doubled by an 
inversion. Will this be true if the terms of the highest degree contain 
x2+ y? as a factor ? 

2. Construct a linkage consisting of a deformable rhombus APBP’ and 
two bars of equal length OA and OB which are free to rotate about the fixed 
point O. Show that P and P’ describe inverse curves if O is the center of 
inversion and OA” — AP?’ is the unit of length. 

3. If P is that point of the rhombus in problem 2 which lies nearest to O, 
then by adding a bar O’P, which is free to rotate about the fixed point 0’, 
P will be constrained to move in a circle. How will P’ move? This linkage 
is known as Peaucellier’s Inversor. 

4. Show how to construct four circles passing through a given point and 
tangent to each of two given circles which do not intersect. 

Hint. Invert the figure, using the given point as the center of inversion. 

5. Find the properties of the cissoid, lemniscate, strophoid, cardioid, and 
limagon, which may be obtained from problems 3, 4, 5, 6, 9, 10, 12, and 18, 
p. 220, by inversion with a proper center. 

6. Show that the angle which one line makes with a second equals the angle 
between the inverse circles, without using the Corollary on p. 305. 


CHAPTER XV 


POLES AND POLARS. POLAR RECIPROCATION 


131. Pole and polar with respect to a circle. Let Pi (#1, y1) be any point 
and let the equation of a given circle C be 


(1) el 
The line Z;, whose equation is 
(2) eye + yyy = 2", 


is called the polar of P; (x1, y1) with respect to C, and Py is called the pole of Ly. 
Theorem I. The polar of a point on a circle is the tangent to the circle at 
that point. ; 


The proof follows at once from the definition and from the fact that (2) has the same 
form as the equation of the tangent (Theorem I, p. 212). 


Theorem II. The polar of a point P; with respect to a circle is perpendicular 
to the line passing through P, and the center of the circle. 

Proof. The equation of the line passing through P; and the origin, the 
center of the circle (1), is (Theorem VII, p. 97) 

Yr — ty = 0. 
This line is perpendicular to (2), the polar of P; (Corollary III, p. 87). 
Q.E.D. 

Corollary. The angle formed by the polars of two points with respect to a 
circle is equal to the angle formed by the lines joining those points to the center 
of the circle. 

Theorem III. The polar of any point of a 
given line passes through the pole of that line. 

Proof. Let Ly be the given line and let 
P,(«1, y1) be its pole. Then the equation 
of Ty is 
(8) tye + yyy = 1. 

Let P2(&2, y2) be any point on Z;; then 
(Corollary, p. 53) 
(4) @1_ + YrY2 = 1. 

The equation of the polar LZ» of the point 
Py, is 


Lou + yy = r, 
310 
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This line passes through P, for if the codrdinates of P, be substituted 
for x and y, we obtain equation (4), which is known to be true. 


Corollary. The pole of any line is the point of intersection of the polars of 
any two of its points. 


Theorem IV. The pole of any line passing through a given point lies on the 
polar of that point. 


Proof. Let P; (x1, y1) be the given point. Its polar is the line 
(5) Dy: ye + yyy = 1. 


Let P2(%2, yz) be the pole of a line Ly which passes through P;. The 


equation of Le is then 
Lot + Yoy = 77. 


Since Lz passes through P; we have (Corollary, p. 58) 
(6) Loy + YoY1 = 7. 


Then Pz, lies on Z,, for when the codrdinates of Pz are substituted in (5) 
for x and y, we obtain equation (6), which is known to be true. Q.E.D. 


Corollary. The polar of any point is the line passing through the poles of 
any two lines which pass through the given point. 


132. Construction of poles and polars. 

Construction I. To construct the polar of a point P outside of a circle, 
draw the tangents to the circle which pass through P. The line joining the 
points of contact of these tangents is the polar of P. 


Proof. Let LZ, and Lz be the tan- 
gents to C, and let Py and Pz, be their 
points of tangency. Then the polars 
of P; and Pz, are the lines Z, and Le 
(Theorem I). Since Ly and Lg pass 
through P, the polar of P is the line L 
passing through P; and P2 (Corollary 
to Theorem IV). Q.E.D. 


In like manner the following con- 
structions are proved. 


Construction IT. Toconstruct the pole 
of a line Z which cuts the circle, draw ; 
the tangents at the points at which Z Lf 
intersects the circle. The point of inter- 
section of these tangents is the pole of Z (Corollary to Theorem III). 
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Construction III. To construct the polar of a point P within a circle, 
construct the poles P, and P2 of 
two lines LZ; and Lg passing through 
P (Construction II). The line join- 
ing P, and Pz, is the polar of P 
(Corollary to Theorem IV). 


Construction IV. To construct 
the pole of a line Z which does not 
cut the circle, construct the polars 
I, and Le of two points P; and P2 
on LZ (Construction I). The inter- 
section of Z; and Lz is the pole of 
L (Corollary to Theorem ITI). 


PROBLEMS 


1. Find the equation of the polar of each of the following points with 
respect to the given circle and construct the figure. 


(a) 8, —4), P+ y=4. (a) (8,4), a+ y?= 36. 
(b) (—1, 2), a + y? = 25. (e) (5,0), a+ y2= 49. 
(c) (7, —2), @+y?=9. (f) (—8, 4), #2 + y? = 25. 


2. Find the pole of each of the following lines with respect to the given 
circle and construct the figure. 


(a) 8@+ y= 25, x2 + y2 = 25. Ans. (38, 1). 

(b) 8% — 2y= 18, 2? 4 y? = 36. Ans. (6, — 4). 

(c) e—4y+8=0, 224 y27=16. Ans. (— 2, 8). 

(d) 2a —y= 64, a+ y? = 64. Ans. (2, —1). 

(e) ©—8y4+16=0, 22+ y27=16. Ans. (—1, 3). 

@) ec—s3y=18, 2+ y2=9. Ans. (4, — 3). 

(g) Aw + By + C=0, 24 y2 = 72. Ans, (=3", - : 


Hint. Let P,(7, 41) be the pole of the given line and write down the equation of the 
polar of P, with respect to the given circle. From the conditions that this line shall 
coincide with the given line (Theorem II, p. 88) determine x, and y. 


3. Find the distance from the origin to the polar of P; with respect to 
cease Lie Ans e 
Va? + y2 


4. By problem 3 show that (a) if P, approaches the origin its polar recedes 
to infinity; (b) if P; recedes to infinity its polar approaches the origin. 
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5. By problem 2, (g), show that if a line recedes to infinity its pole 
approaches the origin, and if the line approaches the origin its pole recedes 


to infinity. 
6. Find the pole of the line joining P, (x1, yi) and Ps (xe, y2) and prove 


that it is the point of intersection of the polars of P, and Pp. 
Ans. (WoW Gi — te) —)- 


T1Y2 — L2Y1 = C1Y2 — LoY1 


7. Find the polar of the point of intersection of Az + By + OC, =0 and 


Agr + Boy + Cz = 0 and prove that it passes through the poles of these lines. 
Ans. (Bi C2 = B20) w+ (CyAz = C2A}) Y= (Ay Be = A»yBy) r2, 


8. If the line y — y; = m(a# — 2) revolves about Pj, the locus of its pole 
is the polar of Pj. 
9. The radius of a circle is a mean proportional between the distances 
from its center to any point and to the polar of that point. 
133. Polar reciprocation with respect to a circle. The transformation 
which replaces a given line by its pole with respect to a circle is called a 
polar reciprocation with respect to that circle. Analytically the transforma- 


tion is defined by 


Theorem V. The pole of the line 
At+ By+C=0 
with respect to the circle yt = 7% 
( nel are > Br’ ; 
C C 
Then the polar of 


is the point 
Proof. Let P (x1, y1) be the pole of the given line. 


P, is the line 
aie + yy — 7? = 0. pr 


Then, by Theorem III, p. 88, 
os ea el / 
APR S.C 
1 
\ 
\ 


BE 
Ge oe rE San 


t= 


The locus C’ of the poles of the tangents 
to a curve ( is called the polar reciprocal 


of C, 
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Theorem VI. If C’ is the polar reciprocal of a curve C, then C is the polar 
reciprocal of C’. 


Proof. Let 1 and m be two tangents to C at L and M. Let M’ be the 
pole of mand L’ of l. Then L’ and M’ are 
two points on C’ by definition. 

, Let p’ be the line passing through L’ 

A and M’. Then the pole of p’ is P, the 

point of intersection of J and m (Corollary 

to Theorem III, p. 311). 
Let L’ move along C’ until it comes into 
yz! coincidence with M’. Then the limiting 
position of p’ is the tangent to C’ at M’. 
Pp But as L’/ approaches M’, 1 must approach m, 
and the limiting position of P is evidently 
the point M. Hence M is the pole of the 

tangent to C’ at M’. Hence C is the polar reciprocal of C’. Q.E.D. 


The method of finding the equation of C’ from that of C is illustrated by 


Ex. 1. Find the polar reciprocal of the parabola y2= 4x with respect to the 
circle 2? + y2= 4. 


Solution. Let P1 (x1, y1) be any point on the parabola. Then 
(1) y312 = 421. 


The equation of the tangent to the parabola 
at P; is (Theorem III, p. 214) 


yy = 2 (x + x), or 
(2) 2% —yiy +2%,=0. 


By Theorem V, the pole of (2) is the point 
P’ (x’, y’), where 


4 2 
Wee are eset 
vy Cy 
2y 
Hence %=— we = — 2 
Substituting in (1), 
y2=— 4%’. 


This is the equation of the locus of P’, that is, of the polar reciprocal of the 
given parabola. The polar reciprocal is therefore a parabola of the same size, 
turned to the left instead of to the right. 

The method consists in finding the pole P’ of the tangent to the given curve at 


Py, expressing x and y; in terms of « and y’, and substituting in the given 
equation, 
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PROBLEMS 


1. Find the polar reciprocal of each of the following circles with respect 
to the circle x? + y? = 4. 


(a) a+ y2?—42=0. Ans. y2>+40%=4. 
(b) 22+ y2-22%—3=0. Ans. 322+ 4y?4+82—16=0. 
(c) +7? —-62+5=0. Ans. 5x%—4y?—247+416=0. 


2. Find the polar reciprocal of each of the following curves with respect 
to the given circle. 


(a)iat 472 = 16, a7 4? = 1, Ans. 1622+ 4y2=1., 
(b) y2=2e —6, 2+ y?=9. Ans. 64? —y?—18%=0. 
(c) 422+ y2 = 8a, 22+ y? = 4. Ans. y2+2%—4=0. 


3. Verify the answers to problems 1 and 2 by finding the polar recipro- 
cals of the curves given in the answers and applying Theorem VI. 


4. Show that the equilateral hyperbola 2 xy = 9 is transformed into itself 
py a polar reciprocation with respect to the circle x? + y? = 9. 


5. Show that the locus of x? — y? = a? is transformed into itself by a polar 
reciprocation with respect to the circle x? + y? = a?. 


134. Pole and polar with respect to the locus of any equation of the 
second degree. Let Pi(a1, y1) be any point and let any equation of the 
second degree be 
(1) Ax? + Bey + Cy?+ Di + Ey + F=0. 

The line Z;, whose equation has the same form as the tangent, namely 
(Theorem II, p. 212), 


Yrxxr + HY “= Hy 


@) Awe + BETA + yy +D 7S + nt 


+F=0, 


is called the polar of the point P, with eee to the locus of (1). Py is 
called the pole of Ly. 

In what follows we speak always of poles and polars with respect to 
the locus of (1) unless the contrary is stated. The following theorems are 
generalizations of the theorems indicated, and are proved in the same way 
by using (1) and (2) of this section instead of (1) and (2) of section 131, 
p. 310. 


Theorem VII. (Generalization of Theorem I.) The polar of a point on the 
locus of (1) is the tangent at that point. 

Theorem VIII. (Generalization of Theorems III and IV.) The polar of any 
point on a given line passes through the pole of that line. Conversely, the pole 
of any line passing through a given point lies on the polar of that point, 
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Corollary I. The pole of any line is the point of intersection of the polars of 
any two of its points. 

Corollary Il. The polar of any point is the line passing through the poles of 
any two lines which pass through the given point. 


The constructions on pp. 311 and 312 enable us to construct poles and 
polars with respect to (1), for the theorems by which the constructions are 
proved have been generalized for the locus of (1). 


A good idea of the direction of the polar of a point with respect to a conic is 
afforded by 


Theorem IX. The polar of a point Pi with respect to a conic is parallel to the 
tangent to the conic at the point where the diameter through P cuts the conic. 


Proof. The proof is separated into two cases according as the conic is a central 
conic or a parabola. 
CAsE I. Central conic. If the center is the origin, its equation may be written 
Ax? + Cy2+ F=0. 
The equation of the polar of Pj is 
(8) Axe + Cyyy+F=0. 
Let the diameter through P ; cut the conic at Pg. The equation of the tangent 
at P, is 
Since P; and P2 are on a line through the origin (Corollary, p. 242), 
1 V1 
2 Ys” 
and hence the lines (3) and (4) are parallel (Corollary II, p. 87). 
Cask II. Parabola. Its equation is y2= 2px. 
The equation of the polar of P; is 
(5) yy = p(@ + 2). 
Let the diameter through P, cut the parabola at Pz. The equation of the 
tangent at Pe is 


(6) yoy = p (& + 29). 
Since (Theorem X, p. 242) y; = ye, the lines (5) and (6) are parallel. Q.E.D. 


PROBLEMS 


1. Find the equations of the polars of the following points with respect to 
the given conics and construct the figures. 

(a) (8, 4), 902+ 4y2 = 36. (e) (—1, 3), # + ay -—6y+4=0. 

(b) (2, —1), 16a? — y? = 64. (f) (4,5), wy+4xe—6y—8=0. 

(c) (8, 6), a2+4y=0. (g) (2, —6), 2+2ay+y2?+x2—y=0. 

(d) (2, — 4), zy —16=0. (hb) (8,2), 5a”?+6ay + 5y2—12=0, 
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2. Find the poles of the following lines with respect to the given conics 
and construct the figures. 


(a) 9 + 4y = 36, 9a? + y? = 36. Ans. (1, 4). 

(b) 2a—8y+4=0, yY=4e. Ans. (2, — 8). 

(Ca 2 16) ey 8. Ans. (— 2, 1). 

(d) 14a+y=8, 4a%2-y2=16., Ans. (7, — 2). 

(e) 2a -—y+18=0, #+4y=16. Ans. (— 4, — 5). 

(f) ©+4=0, 2+ 4ay+y2?4+27+4=0, Ans. (0, 0). 

(g) lla+2y+18=0, 17a? —12ay + 8y2 — 68% 4 24y —12=0. 
Ans. (0, — 2). 


8. Tangents are drawn from the point (8, 4) to the ellipse x? + 44? = 16. 
Find the equation of the line joining their points of tangency. 
Ans. ©+2y—2=0. 
4. Tangents are drawn to the hyperbola 162? — y? = 64 at the points 
of intersection of the hyperbola and the line 8%+38y+4382=0. Find the 
coordinates of their point of intersection. Ans. (—1, 6). 


5. How does the polar of a point with respect to a central conic behave 
if the point approaches the center ? if the point recedes to infinity ? 
6. The polar of the focus of any conic with respect to that conic is the 
corresponding directrix. 
7%. The polar of any point on the directrix of a conic passes through the 
corresponding focus. 
8. The polars of a point with respect to conjugate hyperbolas are parallel. 
9. The polar of a focus of an ellipse with respect to the major auxiliary 
circle is the corresponding directrix. 
10. What is the locus of a point which lies on its polar with respect to a 
given conic ? 
11. That part of the diameter of a parabola included between any point 
on it and its polar is bisected by the point of contact. 


135. Polar reciprocation with respect to the locus of any equation of the 
second degree. Let 
(1) Az? + Bey + Cy2?+ Dx + Fy + F=0 
be any equation of the second degree. Let C be any curve and let C’ be the 
locus of the poles of the tangents to C with respect to the locus of (1). C’ is 
called the polar reciprocal of C' with respect to (1). 


Theorem X. (Generalization of Theorem VI.) If C’ is the polar reciprocal 
of C with respect to (1), then C is the polar reciprocal of C’. 


The proof is identical with that of Theorem VI, p. 314. For the theorems on poles 
and polars with respect to a circle, used in proving that theorem, have been extended to 
the locus of (1). 
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Corollary. The polar reciprocal of C is a curve C’ whose tangents are the 
polars of the points of C. 

The polar reciprocal of a curve C with respect to (1) may therefore be 
regarded in either one of two ways: 

1. As the locus of the poles of the tangents to C. 

2. As the curve whose tangents are the polars of the points of C. 

{n either case the fact to be observed is that to a point of one figure corre- 
sponds a straight line of the other figure and vice versa. The transformation 
which replaces C by C’ is called a polar reciprocation with respect to (1). 

Analytically the polar reciprocation with respect to (1) is completely defined 
by the equation 


(2) Ane + BULLEN + Oyy + DET 4 gE EW) 4 poo, 


For, in the first place, the locus of (2) gives us at once the polar of 
Py (%1, Y1): 

In the second place, the pole of any line 
(8) A’x + By +C’=0 
is found from (2) as follows. Let Pj (#1, y1) be the pole of (8). Then since 
(2) and (8) are the equations of the polar of the same point Py, their loci 
coincide. Hence (Theorem III, p. 88) 


B Dee: 
Ax t+ Cy 
eas 9 1 ar ange ita = 
ae a B Cc’ 
These equations can, in general, be solved for x; and y; (Theorem IV, p. 90). 
The method of finding the equation of the polar reciprocal of a given 


curve C is illustrated in the following example. 


wo | & 


D vH 
Soh aes 


Ex. 1. Find the equation of the polar reciprocal of the ellipse 
C:422+9y2—1=0 
with respect to the ellipse 
(4) w2+4y2+2x%=0. 
Solution. Let P (x1, y1) 
be any point on C. Then 
(5) 4ay2+9y,2—-1=0. 
The equation of the tan- 
gent to C at P; is (Theorem 
IH, p. 214) 
(6) 441% + 9yLy —1=0. 
Let P’(x’, y’) be the pole 
of (6) with respect to (4). The 
equation of the polar of P’ is 
(7) (@’+1)ha+4y/y+2’=0. 


‘ 
; 2 ‘ 
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Since (6) and (7) have the same locus (Vheorem II, p- 84), 
ia8 _9 9Y1 _ ies ae! 
+1 4y wf 
Solving for x; and y1, we obtain 
a +14 4y/ 
he 2 Ov 


Substituting in (5), we have the required equation 


4(— Ys 9(- Ary ~1=0, 


Reducing and dropping primes, we obtain 
27 a — 6442 — 18% —9=0, 
whose locus is an hyperbola, 
In the figure three divisions are taken for unity. 


C6 died 


PROBLEMS 


1, Find the polar reciprocal of the first of the following curves with 
respect to the second. Construct the figure in each case. 


(a) ?—4¢2=90, P+4y=0. Ans. ty —2=0. 

(b) P+ yal, e-Y=4, Ans, 2% + 4% =16, 

(C) P+4y7=4, 4+ 7 =4, Ans, 6447 + y? = 16, 

(d) 2 —Ay2=16, P4+4y°=20, Ans. 15 2?—64y2—3224+16=0. 
(e) 4y—4=0, P— 7 =16, Ans. ty +16=0. 

(ff) 8y —-#=0, 7% —-y=4, Ans, 202 =27y. 


2. Verify the answers to problem 1 by showing that the polar reciprocals 
of the curves in the answers are the given curves. 


3. Show that either of the following curves is unchanged by a polar recip- 
rocation with respect to the other. 

(a) Wat + yj = 0, Va? — ah = ab. 

(b) Pi? — dy = PV, Vi — 4 = — 0. 

(e) f° —2pn=0, + 2pe=0. 

4. If the vertices of one triangle are the poles of the sides of a second 
triangle, then the vertices of the second are the poles of the sides of the first. 

Two triangles such that the vertices of either are the poles of the sides of 
the other are called conjugate triangles. If the vertices of a triangle are the 
poles of the opposite sides, the triangle is said to be self-conjugate. 


5. Show that (2, 1), (4, 4), and (3, 2) are the vertices of a self-conjugate 
triangle with respect to the hyperbola «4 — 4? = 4, 

6. Show how to construct a self-conjugate triangle with respect to a given 
conic if one vertex is given, How many may be constructed ? 
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”. Show that if we reciprocate the figure which is given or implied in one 
of the following statements, we obtain the corresponding statement. 


(a) Two points determine the line Two lines determine the point in 
on which they lie. which they intersect. 

(b) Three points on the same line. Three lines through the same point. 

(c) Three points at the vertices of a Three lines forming a triangle. 
triangle. 

(d) n points at the vertices of a poly- n lines forming the sides of a poly- 
gon. . gon. 

(e) An infinite number of points An infinite number of lines tangent 
lying on a curve. to a curve. 

(f) A line intersecting a curve in n A point through which pass 7 lines 
points. tangent to a curve. 

(g) A curve passing twice through A curve tangent twice to the same 
the same point. line. 

(h) A conic section. A conie section. 

(i) A conic may be constructed which A conic may be constructed which 
passes through five given points. is tangent to five given lines. 

(j) Two conics intersect in general Two conics have in general four 
in four points. common tangents. 


136. Polar reciprocation of a circle with respect to a circle. The equa- 
tions of any two circles C and Cy may be put in the forms 
CRA ye 
and Cy: 22+ y24+ Det+ F=0 
by taking the center of C as origin and the line of centers of C and C; as 
the X-axis. We shall now find the polar reciprocal of C with respect to C4. 
Let Pi (#1, yi) be any point on C. Then (Corollary, p. 53) 


(1) my? + yy? = 77, 
and the equation of the tangent to C at P, is (Theorem I, p. 212) 
(2) LD > OOPS, 
Let P’(a’, y’) be the pole of (2) with respect to C1; then the polar of P’ is 
we+yyt+Dt* =p =O; 
or 
D D 
3 ( vw +— )a i —a es 
(3) ) tyy+ Se +F=0. 
Since (2) and (8) have the same locus (Theorem III, p. 88), 
my Wi = r2 
et eS 
he xs pact 7 
aF 9 3 “e+ FP 
Solving for 7 and y;, we obtain 
v2 (22 + D 2y’ 
oj ee Dee ee 
Di’ +2F Dx’ +2F 
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Substituting these values in (1), reducing, and dropping primes, we have 
the equation of C’, namely, 


C’: (47? — D) a2 + 4722 + 4 D(r? — F) a + (r2D? — 4 F2) = 0. 
The discriminant of C’ is (p. 265) 
© = 16 7? (4 r2 — D?) (r2D? — 4 F2) — 64 72D? (r2 — F)2 = — 16 rt (D2 — 4 F)?. 
As 4 VD? — 4 F is the radius of C; (Theorem I, p. 181), it follows that 


©’ is not zero if the radii of C and Cj are not zero. Hence (Theorem I, 
p- 266) 


Theorem XI. The polar reciprocal of the circle C: x? + y? = r? with respect 
to the circle Cy: x2 + y2 + Dx + F=0 is the non-degenerate conic C’ whose 
equation is 


(XI) (472 — D?)a? + 4 r2y2 + 4 D(r? — F)a + (72D? — 4 F2) = 0, 
The nature of the conic C’ depends upon the sign of 
Ai =— 4-472 (472 — D2). 
It is evident that 
D2 
A’ <0 if 4r2— D2 >0, or Le 


D2 
A’>0 if 4r2 — D2 <0, or isa 


2 
A’=0 if 472 — D?=0, or nad, 


Hence (Theorem IX, p. 277) 


D2 
the conic C’ is an ellipse ifr?> rs 


: D? 
the conic C’ is an hyperbola if r? < 7? 


P dD? 
the conic C’ isa parabola if r?= ai, 


a : D 
But z is the square of the distance from the origin to (- 2° 0)» the 


center of C; (Theorem I, p. 131), and therefore 


, D? 
the center of O; is inside of C if r? > sige 


: De 
the center of C; is outside of C if r? < ta: 5 


‘ D 
and the center of C; is on C if r? Say a 
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Hence 

Theorem XII. The polar reciprocal of a circle C with respect to a circle Cy 
is an ellipse, hyperbola, or parabola according as the center of C, is inside of, 
outside of, or on the circle C. 


PROBLEMS 


1. Find the polar reciprocal of the circle x? + y? = 4 with respect to each 
of the following circles and construct the figure. 


(a) 2+ y%?—42—-—5=0. Ans. 4y2— 36%—9=0. 
(b) a2 +y?-24—3=0., Ans. 322+4y2—14%—-5=0. 
(c) “2+ y2-—62=0. Ans. 54%—4y?+ 242 —36=0. 


2. Show that the center of Cy (Theorem X1I) is a focus of (XI) and that the 
corresponding directrix is the polar of the center of C with respect to Cj. 


Hint. Transform (XI) by moving the origin to the center of C,, find the focus and 
directrix by comparison with (11), p. 178, and transform to the old coérdinates. 


3. If P, and P, are two points whose polars with respect to a circle Cy are 
I, and Lz, then : = 2, where 1; and /, are the distances from the center of 
1 2 


C; to P; and Pe, d, is the distance from Lz to P;, and dz from Ly to Pe. 


Hint. The center of C, may be taken as the origin. Apply (IV), p. 31, and the Rule, 
p. 106. 


4. Prove Theorem XII and problem 2 by means of problem 3 and the defi- 
nition of a conic (p. 178). 


Hint. Let P, of problem 3 be the center of C. 


5. The angles which two lines L; and Le (Fig., p. 311), which are tan- 
gent to a circle C, make with the polar Z of their point of intersection 
are evidently equal. If we reciprocate the figure with respect to a circle 
C1, what will be the corresponding theorem in the new figure? 


Hint. The polar reciprocal of C is a conic whose focus is the center of C, (problem 2). 
To Z, and L, correspond two points on the conic, and to their points of contact correspond 
the tangents to the conic at these points. To Z corresponds the point of intersection of 
these tangents. Draw lines from the focus to the points of contact of the tangents and 
to their point of intersection, and apply the Corollary to Theorem II, p. 310. 


Ans, If two tangents be drawn to a conic, the line joining the focus to 
their point of intersection bisects the angle between the focal radii drawn to 
the point of contact. 
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6. Obtain the following theorems in the right-hand column from those in 
the left-hand by means of a polar reciprocation with respect to a circle. 


(a) Any tangent to a circle is per- 
pendicular to the radius drawn to the 
point of contact. 


(b) The angle formed by two tan- 
gents to a circle is bisected by the line 
drawn from the center to their point 
of intersection. 


(c) The points of intersection of 
tangents to a circle which intersect at 
a constant angle le on a concentric 
circle. 


The lines from a focus to any point 
on a conic and to the point where the 
tangent at that point meets the directrix 
are perpendicular. 

The angle formed by the focal radii 
of a conic drawn to its points of inter- 
section with any line is bisected by the 
line joining the focus to the intersec- 
tion of that line and the directrix. 

Chords of a conic which subtend 
equal angles at the focus are tangent 
to a conic with the same focus and 
directrix. 


137. Correlations. Any transformation which makes the points of one 
figure correspond to the lines of a second figure is called a correlation. Polar 
reciprocations with respect to conics are the most important correlations. 

A correlation is completely determined when we are able to find 

1. The equation of the line corresponding to a given point. 

2. The codrdinates of the point corresponding to a given line, 

We shall now see that a correlation is defined by an equation of the form 


(1) (@y@1 + Ory + C1) & + (A2%y + Bay1 + C2) Y + (Age1 + Dgyi + Cz) = 0, 
which is of the first degree in x and y and in 2, and 9, 


The locus of (1) is the line corresponding to a given point P, («1, 71). 
To find the point corresponding to a given line 


(2) Ax + By +C=0, 


we suppose that P; (#1, yi) is the required point. 
Hence (1) and (2) have the same locus and 


corresponding to P, is (1). 
therefore 


The equation of the line 


Aye + bry + C1 _ Mar + boy1 + Co _ Asti + bay1 + C3 


@) a 


$ 


C 


These equations may, in general, be solved for x; and 41. 


As far as defining the line corresponding to a given point is concerned, the parenthe- 


ses in (1) might be any complicated expressions in 2, and 4. 


But if the expressions in 


those parentheses were not of the first degree, then the equations (3) would have more 
than one pair of solutions for z, and y,, and hence there would be more than one point 


corresponding to a given line. 


In general the point P, will not lie upon the locus of (1). 


The condition 


that P, should lie on the locus of (1) is (Corollary, p. 53) 
(ayes + Biya + C1) &1 + (Got + Bayi + C2) Yi + (Asti + Osi + as) = 0, 
Or yy? + (d1 + G2) Lys + Bays? + (C1 + Mis) 1 + (Co + bs) Yr + ag =O. 
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This is also the condition that P, shall lie upon the locus of the equation 
(4) aya? + (b1 + Ge) wY + boy? + (C1 + As) % + (Co + bs) y + ds = 0. 


The manner in which the conic sections enter into the theory of correlations 
is thus given by 

Theorem XIII. The locus of the points which lie upon the lines corresponding 
to them in the correlation defined by (1) is the conic or degenerate conic whose 
equation is (4). 

It should be noticed that the correlation defined by (1) is not, in general, 
a polar reciprocation in the curve (4), for (1) is not the equation of the polar 
of P;(%1, y1) with respect to (4). 

Suppose, however, that 6; = dz, cy = dg, and c2 = b3. Then (4) becomes 


(5) Ax? + 2aguy + boy? + 2agx + 2 bsy + az = 0, 
and (1) becomes 
(1% + Goy1 + Ag) @ + (Aor + boy1 + bs) y + (a1 + bsy1 + C3) = 0, 
or 
(6) ay@ye + Ae (Y1® + iy) + boyy + As (@ + &1) + Ds (y + Y1) + Cg = 0. 
The locus of (6) is the polar of P;(%1, y1) with respect to (5). Hence we 
have 


Theorem XIV. Jf bi = de, C1 = a3, and Cy = bs, then the correlation defined 
by (1) is a polar reciprocation with respect to the locus of (5). 


CHAPTER XVI 


CARTESIAN COORDINATES IN SPACE 


138. Cartesian coérdinates. The foundation of Plane Analytic 
Geometry lies in the possibility of determining a point in the 
plane by a pair of real numbers (a, y) (p. 25). The study of 
Solid Analytic Geometry is based on the determination of a point 
in space by a set of three real numbers 2, y, and z. This deter- 
mination is accomplished as follows : 

Let there be given three mutually perpendicular planes inter- 
secting in the lines XX', YY', and ZZ! which will also be mutually 
perpendicular. These three 
planes are called the coordinate 
planes and may be distin- 
guished as the X Y-plane, the 
YZ-plane, and the ZX-plane. 
Their lines of intersection 
are called the axes of codrdi- 
nates, and the positive direc- 
tions on them are indicated 
by the arrowheads.* The 
point of intersection of the 
coérdinate planes is called 
the ofigin. 

Let P be any point in space and let three planes be drawn 
through P parallel to the codrdinate planes and cutting the axes 
at A, B, and C. Then the three numbers 0A = a, OB = y, and 
OC =z are called the rectangular coordinates of P. 


* XX’ and ZZ’ are supposed to be in the plane of the paper, the positive direction on 
XX’ being to the right, that on ZZ’ being upward. YY’ is supposed to be perpendicular 
to the plane of the paper, the positive direction being in front of the paper, that is, from 
the plane of the paper toward the reader. 


825 


326 ANALYTIC GEOMETRY 


Any point P in space determines three numbers, the codrdinates 
of P. Conversely, given any three real numbers 2, y, and z, a 
point P in space may always be constructed whose coordinates 
are a, y,and z. For if we lay off OA =a, OB=y, and OC =z, 
and draw planes through A, B, and C parallel to the coordinate 
planes, they will intersect in such a point P. Hence 


Every point determines three real numbers, and conversely, three 
real numbers determine a point. 


The codrdinates of P are written (x, y, z), and the symbol 
P(a, y, 2) is to be read, “The point P whose coérdinates are 
Ss Y, and 2.” 

The codrdinate planes divide all space into eight parts called 
octants, designated by O-XYZ, O-X'YZ, etc. The signs of the 
codrdinates of a point in any octant may be determined by the 


Rule for signs. 

x is positive or negative according as P lies to the right or left 
of the YZ-plane. 

y is positive or negative according as P lies in front or in back 
of the ZX-plane. 

2 1s positive or negative according as 
P lies above or below the X Y-plane. 


Z 


If the codrdinate planes are not 
mutually perpendicular, we still have 
an analogous system of codrdinates 
called oblique codrdinates. In this 
system the codrdinates of aspoint 
> are its distances from the codérdi- 
4X nate planes measured parallel to the 

axes instead of perpendicular to the 
planes. We shall confine ourselves 
to the use of rectangular codrdinates. 

Points in space may be conveniently plotted by marking the same scale on XX’ 
and ZZ’ and a somewhat smaller scaleon YY’. Then to plot any point, for example 


(7, 6, 10), we lay off OA = 7 on OX, draw AQ parallel to OY and equal to 6 units 
on OY, and QP parallel to OZ and equal to 10 units on OZ. 
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PROBLEMS 


1. What are the codrdinates of the origin ? 


2. Plot the following sets of points. 
(a) (8, 0, 2), (— 8, 4, 7), (0, 0, 5). 
(b) (4, — 8, 6), (— 4, 6, 0), (0, 8, 0). 
(c) (10, 3, =a 4), (= = 0, 0), (0, 8, 4). 
(d) (8, — 4, — 8), (— 5, — 6, 4), (8, 6, 0). 
(e) (== ae —| 8, ona 6), (3, 0, 4), (6, ae 4, 2). 
(@) (— 6, 4, —4), (0, — 4, 6), (9; 7, — 2). 
3. Where can a point move if =0? if y=0? if z=0? 
4. Where can a point move if c=0 and y=0? if y=0 and z=0? 
if z= 0 and 7 =,0:? 


5. Show that the points (a, y, z) and (— a, y, 2) are symmetrical with 
respect to the YZ-plane; (a, y, z) and (x, — y, 2) with respect to the ZX- 
plane; (x, y, z) and (x, y, — 2) with respect to the X Y-plane. 

6. Show that the points (a, y, z) and (— a, — y, z) are symmetrical with 
respect to ZZ’; (x, y, Z) and (x, — y, —z) with respect to XX’; (x, y, z) and 
(—«a, y, — 2) with respect to YY’; (a, y, z) and (— x, — y, — 2) with respect 
to the origin. 

7. What is the value of z if P(x, y, z) is in the XY-plane ? of w if P is in 
the YZ-plane ? of y if P is in the Z-X-plane ? 


8. What are the values of y and z if P (a, y, z) is on the X-axis? of z and 
x if P is on the Y-axis? of x and y if P is on the Z-axis? 


9. A rectangular parallelopiped lies in the octant O-XYYZ with three 
faces in the codrdinate planes. If its dimensions are a, b, and c, what are 
the codrdinates of its vertices ? 


139. Orthogonal projections. To extend the first theorem of 
projection (p. 30) we define the angle between two directed lines 
in space which do not intersect to be the angle between two 
intersecting directed lines (p. 28) drawn parallel to the given 
lines and having their positive directions agreeing with those of 
the given lines. 

The definitions of the orthogonal projection (p. 29) of a point 
upon a line and of a directed length AB upon a directed line 
hold when the points and lines lie in space instead of in the 
plane. It is evident that the projection of a point upon a line 
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may also be regarded as the point of intersection of the line and 
the plane passed through the point perpendicular to the line. 
As two parallel planes are equidistant, then the projections of a 
directed length AB upon two parallel lines whose positive directions 
agree are equal. 


Theorem I. First theorem of projection. Jf A and B are points 
upon a directed line making an angle of y with a directed line CD, 
then the 


(J) projection of the length 4B upon CD = AB cosy. 


Z ea Proof. Draw C'D' through A 
; parallel to CD. Then by defini- 
p’ tion the angle between AB and 
C'D' equals y. Since C'D' and AB 
intersect we may apply the first 
theorem of projection in the plane 
v Q (p. 80), and hence the 


projection of the length 4B upon C'D! = AB cos y. 


Since the projection of AB on CD equals the projection of AB 
upon C'D!' we get (1). Q.E.D. 


Theorem II. Second theorem of projection. Jf each segment of a 
broken line in space be given the direction determined in passing 
continuously from one extremity to the other, then the algebraie 
sum of the projections of the segments upon any directed line equals 
the projection of the closing line. 


a 
The proof given on p. 48 holds whether the broken line lies in the plane or in 
space. 


Corollary I. The projections on the axes of codrdinates of the 
line joining the origin to any point P are respectively the codrdi- 
nates of P. 

For the projection of OP (Fig., p. 325) upon OX equals the sum of the projec- 


tions of OA, AQ, and QP, which are respectively equal to x, 0, and 0 [by (1)}. 
Similarly for the projections on OY and OZ. 
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Corollary II. Given any two points P, (a4, 71, #1) and Pz (x2, Yo; Ze); 
then 
HL, — H, = projection of P,P, upon XX’, 


Yo — Yi = projection of P,P, upon YY’, 
#, — #, = projection of P,P, upon ZZ’. 


For if we project PyOP:2 and P;P2 upon XX’, we have the 
proj. of P10 + proj. of OP2 = proj. of PiP2. 
But by Corollary I, 
proj. of P}O=— x, proj.of OP2,= ze. 
*, % — %1 = proj. of PiP2 upon XX’. 


In like manner the other formulas are proved. 


Corollary III. Jf the sides of a polygon be given the direction 
established by passing continuously around the perimeter, the sum 
of the projections of the sides upon any directed line is zero. 


PROBLEMS 


1. Find the projections upon each of the axes of the sides of the triangles 
whose vertices are the following points and verify the results by Corollary III. 
(a) Ge 3, 4, Ta 8), (5, i, 6, 4), (8, 6, 0). 

(b) (eG 4, — 8, a 6), (3, 0, 7), (6, 4, = 2). 
(c) (10, 8, — 4), (—4, 0, 2), (0, 8, 4). 
(d) (= 6, 4; a 4), (0, a 4, 6), (9, 1, = 2). 
2. If the projections of P,P, on the axes are respectively 38, — 2, and 7, 
and if the coérdinates of P; are (— 4, 8, 2), find the codrdinates of Py. 
Ans. (—1, 1, 9). 
8. A broken line joins continuously the points (6, 0, 0), (0, 4, 3), (— 4, 0, 0), 
and (0, 0, 8). Find the sum of the projections of the segments and the pro- 
jection of the closing line on (a) the X-axis, (b) the Y-axis, (c) the Z-axis, 
and verify the results by Theorem II. Construct the figure. 


4. A broken line joins continuously the points (6, 8, — 3), (0, 0, — 3), 
(0, 0, 6), (— 8, 0, 2), and (— 8, 4, 0). Find the sum of the projections of 
the segments and the projection of the closing line on (a) the X-axis, (b) the 
Y-axis, (c) the Z-axis, and verify the results by Theorem II. Construct the 
figure. 

5. Find the projections on the axes of the line joining the origin to each 
of the points in problem 1. 


330 ANALYTIC GEOMETRY 


6. Find the angles between the axes and the line drawn from the origin to 


4 
(a) the point (8, 6, 0). Ans. Peep cos-1—, —- 


2 1 2 
(b) the point (2, —1,—2). Ans. Lo Bar cos" ( -;): cos —=). 


”%. Find two expressions for the projections upon the axes of the line 
drawn from the origin to the point P(x, y, z) if the length of the line is 
p and the angles between the line and the axes are a, B, and y. 


8. Find the projections of the codrdinates of P(x, y, z) upon the line 
drawn from the origin to P if the angles between that line and the axes 
are a, B, and y. Ans. ZCOSa, y cOosB, z Cosy. 


140. Direction cosines of a line. The angles a, B, and y 
between a directed line and the axes of coédrdinates are called 
the direction angles of the line. : 

If the line does not intersect the axes, then by definition (p. 327) a, B, and y 
are the angles between the axes and a line drawn through the origin parallel to 
the given line and agreeing with it in direction. * 

The cosines of the direction angles of a line are called the 
direction cosines of the line. 

Reversing the direction of a line changes the signs of the direc- 
tion cosines of the line. 

For reversing the direction of a line changes @, 8, and ¥ into (p. 28) 7 — a, 
nm — B, and wz — y respectively, and (5, p. 20) eos (a — x) = — cosa. 

Theorem III. [f a, B, and y are the direction angles of a line, then 
(IIT) cos’a + cos*B + cos*y = 1. 


Thatis, the sum of the squares of the 
direction cosines of a line is unity. 

Proof. Let AB be a line whose 
direction angles are a, 8, and y. 
Through O draw OP parallel to 
AB and let OP=p. By definition 
(p. 827) Z XOP=a, Z YOP=B, 
ZZOP=y. Projecting OP on the 
axes, we get by Corollary I, p. 328, 
and Theorem I, p. 328, 


(1) %=pcosa, y=pcosB, 2 =p cosy. 
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“ 
Projecting OP and OCQP on OP, we get (Theorems I and I1) 


(2) p=xcosa + y cos B+ z cos y. 
Substituting from (1) in (2) and dividing by p, we obtain 
(IIT). Q.E.D. 
Corollary. Jf = c= one = ac then 


a 7) 
cos @ = ——_——————-, cos B= ; 
+ Va? +b? 4 ¢? tva'?+0?+4+ ¢? 


c 
cos y = ——________.. 
+tvVa' +b? 4 ¢ 
That is, if the direction cosines of a line are proportional to three 


numbers, they are respectively equal to these numbers each divided 
* . 
by the square root of the sum of their squares. 


For if 7 denotes the common value of the given ratios, then 
(3) COS Q—= 0 COS Gi—=09r (COS) — "Cr. 
Squaring, adding, and applying (II}), 
1= 72 (a2 + 62 + c?). 
eee ee 
—4VeiPe+e 


i) 


Substituting in (3), we get the values of cos @, cos B, and cos y to be derived. 


If a line cuts the X Y-plane, it will be directed upward or downward according 
as cos y is positive or negative. 

If a line is parallel to the X Y-plane, cos y = 0 and it will be directed in front 
or in back of the ZX-plane according as cos B is positive or negative. 

If a line is parallel to the X-axis, cos 8 = cos y = 0, and its positive direction 
will agree or disagree with that of the X-axis according as cos @=1 or — 1. 

These considerations enable us to choose the sign of the radical in the Corollary 
so that the positive direction on the line shall be that given in advance. 


141. Lengths. 
Theorem IV. The length 1 of the line joining two points 
Py (1, Yr, 21) and Py (Xe, Yo, %) 18 given by 


(IV) U = V (ar, — ay)* + (ys — Yo)? + (21 — 22) 
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Proof. Wet the direction angles of the line P,P, be a, B, and y. 
Projecting P,P, on the axes, we get, by Theorem I, p. 328, 
and Corollary II, p. 329, 


(1) leosa=a4,—2, LoosB=y2— yy LCOS y = % — 1 
Squaring and adding, 
i? (cos? a + cos? B + cos? y) = (a2, — 21)? + (Y2 — 91)” ae (#2 — 21)? 
= (1 — £2)” + (Yi — Y2)” + (% — #2)”. 
Applying (III), p. 330, and taking the square root, we get (IV). 


Q.E.D. 
Corollary. The direction cosines of the line drawn from P, to 
P, are proportional to the projections of P,P, on the axes. 


cosa cosB _ cosy 


For, from (1), Fees nee es 


since each ratio equals r and the denominators are the projections of P,P, on 
t the axes (Corollary II, p. 329). 

If we construct a rectangular parallelopiped 
by passing planes through P; and Pe parallel 
to the coordinate planes, its edges will be paral- 
lel to the axes and equal numerically to the 
projections of PP: upon the axes. P1P2 will 
be a diagonal of this parallelopiped, and hence 
22 will equal the sum of the squares of its 
three dimensions. We have thus a second 
method of deriving (IV). 


PROBLEMS 


1. Find the length and the direction cosines of the line drawn from 


(a) P1(4, 8, — 2) to P(—2, 1, — 5). Ans. 7, —§, —2, —. 
(b) Pi(4, 7, —2) to P2(3, 5, —4). Ans 3 = 2 eee 
(c) P1(8, — 8, 6) to P:(6, — 4, 6). Ans. 5. 3, $, 0. 


2. Find the direction cosines of a line directed upward if they are propor- 
tional to (a) 3, 6, and 2; (b) 2,1, and — 4; (c) 1, — 2, and 8. 
2 1 4 1 —2 . 8 
Ans. (a) 4, 9, #5 (b) : oe (Cy ee ae 
i SL N/aT Nat a NO aa aera ame 
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8. Find the lengths and direction cosines of the sides of the triangles 
whose vertices are the following points; then find the projections of the sides 
upon the axes by Theorem I, p. 328, and verify by Corollary III, p. 329. 

(a) (0, 0, 3), (4, 0, 0), (8, 0, 0). 

(b) (8, 2, 0), (— 2, 5, 7), (1, — 8, — 5). 

(c) (— 4, 0, 6), (8, 2, — 1), (2, 4, 6). 

(d) (8, — 8, — 8), (4, 2, 7), (—1, — 2, — 5). 

4. In what octant (O-X YZ, O-X’YZ, etc.) will the positive part of 
a line through O lie if 

(a) cosa>0, cosB>0, cosy>0? (e) cosa <0, cosB>0, cosy>0? 
(b) cosa>0, cosB>0, cosy <0? (f) cosa <0, cosB<0, cosy>0? 
(c) cosa>0, cosB <0, cosy <0? (g) cosa <0, cosB <0, cosy <0? 
(d) cosa>0, cosB <0, cosy>0? (h) cosa <0, cosB>0, cosy <0? 

5. What is the direction of a line if cos~=0? cosB=0? cosy=0? 
cosa =cosB = 0? cos8 = cosy = 0? cosy = cosa=0? 

6. Find the projection of the line drawn from the origin to P; (5, — 7, 6) 
upon a line whose direction cosines are $, — 3, and #. Ans. 9. 

Hint. The projection of OP, on any line equals the projection of a broken line whose 


segments equal the coordinates of P,. 


7. Find the projection of the line drawn from the origin to Py (21, ¥1, 21) 

upon a line whose direction angles are a, B, and y. 
Ans. £1 cosa + y1cosB + 2, cosy. 

8. Show that the points (— 3, 2, — 7), (2, 2, — 8), and (— 8, 6, — 2) are 
the vertices of an isosceles triangle. 

9. Show that the points (4, 3, — 4), (— 2, 9, — 4), and (— 2, 3, 2) are the 
vertices of an equilateral triangle. 

10. Show that the points (— 4, 0, 2), (-—1, 3 V3, 2), (2, 0, 2), and 

(-1, V8, 21-2 V6) are the vertices of a regular tetraedron. 


11. What does formula (IV) become if P; and Pz, lie in the XY Y-plane ? 
in a plane parallel to the XY-plane ? 


12. Show that the direction cosines of the lines joining each of the points 
(4, — 8, 6) and (-- 2, 4, — 8) to the point (12, — 24, 18) are thesame. How 
are the three points situated ? 


13. Show by means of direction cosines that the three points (3, — 2, 7), 
(6, 4, — 2), and (5, 2, 1) lie on a straight line. 


14. What are the direction cosines of a line parallel to the X-axis ? to the 
Y-axis ? to the Z-axis ? 
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15. What is the value of one of the direction cosines of a line parallel 
to the XY-plane? the YZ-plane? the ZX-plane?. What relation exists 
between the other two ? 


16. Show that the point (— 1, — 2, — 1) is on the line joining the points 
(4, — 7, 3) and (— 6, 8, — 5) and is equally distant from them. 


17. If two of the direction angles of a line are A and = , what is the third ? 


Ans. a or Ls 
3 3 


18. Find the direction angles of a line which is equally inclined to the 
three coérdinate axes. ANS. (QI, = y= COSa 1v3. 


19. Find the length of a line whose projections on the axes are respectively 


(a) 6, — 3, and 2. Ans. 7. 
(b) 12, 4, and — 3. Ans. 13. 
(c) — 2, —1, and 2, Ans. 3. 


142. Angle between two directed lines. 


Theorem V. Jf a, B, y and a’, B', y' are the direction angles of 
two directed lines, then the angle 6 between them is given by 


(V) cos 9 = cos acos a! + cos B cos B' + cos y cos y’. 

Proof. Draw OP and OP! 
parallel to the given lines and 
let OP =p. Then by definition, 
p. 327, 


P! 


POP =O, 


Project OP and OABP on OP’. 
» Then by Theorem I, p. 328, and 
4 X Theorem II, p. 328, 


(1) p cos 6 
= 2 cos a'+ y cos B'+ 2 cos y!. 


B 


Projecting OP on the axes (Corollary I, p. 328, and Theorem 1), 
(2) Z=pcosa, y=pcosp, 2=p cosy. 
Substituting in (1) from (2) and dividing by p, we obtain (V). 


Q.E.D. 
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Theorem VI. Ifa, 8, y and a’, B', y' are the direction angles of 
two lines, then the lines are 

(a) parallel and in the same direction* when and only when 

Py — 
(6) perpendicular t when and only when 
Cos @ cos a'+ cos B cos B'+ cos y cos y'= 0. 

That is, two lines are parallel and in the same direction when 
and only when their direction angles are equal, and perpendicular 
when and only when the sum of the products of their direction 
cosines is zero. 


Proof. The condition for parallelism follows from the fact 
that both lines will be parallel to and agree in direction with the 
same line through the origin when and only when their direction 
angles are equal. 

The condition for perpendicularity follows from (V), for if 

1 


d= 9? then cos 6 = 0, and conversely. Q.E.D. 


Corollary. If the direction cosines of the lines are proportional 
to a, 6b, c and a', b', c', then the conditions for parallelism and 
perpendicularity are respectively 

fanas, aa'+- bb'+- cc'= 0. 
a 
143. Point of division. 


Theorem VII. The codrdinates (a, y, 2) of the point of division 
P on the line joining Pi (a1 Yr, #1) aNd P(e, Yo) %2) such that the 
ratio of the segments is 


Pers. 
PP, 
are given by the formulas 
_ &, + Ax, _atAay _ & + Ae, 


This is proved as on p. 39. 


* They will be parallel and differ in direction when and only when the direction 
angles are supplementary. 

+ Two lines in space are said to be perpendicular when the angle between them is ra 
but the lines do not necessarily intersect. 
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Corollary. The codrdinates (a, y, 2) of the middle point P of the 
line joining P3(%1, Yr, #1) and P2(a, Yo, %2) are 


x =4(a, + Xo), ¥Y =3("% + ¥2); z= 3(% + @). 


PROBLEMS 


1. Find the angle between two lines whose direction cosines are 


respectively 
U4 


(a) $, #, — # and %, — #, $. Ans. a 
3 A 2 = 
(b) %, — 3, $ and — yy, is, T3- Ans. cos~1}§. 
1 § 5 2 — 
(c) 2, — 2, 4 and #, $, 2. Ans. cos 1(— 4). 
2. Show that the lines whose direction cosines are 3, $, 27; — ?, 3, — §; 


and — $, ?, 3 are mutually perpendicular. 


3. Show that the lines joining the following pairs of points are either 
parallel or perpendicular. 
(a) (8, 2, 7), (1, 4, 6) and (7, — 5, 9), (5, — 8, 8). 
(b) (18, 4, 9), (1, 7, 18) and (7, 16, — 6), (8, 4, — 9). 
(c) (— 6, 4, — 8), (1, 2, 7) and (8, — 5, 10), (15, — 7, 20). 


4. Find the codrdinates of the point dividing the line joining the follow- 
ing points in the ratio given. 


(a) (3, 4, 2), (7, a5 6, 4), A= a Ans. (73; % 3). 
(b) (— 1, 4, — 6), (2, 8, — 7), A=— 3. Ans. (3, 3, — 43). 
(c) (8, 4, 2); (3 9, 8), hak Ans. (22, §, 0). 
(d) (7, 3, 9), (2, 1, 2), A=4, Ans. (3, $, 4). 


5. Show that the points (7, 8, 4), (1, 0, 6), and (4, 5, — 2) are the 
vertices of a right triangle. 


6. Show that the points (— 6, 8, 2), (8, — 2, 4), (5, 7, 8), and (— 18,17, —1) 
are the vertices of a trapezoid. 


7. Show that the points (8, 7, 2), (4, 8, 1), (1, 6, 3), and (2, 2, 2) are the 
vertices of a parallelogram. 


8. Show that the points (6, 7, 8), (38, 11, 1), (0, 38, 4), and (— 8, 7, 2) are 
the vertices of a rectangle. 


9. Show that the points (6, — 6, 0), (8, — 4, 4), (2, — 9, 2), and (-1, 
— 7, 6) are the vertices of a rhombus. 


10. Show that the points (7, 2, 4), (4, — 4, 2), (9, — 1,10), and (6, — 7, 8) 
are the vertices of a square. : 
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11. Show that each of the following sets of points lies on a straight line, 
and find the ratio of the segments in which the third divides the line joining 
the first to the second. 


(a) (4, 18, 3), (8, 6, 4), and (2, —1, 5). Ans. — 2. 
(b) (4, — 5, — 12), (—2, 4, 6), and (2, — 2, — 6). Ans. i 
(c) (—8, 4, 2), (7, — 2, 6), and (2, 1, 4). Ans. 1. 


12. Find the lengths of the medians of the triangle whose vertices are 
the points (8, 4, — 2), (7, 0, 8), and (— 5, 4, 6). Ans. V118, V89, 2V 29. 


13. Show that the lines joining the middle points of the opposite sides of 
the quadrilaterals whose vertices are the following points bisect each other. 

(a) (8, 4, 2), (0, 2, 5), (— 8, 2, 4), and (8, 0, —6). 

(b) (0, 0, 9), (2, 6, 8), (— 8, 0, 4), and (0, — 8, 6). 

(c) Pi(®1, Y1, 21), Pa (2, Ye, 22), Ps (€s, Ys, 28), Pa (®4, Ya, 4). 


14. Show that the lines joining successively the middle points of the sides 
of any quadrilateral form a parallelogram. 


15. Find the projection of the line drawn from P; (8, 2, — 6) to P2(— 3, 
5, — 4) upon a line directed upward whose direction cosines are proportional 
to 2, 1, and — 2. Ans. 41, 


16. Find the projection of the line drawn from P; (6, 8, 2) to Pe (4, 2, 0) 
upon the line drawn from P3(7, — 6, 0) to P4(— 5, — 2, 8). Ans. 34. 


17. Find the codrdinates of the point of intersection of the medians of the 
triangle whose vertices are (8, 6, — 2), (7, — 4, 8), and (— 1, 4, — 7). 
(8, 2, — 2). 


18. Find the codrdinates of the point of intersection of the medians of 
the triangle whose vertices are any three points P;, P2, and Ps. 
Ans. [} (1+ ®2 + &s), $(Y1 + Y2 + Ys), $ (21 + 22 + 2s)). 


19. The three lines joining the middle points of the opposite edges of a 
tetraedron pass through the same point and are bisected at that point. 


20. The four lines drawn from the vertices of any tetraedron to the point 
of intersection of the medians of the opposite face meet in a point which 
is three fourths of the distance from each vertex to the opposite face (the 
center of gravity of the tetraedron). 


CHAPTER XVII 


SURFACES, CURVES, AND EQUATIONS 


144. Loci in space. In Solid Geometry it is necessary to con- 
sider two kinds of loci: 

1. The locus of a point in space which satisfies one given con- 
dition is, in general, a surface. 

Thus the locus of a point at a given distance from a fixed point is a sphere, 


and the locus of a point equidistant from two fixed points is the plane which is 
perpendicular to the line joining the given points at its middle point. 


2. The locus of a point in space which satisfies two conditions * 
is, in general, a curve. For the locus of a point which satisfies 
either condition is a surface, and hence the points which satisfy 
both conditions lie on two surfaces, that is, on their curve of 
intersection. 


Thus the locus of a point which is at a given distance r from a fixed point Py 
and is equally distant from two fixed points P, and Ps is the circle in which the 
sphere whose center is P; and whose radius is 7 intersects the plane which is 
perpendicular to P2Ps: at its middle point. 


These two kinds of loci must be carefully distinguished. 


145. Equation of a surface. First fundamental problem. If 
any point P which lies on a given surface be given the coérdinates 
(x, y, z), then the condition which defines the surface as a locus 
will lead to an equation involving the variables a, y, and 2. 

The equation of a surface is an equation in the variables a, y, 
and 2 representing coérdinates such that: 

1. The coédrdinates of every point on the surface will satisfy 
the equation. 


2. Every point whose codrdinates satisfy the equation will lie 
upon the surface. 


* The number of conditions must be counted carefully. Thus if a point is to be equi- 
distant from three fixed points P,, P., and Pz, it satisfies two conditions, namely, of being 
equidistant from P, and P, and from P, and P3. 
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If the surface is defined as the locus of a point satisfying one 
condition, its equation may be found in many cases by a Rule 
analogous to that on p. 53. 

Ex. 1. Find the equation of the locus of a point whose distance from 
P; (8, 0, — 2) is 4. 

Solution. Let P(«, y, ) be any point on the locus. The given condition 
may be written 

(PP 4a, 


By (IV), p. 881, P,P = V(x — 3)? + y? + (z + 2)2. 
(a — 8)? + y? 4+ (24+ 2)2?=4. 

Simplifying, we obtain as the required equation 
w+ y2+22—-62+4z2-—38=0. 


That this is indeed the equation of the locus should be verified as in Ex. 1, 
p. 52, and Ex. 1, p. 58. 


PROBLEMS 


1. Find the equation of the locus of a point which is 


(a) 3 units above the X Y-plane. 

(b) 4 units to the right of the YZ-plane. 
(c) 5 units below the X Y-plane. 

(d) 10 units back of the ZX-plane. 

(e) 7 units to the left of the YZ-plane. 

(f) 2 units in front of the Z_X-plane. 


2. Find the equation of the plane which is parallel to 
(a) the XY Y-plane and 4 units above it. 
(b) the XY-plane and 5 units below it. 
(c) the ZX-plane and 3 units in front of it. 
(d) the YZ-plane and 7 units to the left of it. 
(e) the ZX-plane and 2 units back of it. 
(f) the YZ-plane and 4 units to the right of it. 


8. Find the equation of the sphere whose center is the point 
(a) (8, 0, 4) and whose radius is 5. 
Ans. e+ y2+ 22-62 —82z=0. 
(b) (— 8, 2, 1) and whose radius is 4. 
Ans. w+ y24+ 224+ 60—4y—2z2—-—2=0. 
(c) (6, 4, 0) and whose radius is 7. 
Ans. w+ y24+ 22-—12¢%-—8y+3=0. 
(d) (a, 8, y) and whose radius is r. 
Ans. 22+ y2+ 22—2ae—2By —2yz2+ 08+ 6+7?—-7r=0. 
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4, What are the equations of the coordinate planes ? 


5. What is the form of the equation of a plane which is parallel to the 
XY-plane? the YZ-plane? the ZX-plane? 


6. Find the equation of the locus of a point which is equally distant from 
the points 


(a) (8, 2, — 1) and (4, — 8, 0). Ans. 24—10y+2z-11=0. 
(b) (4, — 8, 6) and (2, — 4, 2). Ans. 444+2y+8z-—37=0. 
(c) (1, 8, 2) and (4, —1, 1). Ans. 834—4y—z-—-2=0. 

(d) (4, — 6, — 8) and (— 2, 7, 9). Ans. 6% —18y —1724+9=0. 


7. Find the equations of the six planes drawn through the middle points 
of the edges of the tetraedron whose vertices are the points (5, 4, 0), 
(2, —5, — 4), (1, 7, — 5), and (— 4, 8, 4) which are perpendicular to the 
edges, and show that they all pass through the point (— 1, 1, — 2). 

8. What are the equations of the faces of the rectangular parallelopiped 
which has one vertex at the origin, three edges lying along the coordinate 
axes, and one vertex at the point (8, 5, 7) ? 


9. Find the equation of the sphere whose center is the point (6, 2, 3) 
which passes through the origin. Ans. «2+ y?+ 22—-12¢%—4y—6z=0. 


10. Find the equation of the locus of a point which is three times as far 
from the point (2, 6, 8) as from (4, — 2, 4) and determine the nature of the 
locus by comparison with the answer to problem 8, (qd). 


11. Find the equation of the locus of a point the sum of the squares of 
whose distances from (1, 8, — 2) and (6, — 4, 2) is 50 and determine the 
nature of the locus by comparison with the answer to problem 8, (d). 


146. Planes parallel to the codrdinate planes. We may easily 
prove 
Theorem I. The equation of a plane which is 


parallel to the XY-plane has the form z= constant; 
parallel to the YZ-plane has the form x = constant; 
parallel to the ZX-plane has the form y = constant, 


147. Equations of a curve. First fundamental problem. If 
any point P which lies on a given curve be given the codrdinates 
(x, y, ), then the two conditions which define the curve as a 
locus will lead to two equations involving the variables x, y, 
and 2. 
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The equations of a curve are two equations in the variables 
x, y, and z representing codrdinates such that: 

1. The codrdinates of every point on the curve will satisfy 
both equations. 

2. Every point whose coordinates satisfy both equations will 
lie on the curve. 

If the curve is defined as the locus of a point satisfying two 
conditions, the equations of the surfaces defined by each condi- 
tion separately may be found in many cases by a Rule analogous 
to that on p.53. These equations ‘will be the equations of the curve. 

Ex. 1. Find the equations of the locus of a point whose distance from 
the origin is 4 and which is equally distant from the points P; (8, 0, 0) and 
P2(0, 8, 0). 

Solution. First step. Let P(a, y, 2) 


' be any point on the locus. 
Second step. The given conditions are 


(1) ROE AVP Pi =P Pe. 
Third step. By (IV), p. 381, 
PO=V2? 4+ y? + 2, 

PP, =V(e — 8)? + y? + 2, 
PP, = Vx? + (y — 8)? + 2. (03,0) 
Substituting in (1), we get 
Squaring and reducing, we have the required equations, namely, 
ety2+22=16, r—-y=0. 
These equations should be verified as in Ex. 1, p. 52. 


Z 


Ex. 2. Find the equations of the circle lying in the X Y-plane whose center 
is the origin and whose radius is 5. 

Solution. In Plane Geometry the equation of the circle is (Corollary, p. 58) 
(2) e2 4 y2 = 25. 

Regarded as a problem in Solid Geometry we must have two equations 
which the codrdinates of any point P(#, y, z) which lies on the circle must 
satisfy. Since P lies in the X Y-plane, 

(3) 2 = 05 

Hence equations (2) and (3) together express that the point P lies in the 

XY-plane and on the given circle. The equations of the circle are therefore 
C2 y2 = 2b, z= 0. 
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The reasoning in Ex. 2 is general. Hence 


If the equation of a curve in the XY-plane is known, then the 
equations of that curve regarded as a curve in space are the given 
equation and z = 0. 


An analogous statement evidently applies to the equations of a 
curve lying in one of the other codrdinate planes. 
From Theorem I, p. 340, we have at once 


Theorem II. Zhe equations of a line which is parallel to 


the X-axis have the form y= constant, z= constant; 
the Y-axis have the form #2=constant, x = constant; 
the Z-axis have the form «x= constant, y = constant. 


PROBLEMS 


1. Find the equations of the locus of a point which is 

(a) 3 units above the XY-plane and 4 units to the right of the YZ-plane. 
(b) 5 units to the left of the YZ-plane and 2 units in front of the ZX-plane. 
(c) 4 units back of the ZX-plane and 7 units to the left of the YZ-plane. 
(d) 9 units below the X Y-plane and 4 units to the right of the YZ-plane. 


2. Find the equations of the straight line which is 

(a) 5 units above the X Y-plane and 2 units in front of the Z-X-plane. 
(b) 2 units to the left of the YZ-plane and 8 units below the X Y-plane. 
(c) 3 units to the right of the YZ-plane and 6 units from the Z-axis. 
(d) 18 units from the X-axis and 5 units back of the Z_X-plane. 

(e) parallel to the Y-axis and passing through (8, 7, — 5). 

(f) parallel to the Z-axis and passing through (— 4, 7, 6). 


8. Find the equations of the locus of a point which is 


(a) 5 units above the X Y-plane and 3 units from (8, 7, 1). 

Ans..z2=5, 22+ y2 + 22-62 —14y —2z2+ 50=0. 
(b) 2 units from (8, 7, 6) and 4 units from (2, 5, 4). 

Ans. 02+ y2+ 22 -62—14y —122+90=0, 

e+ y24+ 22-44 —10y—82+29=0. 

(c) 5 units from the origin and equidistant from (3, 7, 2) and (—8, —7, —2). 

Ans. 22+ y2 + 22 95=0, 84+ 7y+2z2=0. 
(d) equidistant from (8, 5, — 4) and (— 7, 1, 6), and also from (4, — 6, 8) 

and (— 2, 8, 5). Ans. 6%+2y—52+11=0, 8e—Ty—24+8=0. 

(e) equidistant from (2, 3, 7), (8, — 4, 6), and (4, 3, — 2). 

Ans. 24 —14y —224+1=0, «+7y—82416=0. 
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4. What are the equations of the edges of a rectangular parallelopiped whose 
dimensions are a, b, and c, if three of its faces coincide with the codrdinate 
planes and one vertex lies in O-X YZ? in O-XY’Z? in O-X’Y’Z? 


5. What are the equations of the axes of codrdinates ? 


6. The following equations are the equations of curves lying in one of the 
coordinate planes. What are the equations of the same curves regarded as 
curves in space ? 


(a) y= 4a. (e) w+ 4z2+62=0. 
(Rare et— 16: (f) y—2—4y=0. 
(c) 8a — y? = 64. (g) yz? +227-—6y=0. 
(d) 422+ 9y? = 36. (h) 22—42?+ 8z=0. 


7. Find the equations of the locus of a point which is equally distant from 
the points (6, 4, 3) and (6, 4, 9), and also from (— 5, 8, 3) and (— 5, 0, 3), and 
determine the nature of the locus. ISOS SO. Op =e 2h 

8. Find the equations of the locus of a point which is equally distant from 
the points (8, 7, — 4), (— 5, 7, — 4), and (— 5, 1, — 4), and determine the 
nature of the locus. ADS BS il, et 

148. Locus of one equation. Second fundamental problem. 
The locus of one equation in three variables (one or two may be 
lacking) representing coordinates in space is the surface passing 
through all points whose codrdinates satisfy that equation and 
through such points only. 


The coordinates of points on the surface may be obtained as follows: 

Solve the equation for one of the variables, say z, assume pairs of values of 
x and y, and compute the corresponding values of z. 

A rough model of the surface might then be constructed by taking a thin board 
for the X ¥-plane, sticking needles into it at the assumed points (x, y) whose 
lengths are the computed values of z, and stretching a sheet of rubber over their 
extremities. 

The second fundamental problem, namely, of constructing the 
locus, is usually discarded in space on account of the mechanical 


difficulties involved. 


149. Locus of two equations. Second fundamental problem. 
The locus of two equations in three variables representing coér- 
dinates in space is the curve passing through all points whose 
coordinates satisfy both equations and through such points only. 


The codrdinates of points on the curve may be obtained as follows: 
Solve the equations for two of the variables, say v and y, in terms of the third, 
z, assume values for z, and compute the corresponding values of w and y. 
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150. Discussion of the equations of a curve. Third funda- 
mental problem. The discussion of curves in Elementary Ana- 
lytic Geometry is largely confined to curves which lie entirely in 
a plane which is usually parallel to one of the coordinate planes. 
Such a curve is defined as the intersection of a given surface 
with a plane parallel to one of the coérdinate planes. The method 
of determining its nature is illustrated in 

Ex. 1. Determine the nature of the curve in which the plane z = 4 inter- 
sects the surface whose equation is y? + 22 = 44a. 

Solution. The equations of the curve are, by definition, 

(1) yy+2—4a, 2=4. 

Eliminate z by substituting from the second equation in the first. This gives 
(2) yi—42+16=0, 2=4. 

Equations (2) are also the equations of the curve. 


For every set of values of (x, y, 2) which satisfy both of equations (1) will evidently 
satisfy both of equations (2), and conversely. 


Z* 


If we take as axes in the plane z = 4 the lines O’X’ and O’Y’ in which the 
plane cuts the ZX- and YZ-planes, then the equation of the curve when 
referred to these axes is the first of equations (2), namely, 


(3) y?—42416=0. 


For the second of equations (2) is satisfied by all points in the plane of X’, O’, and Y’, 
and the first of equations (2) is satisfied by the points in that plane lying on the curve (3), 
because the values of the first two codrdinates of a point are evidently the same when 
referred to the axes O/X’, 0’ Y’, and 0’Z as when referred to the axes OX, OY, and OZ. 


The locus of (8) is a parabola (Rule, p. 197) whose vertex, in the plane 
z =4, is the point (4, 0) for which p = 2. 
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The method employed in Ex. 1 enables us to state the 


Rule to determine the nuture of the curve in which a plane par- 
allel to one of the coordinate planes cuts a given surface. 

Lirst step. Eliminate the variable occurring in the equation of 
the plane from the equations of the plane and surface. The result 
is the equation of the curve referred to the lines in which the given 
plane cuts the other two codrdinate planes as axes. 

Second step. Determine the nature of the curve obtained in the 
second step by the methods of Plane Analytic Geometry. 


PROBLEMS 
1. Determine the nature of the following curves and construct their loci. 
(a) w— 472 = 82, 2=8. (e) 22+ 4y2+ 922 = 36, y=1. 
(a) Gee EOP h = OP, oro (f) 22 —4y? + 22 = 25, x =— 3. 
(c) 2% —4y2=42, y=— 2. ‘(g) 22—y?—-422462=0, 2 =2. 
(d) a2 + y? + 22 = 26, © = 3. (hb) y2?+ 2—4248=0, y=4. 


2. Construct the curves in which each of the following surfaces intersect 
the codrdinate planes. 


(a) a2 + 4y? + 1622 = 64, (a) a2 + 942 =10z. 
(b) x2 + 4y? — 1622 = 64. (e) 22 —9y2 =10z. 
(c) a —4y2 — 1622 = 64. (f) a+ 4y2—162=0. 


3. Show that the curves of intersection of each of the surfaces in problem 
2 with a system of planes parallel to one of the codrdinate planes are similar 
conics. In what cases must this statement be modified ? 


4. Determine the nature of the intersection of the surface 7? + y2+ 4 z2= 64 
with the plane z=k. How does the curve change as k increases from 0 
to 4? from —4to0? What idea of the appearance of the surface is thus 
obtained ? 


5. Determine the nature of the intersection of the surface 4% —2y = 4 
with the plane y=; with the plane z=’. How does the intersection 
change as k or k’ changes? What idea of the form of the surface is obtained ? 


151. Discussion of the equation of a surface. Third funda- 
mental problem. ; 

Theorem III. The locus of an algebraic equation passes through 
the origin if there 1s no constant term in the equation. 


The proof is analogous to that of Theorem VI, p. 73. 
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Theorem IV. Jf the locus of an equation is unaffected by chang- 
ing the sign of one variable throughout its equation, then the locus 
is symmetrical with respect to the codrdinate plane from which that 
variable is measured. 

Tf the locus is unaffected by changing the signs of two variables 
throughout its equation, it is symmetrical with respect to the axis 
along which the third variable is measured. 

Tf the locus is unaffected by changing the signs of all three variables 
throughout its equation, it is symmetrical with respect to the origin. 

The proof is analogous to that of Theorem IV, p. 72. 

Rule to find the intercepts of a surface on the axes of codrdinates. 

Set each pair of variables equal to zero and solve for real values 
of the third. 


The curves in which a surface intersects the codrdinate planes 
are called its traces on the codrdinate planes. From the first 
step of the Rule, p. 345, it is seen that 

The equations of the traces of a surface are obtained by succes- 
swely settingx=0, y=0, and z = 0 in the equation of the surface. 

By these means we can determine some properties of the surface. 
The general appearance of a surface is determined by considering 
the curves in which it is cut by a system of planes parallel to each 
of the codrdinate planes (Rule, p. 345). This also enables us to 
determine whether the sur- 
face is closed or recedes to 
infinity. 

Ex. 1. Discuss the locus of 
the equation y2 + 22= 42a. 


Solution. 1. The surface 
passes through the origin since 
there is no constant term in 
its equation. 

2. The surface is sym- 
metrical with respect to the 
XA Y-plane, the Z-X-plane, and 


Dif 


| 
| 
| 
| 
| 
| 
| 
| 
i 
| 
i 
! 
| 
i} 


SY the X-axis. 


SN 
eS 


For the locus of the given equation is unaffected by changing the sign of z, of y, or of 
both together, 
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38. It cuts the axes at the origin only. : 

4. Its traces are respectively the point-circle y? + 22 = 0 and the parabolas 
22—Axvandy?=42. 

5. It intersects the plane x = k in the curve (Rule, p. 345) 

y2+ 2=—4k. 

This curve is a circle whose center is the origin, that is, is on the X-axis, 
and whose radius is 2 Vk if k> 0, but there is no locus if k<0. Hence the 
surface lies entirely to the right of the YZ-plane. 

If & increases from zero to infinity, the radius of the circle increases from 
zero to infinity while the plane « = k recedes from the YZ-plane. 

The intersection of a plane z=k or y=k’, parallel to the X Y- or Z-X-plane, 
is seen (Rule, p. 345) to be a parabola whose equation is (compare Ex. 1, p. 844) 

y2=4e—h? or 2=44e—k?2. 

These parabolas are found to have the same value of p, namely, p = 2, 
and their vertices recede from the YZ- or ZX-plane as k or k’ increases 
numerically. 


PROBLEMS 


1. Discuss the loci of the following equations. 


(a) 2+ 2%2=42. (f) 2? + y? — 227=0. 

(b) e+y2+422= 16. (g) 2 —y2— 2=9. 

(c) x + y2? —422= 16. (h) 22+ 7? — 224 2ay=0. 
(da) 64+ 4y+3z2=12. (i) e+y—6z2=6. 

(e) 8@+2y+z2=12. (j) y2 +22 = 25. 


2. Show that the locus of Ax + By + Cz + D=0 isa plane by considering 
its traces on the codrdinate planes and the sections made by a system of 
planes parallel to one of the codrdinate planes. 


8. Find the equation of the locus of a point which is equally distant from 
the point (2, 0, 0) and the YZ-plane and discuss the locus. 
Ans. y2+22—4274+4=0. 


4. Find the equation of the locus of a point whose distance from the 
point (0, 0, 8) is twice its distance from the -X Y-plane and discuss the locus. 
Ans. w+ y2-3822—-62+9=0. 


5. Find the equation of the locus of a point whose distance from the point 
(0, 4, 0) is three fifths its distance from the ZX-plane and discuss the locus. 
Ans. 2542 + 16 y? + 2522 — 200y + 400 = 0. 


CHAPTER XVUI 


THE PLANE AND THE GENERAL EQUATION OF THE 
FIRST DEGREE IN THREE VARIABLES 


152. The normal form of the equation of the plame. Let 
ABC be any plane, and let ON be drawn from the origin per- 
pendicular to ABC at D. Let the positive direction om ON be 
from O toward N, that is, from the origin toward the plane, and 


denote the directed length OD by p and the direction angles of 
ON (p. 330) by a, 8, and y. Then the position of any plane 

is determined by given positive values of p, a, B, and y. 
Conversely, a given plane determines a single set of positive values of p, a, B, 
meaningless. 


and y unless p=0. If p= 0, the positive direction on OW becomes 
If p= 0, we shall suppose that ON is directed upward, and hence cosy > O simee 


x 
Se" If the plane passes through OZ, then OW lies im the X¥-plame and 
cos y= 0; in this case we shall suppose ON so directed that p< and hence 


cos8>0. Finally, if the plane coincides with the YZ-plane, the positive direction 
on OW shall be that on OX. 
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Theorem i. Normal form. The equation of a plane is 
(1) xcsa+ycsP+zcsy—p=0, 


where pis the perpendicular distance from the origin to the plane, 
and a, B, and y are the direction cosines of that perpendicular. 


Proof. Let P(a, y, z) be any point on the given plane ABC. 
Project OEFP and OP on the line ON. By Theorem II, p. 328, 


proj. of OE + proj. of EF + proj. of FP = proj. of OP. 
Then by Theorem I, p. 328, and by the definition, p. 29, 
xcosa+ycos B+ 2 COS y =p. 
Transposing, we obtain (1). Q.E.D. 


Corollary. Zhe equation of any plane is of the first degree in 
x, y, and 2. 


153. The general equation of the first degree, 4a + By + Cz 
+D=0. 


Theorem II. (Converse of the Corollary.) The locus of the gen- 
eral equation of the first degree in x, y, and 2, 


(II) Ax + By + Cz+ D=0, 
is a@ plane. 


Proof. We shall prove the theorem by showing that (II) may 
be reduced to the form (I) by multiplying by a proper constant. 
To determine this constant, multiply (II) by &, which gives 


(1) kAxn + kBy+kCz+kD=0. 
Equating corresponding coefficients of (1) and (1), we get 
(2) kA=cosa, kB=cosB, kC=cosy, kD=—p. 
Squaring the first three of equations (2) and adding, 
k? (A? + B* + C”) = cos?a + cos’*B + cos’?y = 1. 
(by (III), p. 330) 


(3) 2 k= 
eV AT Bt C2 
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From the last of equations (2) we see that the sign of the 
radical must be opposite to that of D in order that p shall be 
positive. 

If D = 0, then p = 0; and from the third of equations (2) the sign of the radical 
must be the same as that of C, since when p=0 cosy >0. If D=0 and C=O, 


then p=0 and cos y=0; and from the second of equations (2) the sign of the radical 
must be the same as that of B, since when p= 0 and cosy = 0 cos 6 > 0. 


Substituting from (3) in (2), we get 


cos & = See, cos B = ee a 
‘i + VA? + B24 C? + VA? + B? + C? 
(4) C —D 
cos y = 


Var Be mete Cag ni.) 
We have thus determined values of a, 8, y, and p such that (1) 

and (II) have the same locus. Hence the locus of (11) is a 

plane. Q.E.D. 


Corollary I. The direction cosines of a normal to the plane (II) 
are respectively A, B, and C each divided by VA? + B? + C%. 
The sign of the radical is opposite to that of D, the same as that of 
C if D=0, the same as that of B if C= D=O, or the same as 
that of Asef B == C= aD t= 0. 

Corollary II. Yo reduce the equation of a plane to the normal 
form divide its equation by + V A? + B? + C?, choosing the sign of 
the radical as in Corollary I. 


Corollary III. Zwo planes whose equations are 
Ax+ By+Cz+D=0, A'le+ Bly4+ Cez+D'=0 


are parallel when and only when the coefficients of x, y, and z are 


roportional, that is 
—o ‘ Ae ere 


ame mre 
For from Corollary I the direction cosines of a normal to (II) are proportional 


to A, B, and QO, and two planes are evidently parallel when and only when their 
normals are parallel (Corollary, p. 335). 


Corollary IV. Two planes are perpendicular when and only when 
AA'+ BB'+ CC'=0. 


This follows from Corollary I by the Corollary on p. 335, since two planes are 
perpendicular when and only when their normals are perpendicular. 
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Corollary V. A plane whose equation has the form 


Az + By + D=0 is perpendicular to the X Y-plane ; 
By + Cz + D= 0 is perpendicular to the YZ-plane ; 
Ax + Cz+ D=0 is perpendicular to the ZX-plane. 
That is, if one variable is lacking, the plane is perpendicular to 
the codrdinate plane corresponding to the two variables which occur 
in the equation. 
For these planes are respectively perpendicular to the planes z= 0, x= 0, and 
y = 0 by Corollary IV. 
Corollary VI. A plane whose equation has the form 


Ax+ D= 0 is perpendicular to the axis of x; 
By + D = 0 is perpendicular to the axis of y; 
Cz + D = 0 ts perpendicular to the axis of z. 


That is, if two variables are lacking, the plane is perpendicular to 
the axis corresponding to the variable which occurs in the equation. 


For by Corollary I two of the direction cosines of the normal to the plane are 
zero and hence the normal is parallel to one of the axes and the plane is therefore 
perpendicular to that axis. 


PROBLEMS 


1. Find the intercepts on the axes and the traces on the codrdinate planes 
of each of the following planes and construct the figures. 


(a) 24+38y+4z2—24=0. (e) 5a —Ty —35=0. 
(ob) Te —8y+2—21=0. (f) 4%+382+436=0. 
(c) 9a —7Ty —9z2+ 63 = 0. (g) by —8z—40=0. 
(d) 6% +4y —z2412=0. (h) 82+5z2+4+45=0. 


2. Find the equations of the planes and construct them by drawing their 
traces, for which 


@) a==,p=7,y==, p36. Ans. V2a+y+2—-12=0. 
() a= 92, p=92, =F, pas. Ans. «+ V2y—2+16=0. 
(c) en Ea pat. Dee (iri MO ype Ve ag eS 
yee a EY, pe. Ans. 20+y+2z+6=0. 


er er me 
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8, Find the equation of the plane such that the foot of the perpendicular 
from the origin to the plane is the point 


(a) (— 38, 2, 6). 
(bo, 8) = 12); 
(c) (2, 2, <a 1). 


Ans. 
Ans. 
Ans. 


82—2y—6z2+49=0. 
4x+e8y —12z2—169=0. 
2%+2y—z2-—9=0. 


4. Reduce the following equations to the normal form and find a, B, 7, 


and p. 
(a) 62 —8y+2z2—-—T=0. 


(b) e—V2y4+24+8=0. 
(c) 24a—2y—z+12=0. 
(4) y—z+10=0. 

(e) 8a +2y —6z=0. 


Ans. 
Ans. 
Ans. 
Ans. 
Ans. 


cos—1§, cos-1(— $), cos-12, 1. 
2 a 29 4 

STA Re os Trae oO . 

Bp 

cos-1(— 2), cos-12, cos-11, 4. 
TOOT) I 


cos-1(— #), cos-!(— ?), cos! 4, 0. 


5. Find the distance from the origin to the plane 12% —4y+3z—39=0. 


Ans. 3. 


6. Find the distance between the parallel planes 62+ 2y—38z—63=0 


and 6%+2y—3z2+49=0. 


Ans. 16. 


7. What may be said of the position of the plane (I) if 


(a) cosa~@=0? 
(b) cos B = 0? 


(c) cosy =0? 
(d) cosa =cosB=0? 


(e) cos 8 = cosy = 0? 
(f) cosy = cosa=0? 


8. What are the equations of the traces on the codrdinate planes of the 


plane Aw + By + Cz + D=0? 


9. Show that the following pairs of planes are either parallel or perpen- 


dicular. 
(a) ik ert bres iets 
62+ 15y—18z2—5=0. 
(b) eee Gunns 
6e+2y+2z2—T=0. 


(c) RELIG 
8%+2y—62+4+ 28=0. 

(a) {acy ee neu 
2%—y—38z2+4+12=0. 


10. For what values of a, 8, y, and p will the locus of (I) be parallel 
to the XYY-plane ? the YZ-plane? the ZX-plane? coincide with each of 


these planes ? 


11. For what values of a, 8, y, and p will the locus of (I) pass through 


the X-axis? the Y-axis? the Z-axis ? 


12. Show that the codrdinates of the point of intersection of three planes 
may be found by solving their equations simultaneously for 2, y, and z. 
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13. Find the codrdinates of the point of intersection of the planes 
a+2y+2=0, ©—2y—8=0, and r+y+z—3=0.— 
Ans. (2, —8, 4). 


14. Show that the plane x + 2y —2z—9=0 passes through the point 
of intersection of the planes 7+y+z2—1=0, e—y—z—1=0, and 
242+3y—-8=0. 


15. Show that the four planes 7+ y+2z—2=0, r+y—22+2=0, 
z—y+8=0, and 3¢ —y — 2z +18 =0 pass through the same point. 


16. Show that the planes 2a —-y+2+383=0, r—y+4z=0, 3a+y 
—224+8=0,4% —2y4+2z2-—5=0,9%+3y—6z2—7T=0, and7x%—Ty 
+ 28z —6=0 bound a parallelopiped. 


17. Show that the planes 6% —3y+2z=4, 8e44+2y—6z=10, 2x2+6y 
+3z2=9, 8%4+2y—6z=0, 122+ 86y+18z—11=0, and 127%—-6y 
+4z—17=0 bound a rectangular parallelopiped. 


18. Show that the planes +2y—z=0, y+7z—-2=0, x—2y—z—4=0, 
2%+y—8=0, and3e+3y—z-—8=0 bound a quadrangular pyramid. 


19. Derive the conditions for parallelism of two planes from the fact that 
two planes are parallel if their traces are parallel lines. 


154. Planes determined by three conditions. If three of the 
coefficients of 


(1) Ax+By+Cz+D=0 


are known in terms of the fourth, then the plane is completely 
determined, for if their values be substituted in (1), the equation 
may be divided by the fourth coefficient. Three conditions which 
the plane satisfies will lead to three equations in the coefficients 
which may be solved for three of the coefficients in terms of the 
fourth. Hence a plane is, in general, determined by three con- 
ditions. Its equation may be obtained by a Rule analogous to 
that on p. 93, using equation (1) in the first step. 

Thus to find the equation of a plane passing through three points we proceed 
as in Ex. 1, p. 93, using equation (1) in the first step. In the second step three 


equations involving A, Bb, C, and D are obtained, which may be solved for three 
of these coefficients in terms of the fourth. 
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Ex. 1. Find the equation of the plane which passes through the point 
P, (2, —7, 3) and is parallel to the plane 21% —12y + 282 —84=0. 


Solution. Let the equation of the required plane be 


(2) Az + By + Cz+D=0. 
Since P, lies on (2), 
(3) 2A—-7B+3C+4+D=0, 
and since (2) is parallel to the given plane (Corollary III, p. 350), 
A B C 
(4) => eo 
2 12 28 


Solving (8) and (4) for A, B, and D in terms of C, we get 
A=:C, B=—-?0, D=-60C. 
Substituting in (2), we obtain 
$Ca —3Cy+ Cz—6C=0. 
Clearing of fractions and dividing by C, 
21% —12y + 28z2—168=0. 


PROBLEMS 
1. Find the equation of the plane which passes through the points 
(2, 3, 0), (—2, —8, 4), and (0, 6, 0). Ans. 8%+2y+6z2—12=0. 
2. Find the equation of the plane which passes through the points 
(1, 1, —1), (— 2, —2, 2), and (1, —1, 2). Ans. c—3y—2z=0. 
8. Find the equation of the plane which passes through the point 
(8, — 8, 2) and is parallel to the plane 3a —y+z2—-6=0. 
Ans. 842 —y4+2-—14=0, 
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4. Find the equation of the plane which passes through the points 
(0, 3, 0) and (4, 0, 0) and is perpendicular to the plane 4a —6y—z=12. 
Ans. 3%-+-4y —122 —12=0, 


5. Find the equation of the plane which passes through the point 
(0, 0, 4) and is perpendicular to each of the planes 2x—3y=65 and 
e7—4z2=3. Ans. 12%7+8y+8z2—12=0. 


6. Find the equation of the plane whose intercepts on the axes are 
3, 5, and 4. Ans. 20% + 12y+15z2-—60=0. 


7. ¥ind the equation of the plane which passes through the point 
(2, —1, 6) and is parallel to the plane e—2y—8z+4=0. 
Ans. ©—2y—3z2+414=0. 


8. Find the equation of the plane which passes through the points 
(2, —1, 6) and (1, —2, 4) and is perpendicular to the planex—2y —2z+9=0. 
Ans. 207+4y—382+18=0. 


9. Find the equation of the plane whose intercepts are —1, —1, and 4. 
Ans. 44+ 4y-—2+4=0. 


10. Find the equation of the plane which passes through the point 
(4, —2, 0) and is perpendicular to the planes e+y—z=0 and 2%—4y+z=5. 
Ans. t+y+2z2—2=%. 


11. Show that the four points (2, — 3, 4), (1, 0, 2), (2, —1, 2), and 
(1, —1, 8) lie in a plane. 


12. Show that the four points (1, 0, —1), (8, 4, —3), (8, — 2, 6), and 
(2, 2, — 2) lie in a plane. 


13. Find the equation of the plane which is perpendicular to the line 
joining (8, 4, —1) to (5, 2, 7) at its middle point. 
Ans. ©—y+4¢—138 =. 


14. Find the equations of the faces of the tetraedron whose vertices are 


the points (0, 3, 1), (2, —7, 1), (0, 5, — 4), and (2, 0, 1). 
Ans. 260+ 5y+2z2=17, 54-—22=8, z=1, 152+107y +442 = 34. 


15. The equations of three faces of a parallelopiped are 7—4y=3, 
2e—y+z2=3, and 8¢+y—2z=0, and one vertex is the point (8, 7, — 2). 
What are the equations of the other three faces? 

Ans. ©—4y+25=0, 2e%—yiz+3=0, 382+y—2z=20. 

16. Find the equation of the plane whose intercepts are a, }, c. 

. they iz 
DOS St OB 
CDA: 
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17. What are the equations of the traces of the plane in problem 16? 
How might these equations have been anticipated from Plane Analytic. 
Geometry ? 


18. Find the equation of the plane which passes through the point 
P, (21, y1, 21) and is parallel to the plane Aye + By + Ciz + Di =0. 
Ans. Aj (x = 21) + By, (y _ Y1) + Cy (z — 21) == |). 
19. Find the equation of the plane which passes through the origin and 
P, (1, y1, 21) and is perpendicular to the plane Ayz + By + Cyz + Di = 9. 
Ans. (Bizi — Cyyi)@ + (Cia1 — Arai) y + (Ary — Biri) z = 0. 
e 


155. The equation of a plane in terms of its intercepts. 


Theorem III. Jf a, b, and c are the intercepts of a plane on the 
X-, Y-, and Z-axes respectively, then the equation of the plane is 


2 ee 
(III) marr - 7 1 
Proof. By Theorem II the equation of any plane has the form 
(1) Az + By +Cz+D=0. 
By the Rule, p. 346, we get 
So eee Bie 
a= “A d = Bo c= Ge 
whence pee kee EN 
a b ¢ 


Substituting in (1), dividing by —D, and transposing, we 
obtain (IIT). Q.E.D. 
Equation (III) should be compared with (VJ), p. 96. 


156. The distance from a plane to a point. The positive direc- 
tion on any line perpendicular to a plane is assumed to agree with 
that on the line drawn through the origin perpendicular to the 
plane (p. 348). Hence the distance from a plane to the point P, 
is positive or negative according as P, and the origin are on oppo- 
site sides of the plane or not. 


If the plane passes through the origin, the sign of the distance from the plane 
to Pi must be determined by the conventions for the special cases on p. 348. 
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Theorem IV. The distance d from the plane 
xcosa+ycosB+z2cosy—p=0 
to the point P, (21, yi, 21) is given by 
(ZY) d=x,cosa+ y, cos B + 2, cosy — p. 


Proof. Projecting OP, on ON, we evidently get p + d. 
Projecting OE, EF, and FP, on ON, we get respectively (Theo- 
rem I, p. 328) x, cos a, y, cos B, and 2; cos . 
° 


Then by Theorem II, p. 328, 


ptd=2, cosa + y, cos B + 2 COS y. 
.d = 2, COS a + y; Cos B + 2% COS y — p. Q.E.D. 


From Theorem IV we have at once the 


Rule to find the distance from a given plane to a given point. 

First step. Reduce the equation of the plane to the normal form 
(Corollary II, p. 350). 

Second step. Substitute the codrdinates of the given point in the 
left-hand side of the equation. The result is the required distance. 


157. The angle between two planes. The plane angle of one 
pair of diedral angles formed by two intersecting planes is evi- 
dently equal to the angle between the positive directions of the 
normals to the planes. That angle is called the angle between the 
planes, 
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Theorem V. The angle 6 between two planes 


Awt+BytCe+D,=0, A w+ By +Ce#+D,=0 
as given by 
(V) cos @ = A, A, + BiB, + iC, 
+ VA, + B+ 0) x + VA) + BY + C; 
the signs of the radicals being chosen as in Corollary I, p. 350. 


Proof. By definition the angle between the planes is the anes 
between their normals. 


By (4), p. 350, the direction cosines of the normals to the planes 
are 


A A 

COS a, = : > €OSa,= ee 

WA. Bee Oe +~VA,?2+ B24 C,? 

B, Be 

cos By = ? S Bo= = ’ 

: ate VA? + B,? + (Ove ; =e VAs? + Bae a One 

C, Gs; 

cos yi = COS Yo = 


AV AY BE Ce + VA +B +0? 
By (V), p. 334, we have 
COS 6 = COS a, COS a + Cos B, COS By + COS y; COS Y. 


Substituting the values of the direction cosines of the normals, 
we obtain (V). 


Q.E.D. 
PROBLEMS 

1. Find the distance from the plane 

(a) 6% —8y +22 —10 =0 to the point (4, 2, 10). Ans. 4, 

(b) «+ 2y —2z—12 =0 to the point (1, — 2, 3). Ans. —7. 

(c) 447+ 8y+12z2+46=0 to the point (9, —1, 0). Ans. — 3. 

(d) 2a—5y+3z—4=0 to the point (— 2, 1, 7). Ans. yy V38. 

2. Do the origin and the point (8, 5, — 2) lie on the same side of the 
plane 7x —y—3z+4+6=0? Ans. Yes. 


3. Find the distance from the plane Ax + By + Cz + D=0 to the point 
Py (@1, Y1, 21). ver Aa, + By, + Cz + D 
tV04 Pie 
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4. Find the locus of points which are equally distant from the planes 
2% —y—2z2—8=0and 62 —-—8y+224+4=0. 
Ans. 32% —16y—8z-—9=0. 


5. Find the length of the altitude of the tetraedron whose vertices are 
(0, 8, 1), (2, —7, 1) (0, 5, — 4), and (2, 0, 1) which is drawn from the first 
vertex. Ans. 13 V29. 


6. Find the volume of the tetraedron whose vertices are (8, 4, 0), 
(4, —1, 0), (1, 2, 0), and (6, — 1, 4). Ans. 8. 


7. Find the angles between the following pairs of planes. 


(a) 24+ y—2z2—9=0, 2% —2y+22=9, Ans. cos—1(— 4), 
(b) e+ y—4z2=0, 8y—8247=0. Ans. cos—1$. 

(c) 4a+2y+4z2—-7=0, 87—4y=0. Ans. cos~1(— 5%). 
(dq) 2e-y+2=7,¢%+y+4+2z=11. Ans. e. 


8.- Show that the angle given by (V) is that angle formed by the planes 
which does not contain the origin. 


9. Find the vertex and the diedral angles of that triedral angle formed by 
the planest +y+2=2,%—y—2z=4, and 2%+ y — z= 2 in which the 


erie les. Ans. (4, — 4, 2), cos~} ; V2, =, cos-!( — : v2). 


10. Find the equation of the plane which passes through the points 
2 
(0, —1, 0) and (0, 0, —1) and which makes an angle of = with the plane 
(lc — 
yt % Ans. + V6n+y+24+1=0. 


11. Find the locus of a point which is 3 times as far from the plane 
82 —6y—2z2=0 as from the plane 247 —-y + 22=9. 
Ans. 17% —18y +122 —63 =0, 


158. Systems of planes. The equation of a plane which satis- 
fies two conditions will, in general, contain an arbitrary constant, 
for it takes three conditions to determine a plane. Such an equa- 
tion therefore represents a system of planes. 

Systems of planes are used to find the equation of a plane 
satisfying three conditions in the same manner that systems of 
lines are used to find the equation of a line satisfying two condi- 
tions (Rule, p. 114). 
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Theorem VI. The system of planes parallel to a given plane 


Ax + By+ Cz+D=0° 
is represented by 


(VI) Av + By+Cz+k=0, | 
where k is an arbitrary constant. 


Hint. Show that all of the planes (VI) are parallel to the given plane by Corollary II, 
p. 350, and that every plane parallel to the given plane is represented by (VJ), by finding 
a value of & for which (VI) passes through a given point P. 


Theorem VII. The system of planes passing through the line of 
intersection of two given planes 


Aww t+By+Cy+D,=0, A w+ By + Coz+D,=0 
is represented by 
(VII) Aww + Byy + O,2+ D,+k(A,x + Byzy + C,2z + Dz) =9, 
where k is an arbitrary constant. 


Hint. Show that (VID passes through any point on the intersection of the given planes, 
and find a value of k for which (VIJ) passes through any point not on the intersection. 


Theorem VIII. Jf the equations of the planes in Theorem VII are 
in normal form, then —k is the ratio of the distances from those 
planes to any point in (VIL). 

Hint. Let P, (x1, y1, 2) be any point on the plane 


@ COS a, + ¥ COS By + 2 COS y; — Py + K(@ COS ag + Y COS By + % COS yz — Po)= 0. 
Then 2, COS ay + ¥; COS By + % COS yy — Py + K(x, COS ay + ¥/;, COS By + Z COS yo — Po) = 0. 


Solve for k and interpret the result by Theorem LV, p. 357. 


Corollary. The equations of the planes bisecting the angles formed 
by two given planes are found by reducing their equations to the 
normal form and adding and subtracting them. 


The plane (VIT) will lie in the external or internal angles 
(p. 121) formed by the given planes according as-k is positive or 
negative. 

The equation of a system of planes which satisfy a single con- 
dition must contain two arbitrary constants. One of the most 
important systems of this sort is given in 
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Theorem IX. The system of planes passing through a given point 
Pi (21, Yr, %1) is represented by 


(IX) A (a —2,)+ BlYy—yi) + C(z—%) = 90. 


Proof. Equation (1X) is the equation of a plane which passes 
through P,, for the coérdinates of P, satisfy (IX). 
If any plane whose equation is 


Ax + By+Cz+D=0 
passes through P,, then 
Ax, + By, Cz a D= 0. 


Subtracting, we get (IX). Hence (IX) represents all planes 
passing through P,. Q.E.D. 


Equation (IX) contains two arbitrary constants, namely, the ratio of any two 
coefficients to the third. 


PROBLEMS 


1. Determine the value of & such that the plane x + ky —2z—9 =0 shall 


(a) pass through the point (5, — 4, — 6). Ans. 2. 

(b) be parallel to the plane 6% — 2y —12z=7. Ans. —1. 
(c) be perpendicular to the plane 2a —4y+z=8. Ans. 0. 
(d) be 8 units from the origin. “ANS: eae 


(e) make an angle of 2 with the plane 2% —2y+z=0. Ans. — 3V35. 


2. Find the equation of the plane which passes through the point (8, 2, —1) 
and is parallel to the plane 7a —y+z=14. 
Ans. 7H -—y+2—18=0. 


3. Find the equation of the plane which passes through the intersection 
of the planes 2a + y —4=0 and y + 2z =0 and which (a) passes through 
the point (2, —1, 1); (b) is perpendicular to the plane 8% + 2y—38z=6. 

; Ans. (a) ©+y+2—-2=0; (b) 24+3y+4z-4=0. 
4. Find the equations of the planes which bisect the angles formed by the 


planes 2e¢—y+2z=Oandz+2y—2z=6. 
Ans. 8xa+y—6=0,%-—8y+42+6=0. 


5. Find the equations of the planes passing through the intersection of the 
planes 22+ y—2z=4 and e—y +2z=0 which are perpendicular to the 
coordinate planes, Ans. 5¢+y=8, 8@+2=4, 3y—5z2=4, 
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6. Find the equations of the planes which bisect the angles formed by the 
planes 62 —2y —38z=Oand 42+ 3y —13z = 10, and verify by means of (V). 


7. Find the equation of the plane passing through the intersection of the 
planes 412+ Byy + Cyz+D,=0 and Ag+ By + C+ Dz2=0 which 


passes through the origin. . 
Ans. (A,D2 - AgD i) £ + (B,D2 - AgDs)y + (CiD2 — C2D,)z aan 


8. Find the equations of the planes which bisect the angles formed by the 
planes Ayr + By + Cyz + Di =0 and Age + Bey + Coz + Dz =0. 
Ay + By + Cyz+ Dy _ oe + Boy + C2 + Dz 
VA)? + By? + Cy? VA? + By? + C7 


9. Find the equations of the planes passing through the intersection of 
the planes Ayr + Byy + Cyz + Diy =0 and Age + Boy + Coz + Dz = 0 which 
are perpendicular to the codrdinate planes. : 

Ans. (A; Bo _ AoB)y — (C\Ae — C2Ay)z + AyD2 — A2D, = 9, 
(A; Bz = Ae,By)z = (By C2 = B2C3)z — (By D2 = B2D,) = 0, 
(CyAg — C2A1)% — (By C2 — BoCy)y + CyD2 — C2D, = 9. 


Ans. 


10. Find the equation of the plane which passes through P; (%1, y1, %) 
and is perpendicular to the planes 


Aye + By +Cyz+Di=0 and Age + By + Coz + D2 = 9. 
Ans. (Bi C2—B2C1)(%— 1) +(Cid2—C241)(y—) + (Ai B2— A2Bi)(z—%) =0. 


CHAPTER XIX 


THE STRAIGHT LINE IN SPACE 


159. General equations of the straight line. A straight line 
may be regarded as the intersection of any two planes which 
pass through it. The equations of the planes regarded as simul- 
taneous are the equations of the line of intersection, and hence 
(Corollary, p. 349) 


Theorem I. The equations of the straight line are of the first 
degree in x, y, and 2. 

Conversely, the locus of two equations of the first degree is 
a straight line unless the planes which are the loci of the separate 
equations are parallel. Hence, by Corollary III, p. 350, we have 


Theorem II. The locus of two equations of the first degree, 


Aga + Boy + One -b Dz — 0, 

is a straight line unless the coefficients of x, y, and z are proportional. 

To plot a straight line we need to know only the codrdinates of two points on 
the line. The easiest points to obtain are usually those lying in the codrdinate 
planes, which we get by setting one of the variables equal to zero and solving for 
the other two. Ifa line cuts but one of the codrdinate planes, we get only one point 
in this way, and to plot the line we draw a line through that point parallel to the 
axis which is perpendicular to that plane. 

The direction of a line is known when its direction cosines are 
known. The method of obtaining these is illustrated in 


Ex. 1. Find the direction cosines of the line whose equations are 
8e+2y—z2-1=0, 27-—y+2z2-8=0. 
Solution. Let the direction cosines of the line be cos a, cos B, and cosy. 
The direction cosines of the normals to the planes in which the line lies 
are respectively (Corollary I, p. 350) 


3 2 1 Pee a Be 


>) rH | 
V14 V14 V14 3 3.3 
263 
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Since the intersection of the two planes is perpendicular to the normals to 
both, we have (Theorem VI, p. 335) 
3 2 1 2 1 2 
— cos ~w + —— cos 6 — ——cosy=0, -cosa —=cosB+—-cosy=0. 
vi4 vi4 vi4 yas 38 3 
Solving for cos 8 and cosy in terms of cos a, we get 
cosB =— cosa, cosy =— icosa, 
3 cos B ea 3 cos y 
3S 7 


Dividing by 8, the least common multiple of the numerators, we get 


and hence cosa = — 


cosa  cosB_ cosy 


3 —-8 —-7 
Then by the Corollary, p. 331, 


7 


COS @ = » COS 


c= eet » Cosy = 
+ -V 122 +-V122 +V122 

The line will be directed downward or upward according as the positive 
or negative sign of the radical is chosen. 


The method is general and may be formulated as the 


Rule to find the direction cosines of a line whose equations are given. 

First step. Find the direction cosines of the normals to the planes 
in which the line lies (Corollary I, p. 350). 

Second step. Find the conditions that the given line is perpen- 
dicular to the normals in the first step (Theorem VI, p. 885) and 
solve for two of the direction cosines of the line in terms of the third. 

Third step. Eapress the results of the third step as a continued 
proportion and apply the Corollary, p. 381. 


Ex. 2. Find the direction cosines of the line whose equations are 
4%+32—-—10=0, 4%—2y+4+32z2-1=0. 


Solution. First step. The direction cosines of the normals to the given 
planes are ‘. 
4 3 4 2 3 
—, 0, — and ) ’ § 
5 5 v29— 29. 29 
Second step. If the direction cosines of the line are cos a, cos B, and cos 7, 
then 


4 3 
—cos a + —cosy = 0, A 6s = egee eneeete 
V29 


5 5 V29 V29 


and hence cosy=— cosa, cosB=0, 
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cosa cosy 

(teed 
cos aw, cos 8B, and cosy are proportional to 8, 0, and —4. Then (Corollary, 
p. 381), 


Third step. From these equations » cosB=0, and hence 


cosa=+?#, cosB=0, cosy =F §. 
The: line will be directed downward or upward according as the upper or 
lower signs are used. 


Theorem III. /f a, B, and y are the direction cosines of the line 
(11), then 
cos a nf cos B ba cos y 
B,C,— B,C, C,4,—€,4, A,B, — A,B, 
This is proved by the above Rule without carrying out the last part of the third 
step. 


PROBLEMS 


1. Find the points in which the following lines pierce the codrdinate planes 
and construct the lines. 

(a) 2a+y—2=2, e—y+2z2=4. (c) 7+ 2y=8, 2xa—4y=7. 
(b) 444+ 8y—6z2=12, 4e2-—3y=2 (d) y+2=4, e—y+2z=10. 
2. Find the direction cosines of the following lines. 
(a) 2a-—y+2z2=0, 7+ 2y—2z2=4. 

Ans. + os V65, Fe 
(b) t+ y+2=5, e-—y+z2=3. Ans. i Ve, 0, = 4 V2: 

es + 


(c) 8a+2y—z2=4,%—2y—2z=5. Ans. V5, = 4V5, + 8& V5 
(d) s+y—82=6, 22—y+37=8. Ans. 0, + 3,V10, + 4,V10. 
(eo) «ty =6, 24 —82=5. Ans. + 3,V22, + 3,V22, + 3V22. 
@y+382=4 38y—62—1. Ans. +1, 0,0 
(g) 2e—8y+2=0, 2a—3y—22=6. 

‘ Ans. + 3,V18, + 4-13, 0 
(h) 5@ —142—7=0, 2%+7z2=19. Ans. 0, +1, 0. 


8. Show that the following pairs of lines are parallel and construct the 
lines. 

(a) 2y+z2=0,38y—4z2=7 and 5y—2z2=8,4y+11lz= 44. 

(b) ©+2y—2=7, y+2—-—2u=6 and 824 6y—8z=8, 2a—y—z=0. 

(c) 8a+2=4,y+2z=9 and 6% —-—y=7,3y+6z=1. 

4. Show that the following pairs of lines meet in a point and are 
perpendicular. 

(a) + 2y=1,2y—z=1 and e«—y=1,2%-22=3. 

(b) 4a +y—82+4 24=0,2=5 and e+y+3=0,44+2=0. 

(c) 8a+y—z2=1, 2e—z=2 and 24—y+2z2=4,%—-y+2z2=3. 
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5. Find the angles between the following lines, assuming that they are 
directed upward or in front of the ZX-plane. 
(a) et+-y—z2=0,y+z2=0 and z—-y=1,7-3y+z=0. Ans. 
(b) ©+2y+2z2=1,2—2z=1 and 47+ 3y —z+1=0, 2x+3y= 
‘ Ans. cos7!18. 
(c) ©-—2y+z2=2, 2y—z2=1 and e—2y4+2=2,e0—2y+2z2=4. 
Ans. cos—1t. 


= 
3 
0 


6. Find the equations of the planes through the line 
et+y—z2=0,2%—y+3z2=5 
which are perpendicular to the codrdinate planes. 
Ans. 3%24+22=5, 8y —52+565=0, 64+2y=5. 
7. Show analytically that the intersections of the planes x -2y—z=38 
and 2% —4y —2z=5 with the plane e+ y —3z=0 are parallel lines. 
8. Verify analytically that the intersections of any two parallel planes 
with a third plane are parallel lines. 
160. The projecting planes of aline. The three planes passing 
through a given line and perpendicular to the coérdinate planes 
are called the projecting planes of the line. 


If the line is perpendicular to one of 
the codrdinate planes, any plane con- 
taining the line is perpendicular to that 
plane. In this case we speak of but 
two projecting planes, namely, those 
drawn through the line perpendicular 
to the other coordinate planes. 

If the line is parallel to gne of the 
coordinate planes, two of the projecting 
planes coincide. 


By Theorem VII, p. 360, the 
equation of any plane through 
the line 


(1) 42+ By+Cyz+D,=0, Aw+ By+ Cz + D,=0 

has the form 

(2) (A, + hAg)@ + (Bi +kBe) y + (Ci + kCy) 2 + (D, + kD,) = 0. 
If (2) is to be perpendicular to the XY-plane, z =0, then 

(Corollary IV, p. 350) C; + kC, = 0, whence k= —<!. Subst 

tuting in (2) and reducing, we get : 

(BP (OA, S0GA oe. —(B, Cy BOY) 9 47°C Dp Dy = 
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Similarly, if (2) is perpendicular to the YZ- or ZX-plane, it 
becomes 


(4) (A,B, = A,By)y a (CiA, —— C,A,)z -b A,D, — A,D, — 0, 
(5) (A,B, =e A,By) x& —= (B,C, em B,C) a (B,D, aad B,D) = 0. 


Equations (3), (4), and (5) are the equations of the projecting 
planes of the line (1), and any two of 
them may be used as the equations 
of the line. 

If A,B, — A,B, + 0, that is, if the 
% line is not parallel to the XY-plane 
* (Theorem IIT), equations (5) and (4) 
may be written in the forms 


A 


2 


R=met+ta y=ne+d. 


If A,B, — A,B, = 0 and B,C, — B,C, # 0, that is, if the line is 
parallel to the X¥-plane but 
is not parallel to the Y-axis, Z 
equations (5) and (3) may be 
written in the forms 
Z2=4 y=me+b. 


If A,B, — A.B, = 0 and 
B,C, — B.C; = 0, that is, if the 
line is parallel to the Y-axis, 
equations (4) and (3) may be 
written in the forms 


eed, w= db. 


Hence we have 


Theorem IV. Zhe equations of a line which pierces the X Y-plane, 
or which is parallel to the XY-plane but not to the Y-axis, or 
which is parallel to the Y-axis, may be put in the following forms 
respectively : . 


x=me+a, 2= a, 2= a, 
ax) eons eee es 
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To find the equations of the projecting planes of a given line we may proceed 
as above by considering the system of planes which pass through the given line 
(Theorem VIL, p. 360) and determining the parameter & so that the plane shall be 
perpendicular to each of the coordinate planes in turn. These equations may 
also be found by eliminating z, x, and y in turn from the equations of the line. 

To reduce the equations of a given line to one of the forms (IV) we solve them 
for x and y in terms of z. If there is no solution for x and y (Theorem IV, p. 90), 
we solve for y and z. Finally, if there is no solution for y and z, we solve them 
for z and 2. ; 


PROBLEMS 


1. Find the equations of the projecting planes of the following lines. 
(a) 2a+y—z2=0,%—y+2z=8. 
Ans. 5%2+y=8, 8%0+2=3, 3y—5246=0. 
(b) ey +2=6, 0 —y—27=2. 
Ans. 84+y=14, 2%7—2=8, 2y+3z2=4. 


(c) 2¢+y—z2=1,%-—y+2=2. Ans. @£=1,y—241=0. 

(d) e+y—4z2=1, 2a4+2y4+2=0. Ans. 9%2+9y=1,924+2=0. 
(e) 2y+3z2=6, 2y —382=18. Ans. y =6;2=—2: 

(f) 2e-y+z2=0, 4%+38y+2z=6. Ans. 5y=6,10%+4+5z2=6. 
(QOS 4) 3% ARS Reale 


2. Reduce the equations of the following lines to one of the forms (IV) 
and construct the lines. 


(a) e+ y—22=0,%—-y+z2=4. Ans. t=424+2,y=32z-2. 
(b) 7+ 2y—2=2, 2a+4y422=5. Ans. z=1,y=-—42+2 
(c) e—2y+2=4,%7+4+ 2y—z2=6. Ans. ©=5,y=42+1H. 

(d) 7+382=6, 2%+5z=8. Ans. 2=4,2=>—6. 

(ce) e+2y—22=2,2a+y—42=1. Ans. r= 22, y=1 

(ff) e—-y+2=3, 3e—3y+4+2z2=6. ANSS Zi See 10s 


3. Interpret geometrically the meaning of the constants in each of equa- 
tions (IV) by determining numbers proportional to the direction cosines of 
each line and the point in which the first line cuts the X Y-plane, the second 
the YZ-plane, and the third the Z_X-plane. 


4. Interpret the geometric significance of the constants in equations (IV) 
by considering the traces of the planes which are the loci of those equations 
taken separately. 


5. Show that a straight line in space is determined by four conditions, and 
formulate a rule by which to find its equations. 


6. Find the equations of the line passing through the points (— 2, 2, 1) ~ 
and (— 8, 5, — 2), Ans, ©=22—4,y=—2+43. 
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7. Find the equations of the projection of the linex=z4+2, y=2z—4 
upon the plane z + y—z=0. Ans. t=t2+34,y=42-— 14. 


8. Find the equations of the projection of the line z = 2, y = x — 2 upon 
the plane x —2y—38z2=4. Ans. ©=—52+4,y=—4z. 


9. Show that the equations of a line may be written in one of the forms 
| Aa eae Ld, P= da, 
Z=ne +b, zZz=my+b, Yi=0, 
according as it pierces the YZ-plane, is parallel to the YZ-plane, or is parallel 
to the Z-axis. 


10. Show that the condition that the line «= mz+a, y= nz+ 6b should 
a-w b-—v’ 


/ 


intersect the linew= mz2+a@,y=nz+0' is 


—m n—-n 


161. Various forms of the equations of a straight line. 
Theorem V. Parametric form. Zhe codrdinates of any point 
P (a, y, 2) on the line through a given point P (#1, Y1, %1) whose 
direction angles are a, B, and y are gwen by 
(V) w=a,+pcoosa, y=y,tposfP, z=2,+ poosy, 


where p denotes the variable directed length P,P. 


Proof. _The projections of P,P on the axes are respectively 
(Corollary II, p. 329) 
Ein UPB ACAD 
or (Theorem I, p. 328) 
pcosa, pcosB, pcos y. 
Hence 
X—%=pcosa, y—Yi=pcCcosP, #—% = pCcosy. 


Solving for x, y, and z, we obtain (V). Q.E.D. 


Theorem VI. Symmetric form. The equations of the line passing 
through the point P, (x1, yi, #1) whose direction angles are a, B, and 


-y have the form 
C—O BY Ys A 


oy) cosa cosp cosy 


Hint. Solve each of equations (V) for p and equate the values obtained. 
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cosa  cosB_ cosy 
Pal lhe 

of the line may be written in the form 

TN UU Ce 
Cn here,» eee 


Corollary. Jf » then the symmetric equations 


Theorem VII. Two-point form. The equations of the straight line 
passing through P; (#1, Y1; #1) and Pz (x2, Yo, %2) are 
(VID) OE en eae ee 
He—Xy Yo-Yr Ro 
Proof. The line (VI) passes through P, If it also passes 
through P., then 
So Beal? ae Lash Sek Baie 
COS @ cos B cos 
Dividing (VI) by this equation, we obtain (VI1). Q.E.D. 


Equations (VI) and (VII) each involve three equations, namely, those obtained 
by neglecting in turn each of the three ratios. These equations are, in different 
form, the equations of the projecting planes, since one variable is lacking in each 
(Corollary V, p. 351). Any two of the three equations are independent and may 
be used as the equations of the line, but all three are usually retained for the sake 
of their symmetry. 


PROBLEMS 


1. Find the equations of the lines which pass through the following pairs 
of points, reduce them to one of the forms (IV), p. 367, and construct the 
lines. 


(a) (8, 2, —1), (2, — 8, 4). Ans, ©=—42+4+14,y=-—2+4+1. 
(b) cG5565) 3) 56, 2573)* Ans. 2=38, y=—22+8. 

(c) (1, — 4, 2), (8, 0, 8). Ans. ©=2z—3,y=4z2—-12. 
(d) (2, — 2, —1), (8, 1, —1). Ans. 2=—l,y=32-8. 

(e) (2, 3, 5), (2, —7, 4). ANS wei TO leo oy 


2. Show that the two-point form of the equations of a line become 
O-m yy 
t2—-% Yo—-Yi 
if v1 = Xe > 


» 2=%1, if 213=22. What do they become if y; = yo? 


w-1 —6 = 
* From (VII), SS = y a 2 ae The value of the last ratio is infinite unless z —3 = 0. 
If z—3=0, then the last ratio may have any value and may be equal to the first two. 
2-1 y-6 
a =f re z2=3. Geometrically, it is evident 


Hence the equations of the line become 


that the two points lie in the plane z = 3, and hence the line joining them also lies in that 
plane. 
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3. What do the two-point equations of a line become if 21 =z and 
Yp=—Yor We y= Yo and 2] = 22? if 41) = Ze and 2 =a? 
4. Do the following sets of points lie on straight lines ? 


(Ayn(e,2, — 4), (6,4, —6),.and (9, 8,—.10). Ans. Yes. 
(b) (3, 0, 1), (0, hk 3, 2), and (6, 3, 0). Ans. Yes. 
(c) (2, 5, 7), (— 8, 8, 1), and (0, 0, 3). Ans. No. 


5. Show that the conditions that the three points Py (<1, y1, 21), Pe(&e, Ye, 22), 


; F ; t3 — 2 = eae 
and P3 (ag, ¥z, 23) should lie on a straight line are = ADS ed Fo 
. %2—% Yo-Yr %-% 


6. Find the equations of the line passing through the point (2, —1, — 8) 
whose direction cosines are proportional to 3, 2, and 7, and reduce them to 
the form (IV), p. 867. Ans. ©=$2+ 338, y=2z2—-}. 

7. Find the equations of the line passing through the point (0, — 3, 2) 
which is parallel to the line joining the points (3, 4, 7) and (2, 7, 5). 

Ans. Sey are ee 
1 —3 2 
ps eae eee re eee oe z 
—2 4 —3 2 —4 


re 


8. Show that the lines ~ 
parallel. 
9. Find the equations of the line through the point (— 2, 4, 0) which is 


eo sete = a 
parallel to the line — = = , and reduce them to the form (IV), p. 367. 
2 Se Ans: © =—42—2,y7=—32+4. 
10. Shor eee ines ea eae es Ve ee are 
: —3 2 2 6 3 
perpendicular. 
11. Find the angle between the lines 5 epay. a hee ae and 
# : a! = isos : if both are directed upward. Ans. =. 


12. Find the parametric equations of the line passing through the point 
(2, — 8, 4) whose direction cosines are proportional to 1, — 2, and 2. 

Ans. ©=2+4p,y=—38—#p,2=4+4 #p. 

13. Construct the lines whose parametric equations are 

(a) C=2+3p,y=4—$p, Z=6 +4 Fp. 
(bk) ©=—38—Fp,y=6—$p,2=4+ Fp. 

14. Find the distance, measured along the line a = 2 — 3p, y=44+12p, 
2=-—3-+ 7p, from the point (2, 4, — 3) to the intersection of the line with 
the plane 47 —y —2z=6. Ans. 18. 

15. Show that the symmetric equations of the straight line become 
Coes ae Z=2, if cosy =0. What do they become if cosa=0? 
COS & cos B : 
if cosB=0? 
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16. Show that the symmetric equations of the straight line become z = ZA, 
x= 2, if cosy=cos~=0. What do they become if cosa=cosB=0? 
if cosB = cosy = 0? 


17. Reduce the equations of the following lines to the symmetric form. 


(a) e—-2y+2=8, 2x%—3y=18. Ans. 3 3 1 
(b) 42 —5y4+32=3,42—5y+24+9=0. Ans. $4" 2=6 

(c) 2e+24+5=0,%24+38z2—-—5=0. Ans. 2=3,0=— : 
(d) c+2y4+62=—5,82—-2y—10z=7. Ans. teat =e 
(ce) 8a —y—22=0, 62—38y—4z24+9=0. Ans. ae at yao 

(f) 8@—4y=7,74+ 8y=11. ANS) 15 =), = 2 

(g) 2e¢+y+2z2=7,%+3y4+6z=11. Ans. y= se 
(h) 2a -38y+2=4,4e%-—6y —z2=5. Ans. pate a1 

(i) 82+y=1,4z2-—38y=10. Ans. y=—2,2=1 

(j) c= mze+a,y=nz+b. Ans. ee i : 


Hint, Find the codrdinates of a point on the line by assuming a value of one variable 
and solving the equations of the line for the other two variables. In the answers this 
point is the point in which the line pierces the X Y-plane, or the point in which it pierces 
the YZ-plane if it is parallel to the X Y-plane, or the point in which it pierces the ZX- 
plane if it is parallel to the Y-axis. 

Find the direction cosines of the line by the Rule, p. 364 (or numbers proportional to 
them by Theorem III, p. 365), and substitute in the symmetric equations of the line (or 
in the form given in the Corollary to Theorem VI). 

If one or two of the direction cosines are zero, the symmetric equations take the forms 
given in problems 15 and 16. 


18. Find the equations of the line passing through the point (2,0, —2) which 


is perpendicular to each of thetihes © Ba AM ead and a aes 
1 2 3 —1 2 
Ans parr alget  = 
4 2 —5 


19. Find the equations of the line passing through the point (8, —1, 2) which 
is perpendicular to each of the lines 7 = 2z —1, y=z +3, and ; = = * 
GR Yl eZ 2 

ie ior 


Ans. 
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20. Find the equations of the line through P (a, y1, 21) parallel to 


(hee aed ne Giese CO US Ohh Gea 
a b c ha tasge, b c 
(bt) c=mz+a,y=nz+b. Asp ete = Uae 
m n 1 
(c) =a, y= me +b. Ans. Se ea. 
m 
(d) Az + By + Cyz + Di = 0, Age + Boy + Coz + D2 = 0. 
. L— vy s Of ifs Be 2—241 


Ans. 


BiCz— B,C,  Cy4g—AgC, AiBy — AzB, 
21. Find the equations of the line passing through P (@1, y1, 21) which is 
perpendicular to each of the lines 
eases pees eae eae OC a ene PU eee ae a8 
ae be C2 a3 bg C3 
Ans, ear Ue e ek iT Bat SCRA Be 
bac3 = bgCe Cog — Cg Agbs soe agb2 


162. Relative positions of a line and plane. If the equations 
of a line have the general form (II), p. 863, then the line will lie 
in a given plane if a value of & in (VII), p. 360, may be found 
such that the locus of that equation is the given plane. 

If the equations of the line have the form (IV), we substitute 
the values of two of the variables given by (IV) in the equation 
of the plane and see whether the result is true for ad/ values of 
the third variable. If such is the case, the line lies in the plane. 

An analogous procedure may be followed if the equations of 
the line have the form (V), (VI), or (VII). 


Theorem VIII. A line whose direction angles are a, 8B, and y and 
the plane Ax + By + Cz + D=0 ave 

(a) parallel when and only when 

Acosa+ Boos B+ Ccosy=0; 
(6) perpendicular when and only when 
A B Cc 
cosa cos PB cosy 

Proof. The direction cosines of the normal to the plane are 

(Corollary I, p. 350) 
A c¢ 


B 
£VOPR+O tVF¢R FO tV04 R403 
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The line and plane are parallel when and only when the line 
is perpendicular to the normal to the plane,* that is (Theorem VI, 
p- 335), when and only when 

Acosa+ BeosB+ Ccosy _ 
+V 42+ B+ C? ai 


0. 


Multiplying by the radical, we get the condition for parallelism. 

The lne and plane are perpendicular when and only when 
the line is parallel to the normal to the plane, that is (Theorem VI, 
p-. 335), when and only when 


A B 
cos @ = COST OR ) 
EVA? 4 BP 4 C? +VA2+ B24 0? 
61 
cos y = 


+VA74+ B+ C2 
Dividing these equations by A, B, and C respectively and 
inverting, we at once obtain the conditions for perpendicularity. 
Q.E.D. 
163. Geometric interpretation of the solution of three equa- 
tions of the first degree. The codrdinates of a point which lies 
on each of three planes will satisfy the equations of the three 
planes, and hence to each point common to three planes there 
will correspond a solution of their equations. Hence we have 
the following correspondence between the relative positions of 
three planes and the number of solutions of their equations. 


Position of planes Number of solutions of equations 


Forming a triedral angle. One solution. 

Forming a prismatic surface.t No solution. 

Passing through the same lne.t A singly infinite number.§ 

Three parallel planes. t No solution. 

Three coincident planes. A doubly infinite number. | 

* Tf the line is perpendicular to the normal to the plane, it may, in a special case, lie 
in the plane. 

+ Two of the planes may be parallel in a special case. 

+ Two of the planes may coincide in a special case. 


§ The solution contains one arbitrary constant. 
|| The solution contains (vo arbitrary constants. 
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If the three planes form a triedral angle, the point of intersection is found 
without difficulty by solving their equations. 

If the three planes form a prismatic surface, their lines of intersection are par- 
allel. Whether this is the case or not may be determined by Theorem III, p. 365, 
and the Corollary, p. 331. 

If the three planes pass through the same line, the intersection of two planes 
lies in the third. Whether this is the case or not may be determined by the 
method on p. 373. To solve their equations set one variable equal to & and solve 
two of the equations for the remaining variables. The results will be solutions 
for all values of k. 

Whether the three planes are parallel or not may be determined by Corollary III, 
p. 350. 

If the three planes coincide, all of their coefficients are proportional. To solve 
their equations set two of the variables equal to ki and ke, and solve one of the 
equations for the remaining variable. The results will be solutions for all values 
of ki and ke. 


PROBLEMS 


1. Show that the line ~ : Se $ = : is parallel to the plane 4” 4 2y 


422=9, el 


2. Show that the line ~ — ¥ —® is perpendicular to the plane 32+ 2y 
+72=8. pez, tar 


3. Show that the line c= z— 4, y = 2z — 3 lies in the plane 27 — 3y 
+4z—1=0. 


4. Show that the line a =— 2+ 2p, y=—2p,z=6 + 1p lies in the plane 
x2—-2y—62+388=0. 


5. Find the codrdinates of the points of intersection of the following 
planes and determine the relative positions of the planes. 
(a) 2a+y—2z2=11,02—y+z2=0,%+2y—z2=7. 
Ans. (3, 1, — 2); planes form a triedral angle. 
(b)- 2% +4y4+22=8,8%4+3y+2=0,382%—-—6y—52=8. 
Ans. None; planes form a prismatic surface. 
(ec) ©—-y=382=1,0+y7+2=2, 8% —y—52=4. 
Ans. (+k, } —2k, k); planes pass through a line. 
(d) 8@—y+52=0, 2le—Ty+35z2=8, 2y — 10z2-6x4=4. 
Ans. None; planes are parallel. 
(e) 2a—3y+42=3, 6y —4%—82+6=0, 6%—9y4 12z=9. 
Ans. [ky, ko, (8 — 2k; + 3 ke)]; planes coincide. 


6. Show that the line 
—2z+3=0. 


12 tt lies in the plane 2a +2y 
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7. Find the equations of the line passing through the point (8, 2, — 6) 
which is perpendicular to the plane 4a —y+38z=65. 
Ans. eS 88 yeeeee 
ae. —1 3 
8. Find the equations of the line passing through the point (4, — 6, 2) 
which is perpendicular to the plane zw + 2y —3z=8., 
ys eth UO eae 
1 2 —3 
9. Find the equations of the line passing through the point (— 2, 3, 2) 
which is parallel to each of the planes 82 —-y +z=0and2—z=0. : 
ane iNee s Bieta 2 


il - 4 1 
10. Find the equation of the plane passing through the point (1, 3, — 2) 
which is perpendicular to the line pees z ead 7 


Ans. 2%+5y—z2=19. 
11. Find the equation of the plane passing through the point (2, — 2, 0) 
which is perpendicular to the linez =3, y=2a—4. Ans. x2+2y+2=0. 
12. Find the equation of the plane passing through the line z + 2z = 4, 
Oia an tee Saat 


3 4 
Ans. ©+10y—8z-—84=0. 


13. Find the equation of the plane passing through the point (8, 6, — 12) 


y — z =8 which is parallel to the line 


which is parallel to each of the lines fare ee and use 
2+2 3 —1 3 
oar ppt he Ans. 24+ 3y—z2= 8386. 


14, Find the equations of the line passing through the point (8, 1, — 2) 
which is perpendicular to the plane 2% — y —5z=6. 


Ans. e=—224+44,y=424 2. 
15. Show that etlingsi es eee Rand e220 eae 
4 —2 —1 3 2 


intersect, and find the equation of the plane determined by them. 
Ans. 14¢%—4y+4182= 82. 
16. Find the equation of the plane determined by the line =" = ut 


| , 
=a and the point (0, 8, — 4). Ans. ©+2y+221+2=0. 


17. Find the equation of the plane determined by the parallel lines 


1 —2 —* ES 
Prey BAAR Jeet Ps lol Vat 


3 2 1 3 2 1 Ans, 82+ y—262+6=0. 
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18. Find the equations of the line passing through P (2%, y1, 21) which is 
perpendicular to the plane Az + By + Cz+ D=0. 
Vyas eG aN UPR ta 


A B Cc 


19. Find the equation of the plane passing through the point Py (a, 91, 21) 
Cie Ya YO LB Be 

Oe ae aoe: 
Ans. a(@ —%)+b(y—yi) + ¢(z— 21) = 0. 


which is perpendicular to the line 


Lire Sime Wen ae 
b 
Aa + Bb -+- Ce 


V A2 + B24C2 Ver+b+c2 


20. Find the angle @ between the line 
plane Aw + By + Cz + D=0. 
Anshe sin 6 = 


and the 


Hint. The angle between a line and a plane is the acute angle between the line and 
its projection on the plane. This angle equals ~ increased or decreased by the angle 
between the line and the normal to the plane. 


21. Find the equation of the plane passing through P3 (x3, y3, 23) which 
gain. er ager el gs ee et eee 


is parallel to each of the lines 
MH by C1 2 be 


ei 2 
= ‘ i 
Ans. (b1¢2 = b2¢1) (x —%s3) + (C12 — 201) (y —Ys) + (abe — 201) (z _ Zs) — )) 


22. Find the condition that the plane Ay7+ Byy + Cyz + D,; =0 should 
be parallel to the line Aor + Boy + Coz + D2 =0, Asx + Bsy + C3z + D3 =0. 
Ans. A,(B2C3 —B3C02z) + By(C2A3— C3A2) + C1(A2B3—A3Be)= 0. 


23. Find the equation of the plane determined by the-point Py (21, 1, 21) 
and the line Aya + Byy + Oyz + D, = 0, Age + Boy+ Coz + Dz = 0. 
Ans. (Az%1+ Boy1 + C2%1 + Do) (Ai® + Byy + Cz +D}) 
= (Aya; + Bry + Cy21 + Dy) (Act +.Boy + Coz + D2). 


24, Find the equation of the plane determined by the intersecting lines 
20 NO ETE CL SON AIG Gea ie ceca Wig de 
ay by Cy a2 be C2 
Ans. (b1C2 _ bec1) (x—&1) + (C12 — C21) (y _ Y1) + (ayb2— agb1) (z —21) =)0: 


25. Find the equation of the plane determined by the parallel lines 
fee es a et ye Ve eS at 
a b ¢ a b c 
Ans. [(y1 — y2)¢ — (%1 — 22) b] & + [(%1 — 22) @ — (@1 — He) c]y 
+ [ (#1 — &2)b — (Yi — Y2) A) 2 + (Y122 — Yor) a 
+ (Z1%2 — 22@1)b + (Tyg — Weyi)c = 0. 
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26. Find the conditions that the line x = mz + a, y = nz +b should lie in 
the plane Ax + By + Oz + D=0. 
Ans. Aa+ Bb+D=0, Am+ Bn+C=0. 
27. Find the equation of the plane passing through the line a 
1 
ee ienia parallel to the line ~— "2 — ¥— ¥2 _ %~ #2. 
by Cy Ae be C2 


Ans. (by¢2—bacy) (a1) + (C142 — C201) (y—Y1) + (A1b2— aeb1) (2-21) = 0. 


CHAPTER XX 
SPECIAL SURFACES 


164. In this chapter we shall consider spheres, cylinders, and 
cones* (surfaces considered in Elementary Geometry) and sur- 
faces which may be generated by revolving a curve about one of 
the codrdinate axes or by moving a straight line. 


165. The sphere. 
Theorem I, The equation of the sphere whose center is the point 
(a, B, y) and whose radius is r is 
(a —a)’?+ (y— B)’? + (e-y)? =7", or 
(1) a? +y?+22—2ax—2py—2yz+@+P+y’—7’?=0. 
Proof. Let P(x, y, z) be any point on the sphere, and denote 
the center of the sphere by C. Then, by definition, PC =,. 
Substituting the value of PC given by (IV), p. 331, and squar- 
ing, we obtain (1). Q.E.D. 
- Theorem II. Zhe locus of an equation of the form 
CEP) ewtyte2+Ge+ Hy+Iz+K=0 
is determined as follows : 
(a) When G?+ H?+I?—4K > 0, the locus is a sphere whose 
: G Jal 
center is (-$: Peo. 
r= iVG?+ H?472—4K. 
(0) When G?+ H?+1?—4K= 0, the locus is the point-sphere{ 
G H if 
ee 9. 2) 
(c) When G? + H? + 1? —4K <0, there is no locus. 


*In Analytic Geometry the terms sphere, cylinder, and cone are usually used to 
denote the spherical surface, cylindrical surface, and conical surface of Elementary 
Geometry, and not the solids bounded wholly or in part by such surfaces. 

+ That is, a point or sphere of radius zero. 
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if 5 5 
> 5) and whose radius is 


380 ANALYTIC GEOMETRY 


Proof. Comparing (II) with (1), we obtain 
—2a=G, —2B=H, -—2y=1, 7Y+Ph+y7-—P7=K, 


whence 


bo] Q 


) p=-> rg r=34VG?4+ H7+1?—-4K. 


Hence, if G? + H? + 1? —4K > 0, the locus is a sphere. 

To determine the general appearance of the locus of (II) when 
G?4+ H?+1%?—4K <0, we consider the section formed by the 
plane z = k, whose equation is (Rule, p. 345) 


(1) a+ y?+ Ge + Hy +h? + Ik+K=0, 
The discriminant of (1) is (p. 181) 


@=G?4+H?—42—AIk—4K 
A AG eG ao ae 


The discriminant of this quadratic in & is (p. 2) 
A=16/?+16G?+416H?— 64K 
=16(G74+ H?+1?—4K). 


In discussing the locus of (1) three cases arise which la 
upon the sign of ® (Theorem I, p. 131). 

(a) If G?+ H?+1?—4K>0, © is positive for values of & 
lying between the roots of @ (Theorem III, p. 11), and the 
section (1) formed by the plane z = & is a circle. Equation (II) — 
has a locus, as we have seen. 

(b) If G? + H? + 1?—4 K =0, @is negative for all real values 
of k (Theorem III, p. 11) except the roots, which are real and 
equal (Theorem IT, p. 3), and for this single value of & the locus 
of (1) is a point-circle. As but one plane, z = 4, intersects the 
locus of (II), and as this intersection is a point-circle, the locus 
is a point which may be regarded as a sphere of zero radius. 

(c) If G? + H?+17?—4K < 0, @is negative for all real values 
of k (Theorem III, p. 11). Hence (1) has no locus whatever the 
value of may be, and therefore (I1) has no locus, QE. D, 
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Theorem III. The locus of the general equation of the second 
degree in three variables 

(IIL) Aw? + By?+C2* + Dyz + Ezx + Fey+Ga+Hy+Iz+K=0 


is a sphere when and only when A=B=C, D=E=F= 0, and 
G?+ H*?+17—4AK 
ac 


is positive. 


This is proved by comparing (III) with (II). 


PROBLEMS 


1. Find the equation of the sphere whose center is the point 


(a) (a, 0, 0) and whose radius is @. Ans. 2+ y2+227-—2ar=0. 
(b) (0, 8, 0) and whose radius is B. Ans. 2% + y?+ 22—2py =0. 
(c) (0, 0, y) and whose radius is y. Ans. 227+ y2+22-—2yz =0. 


2. Determine the nature of the loci of the following equations and find the 
‘center and radius if the locus is a sphere, or the codrdinates of the point- 
sphere if the locus is a point-sphere. 

(a) w+ y24+ 22—-62+442=0. (c) w+ y24+224+42—z2+7=0. 

(b) 2+ y24+ 224 2¢%—4y—5=0. (d) 224+ 92+ 22-1274 6y+4z=0. 


3. Where will the center of (II) lie if 
(a) G=0? (c)2t-—=10 ?. (@) tell OY 


4. Show that a sphere is determined by four conditions and formulate a 
rule by which to find its equation. 


5. Find the equation of the sphere which 
(a) has the center (8, 0, — 2) and passes through (1, 6, — 5). 
Ans. 22+ y2+ 22-624 4z2-—36=0. 
_ (b) passes through the points (0, 0, 0), (0, 2, 0), (4, 0, 0), and (0, 0, — 6). 
Ans. 2+ y2+22—-—4¢4—-—2y+6z2=0. 
(c) has its center on the Y-axis and passes through the points (0, 2, 2) and 


(4, 0, 0). Ans. 2+y?+22+4y—-16=0. 
(d) passes through the points (1, 1,0), (0,1, 1), and (1, 0, 1) and whose 
radius is 11. Ans. 22+ y2+ 22 -14a@—14y —14z2+ 26=0. 


(e) has the line joining (4, — 6, 5) and (2, 0, 2) as a diameter. 
Ans. w+ y24+ 22-—624+6y—724+18=0. 
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6. Given two spheres S,: 22+ y2+ 22+ Gye + My + hz + Ky = 0 and 
So: 2? + y24+ 224+ Gow + Hoy + nz + Ke = 0; show that the locus of 
Spit? + y? + 224 Gye + My + hz + Ky 
that y2 + 24 Gor + Hey + Inz + Ko) =0 
is a circle except when k =—1. In this case the locus is a plane called the 
radical plane of S; and Sp. 


7. Thecenter of the sphere S; in problem 6 lies on the line of centers of S$; 
and S,2 and divides it into segments whose ratio is equal to k. 


8. The equation of the radical plane of S; and Sz (problem 6) is 
(Gy — Go) + (Hy — He) y + (a — In) 2 + (A — Ke) = 0. 


9. The radical plane of two spheres is perpendicular to their line of 
centers. 


10. The radical planes of three spheres taken by pairs intersect in a line 
perpendicular to their plane of centers which is called the radical axis of the 
spheres. 


11. The radical planes of four spheres taken by pairs intersect in a point 
called the radical center of the spheres. 


12. When two spheres S$; and Sg (problem 6) intersect, the system S;, con- 
sists of all spheres passing through their circle of intersection. 


13. When the spheres S; and Sg (problem 6) are tangent, the system S; 
consists of all spheres tangent to S, and Sg at their point of tangency. 


14. The equation of the system S; (problem 6) may be written in the form 
e+tytigitike+kK=0, 
where k’ is an arbitrary constant, if the X-axis is chosen as the line of 
centers and the YZ-plane as the radical plane of S; and Sy. 


15. The spheres of the system in problem 14 have their centers on the 
X-axis and 
(a) pass through the circle y? + 22+ K=0,7=0if K<0. 
(b) are tangent to each other at the origin if K = 0. 
(c) are orthogonal to the sphere x? 4+ y24+ 2=K if K>0. 


16. The product of a secant of a sphere drawn from a fixed point and its 
external segment is constant. 


17. Find the square of the length of a tangent from a point Py (x1, y1, 21) 
to the sphere a? + y24+ 224 Ga+ Ay+iz+kK=0. 
Ans. 2? + yi? + 22+ Ga, + Hy, + Ta14 K. 
18. Show that the equations of an inversion (p. 297) in space are 
x’ y 2! 
(eS A aya a a YS 
a + y/2 +4 2 v2 + y/24 2/2 v2 4 y/% 4 2% 
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’ 


19. Show that the inverse of a plane is a sphere unless the plane passes 
through the origin, and that in this case the plane is invariant. 


20. Show that the inverse of a sphere is a sphere unless it passes through 
the origin, when the inverse is a plane. 


166. Cylinders. 


Ex. 1. Determine the nature of the locus of y? = 4a. 


Solution. The intersection of the surface with a plane parallel to the 
YZ-plane, =k, are the lines (Rule, p. 345) 

(l) w=k, y=+2Vik, 
which are parallel to the Z-axis 
(Theorem II, p. 342). Ifk>0, 
the locus of equations (1) is a 
pair of lines; if k=0, it is a 
single line (the Z-axis); and 
if k <0, equations (1) have no 
locus. 

Similarly, the intersection 
with a plane parallel to the 
ZX-plane, y = k, is a straight 
line whose equations are (Rule, 


p. 345) ¥ 
iA ay key 


and which is therefore parallel to the Z-axis. 
The intersection with a plane parallel to the XY-plane is the parabola 
1 Nit eS SYR ERE YOO 

For different values of k these parabolas are equal and placed one above 
another. 

It is therefore evident that the surface is a cylinder whose elements are 
parallel ‘o the Z-axis and intersect the parabola in the X Y-plane 

Opie a ren) 

It is evident from Ex. 1 that the locus of any equation which 
contains but two of the variables zx, y, and z will intersect planes 
parallel to two of the coérdinate planes in one or more straight 
lines parallel to one of the axes and planes parallel to the third 
coordinate plane in equal curves. Such a surface is evidently a 
cylinder. Hence 

Theorem IV. The locus of an equation in which one variable is 
lacking is a cylinder whose elements are parallel to the axis along 
which that variable is measured. 
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167. The projecting cylinders of acurve. The cylinders whose 
elements intersect a given curve and are parallel to one of the | 
coérdinate axes are called the projecting cylinders of the curve. 
Their equations may be found by eliminating in turn each of the 
variables x, y, and x from the equations of the curve; for if we 
eliminate z, for example, the result is the equation of a cylinder 
(Lheorem IV) which passes through the curve, since values of a, 
y, and z which satisfy each of two equations satisfy an equation 
obtained from them by eliminating one variable. 


The equations of two of the projecting cylinders may be con- 
veniently used as the equations of the curve.* 


The figure shows the curve whose equations are 
2y2+22+4¢%=42z, y2?4+322—8x=12z. 
Eliminating «x, y, and z in turn, we obtain the equations of the projecting 
cylinders yete2=4z, 2—-—4e=42, y2+4e2=0. 
The figure shows the first and third of these cylinders. 


If the curve les in a plane parallel to one of the codrdinate 
planes, then two of these cylinders coincide with the plane of the 
curve, or part of it. 


* In general, the equations of a curve may be replaced by any two independent equa- 
tions to which they are equivalent, that is, by two independent equations which are 
satisfied by all values of x, y, and z satisfying the equations of the curve, and only by 
such values. 
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The projecting cylinders of a straight line are evidently planes. 
The equations of a line in terms of its projecting cylinders or 
planes have already been given (Theorem IV, p. 367). 


168. Cones. 
Ex. 1. Determine the nature of the locus of the equation 16 x? + y?— z2=0. 


Solution. Let P (1, y1,-21) be a point on a curve C in which the locus 
intersects any plane, for example z=k. Then 
(1) le2+ y2—z22=0, wa=k. 

The origin O lies on the surface (Theorem III, p. 345). We shall show 
that the line OP, lies entirely on the surface. 
The direction cosines of OP are (Corollaries, 
pp. 332 and 331) “1, “4, ana =, where 

Pl Pl Pl 
py? = 212 + yy? + 212 = OP;2. Hence the coordi- 
nates of any point on OP, are (Theorem V, 
p. 369) 


Substituting these values of 2, y, and z in 
the given equation, we obtain 


2 52 2 52 2 92 
(2) 161? ae 11 _ BEP 10! 
PI pi" pr? 


This is true for all values of p since it may 
be obtained from the first of equations (1) by 


2 
multiplying by f.. Hence every point on 
OP, lies on the surface, that is, the entire 
line lies on the surface. Hence the surface 
is a cone whose vertex is the origin. 

_The essential thing in the solution 
of Ex. 1 is that (2) may be obtained 
from the first of equations (1) by multiplying by a power of - 

1 


This may be done whenever the equation of the surface is 
homogeneous * in the variables 2, y, and z. Hence 

Theorem V. The locus of an equation which is homogeneous in 
the variables x, y, and z is a cone whose vertex is the origin. 


* An equation is homogeneous in z, y, and z when all the terms in the equation are of 
the same degree (footnote, p. 17). 
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PROBLEMS 


1. Determine the nature of the following loci; discuss and construct them. 


(a) 22+ y? = 36. (e) x2 — y? + 3622 =0. 
(0) ae? oy 22, (f) y? — 16224 422=0. 
(c) y2+422=0. (g) w+ 16y2-—42%=0. 
(d) a2. — 227=16. (h) a? + yz = 0. 


2. Find the equations of the cylinders whose directrices are the following 
curves and whose elements are parallel to one of the axes. 

(a).y? + 2—4y=0, 2 =0. (C) 022 0772070) 08 

(b) 22 2%) = 85450: (d) y2+2pz=0, c= 0. 


3. Find the equations of the projecting cylinders of the following curves 
and construct the curve as the intersection of two of these cylinders. 

(a) 22 + y? +22 = 25, 224+ 4y2 — 22 =0. 

(b) 22+ 4y? — 227 = 16, 42? 4 y? 4 22=16. 

(c) 2+ y=42, 2—7= 82. 

(d) a2 + 2y?4 42? = 82, 72+ 4y2= 42. 

(ec) Y+2e=0,y+2e¢+y—z2=0. 


4. Discuss the following loci. 


(a) a + y? = 22 tan?+. (d) a2 rs y? =) 
(b) y2 + 22 = a? tan?a. (ce) y+2—r 
(c) 2+ 2? = y? tan?B. (f) 224 a2 = 12. 


169. Surfaces of revolution. The surface generated by revolv- 
ing a curve about a line lying in its plane is called a surface of 
revolution. 


Ex. 1. Find the equation of the surface of revolution generated by revoly- 
ing the ellipse x? + 4y? —12% = 0, z= 0 about the X-axis. 
Solution. Let P (a, y, 2) be any point on thesurface. Pass a plane through 

P and OX which cuts the surface along one position of the ellipse, and in this 

plane draw OY’ perpendicular 

to OX. Referred to OX and 

OY’ as axes, the equation of 

the ellipse is evidently 

(1) w+4y%2—12¢=0. 

x But from the right triangle 
PAB we get y/2 = y? + 22. 
Substituting in (1), we get 

(2) 2+ 4y?+4+ 422-124 =0. 
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This equation expresses the relation which any point on the surface must 
satisfy, and it is easily shown that any point whose codrdinates satisfy equa- 
tion (2) lies on the surface. It is therefore the equation of the surface. 


The method of the solution enables us to state the 


Rule to find the equation of the surface generated by revolving 
a curve in one of the codrdinate planes about one of the axes in 
that plane. 

Substitute in the equation of the curve the square root of the sum 
of the squares of the two variables not measured along the axis of 
revolution for that one of these two variables which occurs in the 
equation of the curve. 


If the intersections of a surface with all planes parallel to one 
of the codrdinate planes are circles, then the surface is evidently a 
surface of revolution whose axis is the codrdinate axis perpen- 
dicular to the planes of the circular sections. This enables us to 
determine whether or not a given surface is a surface of revolu- 
tion whose axis is one of the codrdinate axes. 


170. Ruled surfaces. A surface generated by a moving straight 
line is called a ruled surface. If the equations of a straight line 
involve an arbitrary constant, then the equations represent a sys- 
tem of lines which form a ruled surface. If we eliminate the 
parameter from the equations of the line, the result will be the 
equation of the ruled surface. 


For if (#1, ¥1, 21) satisfy the given equations for some value of the parameter, 
they will satisfy the equation obtained by eliminating the parameter, that is, the 
coordinates of every point on every line of that system satisfy that equation. 


Cylinders and cones are the simplest ruled surfaces. 


Ex. 1. Find the equation of the surface generated by the line whose 


equations are 1 
ae+y=kz, Jat rie 


Solution. We may eliminate k from these equations of the line by multi- 
plying them. This gives 
(1) a? — 42 = 22) 
This is the equation of a cone (Theorem V, p. 385) whose vertex is the origin. 


As the sections made by the planes « = k are circles, it is a cone of revolution 
whose axis is the X-axis. 
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We may verify that the given line lies on the surface (1) for all values 
of k as follows: 
Solving the equations of the line for x and y in terms of z, we get 


sal(est)n yel(e-2)s 


Substituting in (1), we obtain 


1 1\2 1 1 
= (6 ) we (x ya = 22 
Al ae 4 k ; 
an equation which is true for all values of k and z, as is seen by removing 


the parentheses. Hence every point on any line of the system lies on (1), 
since its coordinates satisfy (1). 


Ex. 2. Determine the nature of the surface z? —3z% + 8y=0. 


Solution. The intersection of the surface with the plane z=k is the 
straight line (Rule, p. 345) 


k8—8ke+8y=—0, z=h. 


Vy 


‘Sa 98 Ge 


Hence the surface is the ruled surface generated by this line as k varies. 
To construct the surface consider the intersections with the planes « = 0 and 
x = 8 whose equations are respectively 


oO. Sy + 250 and 18, Sy —M2+28=0. 


Joining the points on these curves which have the same value of z gives 
the lines generating the surface. 
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PROBLEMS 


1. Find the equations of the surfaces of revolution generated by revolving 
the following curves about the axes indicated, and construct the figures. 


(a) y2=4a—16, X-axis. Ans. y?+ 22=42—16. 
(b) 72+ 4y2 = 16, Y-axis. Ans. 42+ 4y2+ 22= 16. 
(c) @=42, Z-axis. Ans. x2 + y27= 42. 
(d) x2 — y2=16, Y-axis. Ans. 22 —y?+ z2=16, 
(e) 7? —y2 = 16, X-axis. Ans. x? — y?— 22=16. 
(f) y? + 22 = 25, Z-axis. Ans. «2+ y? + 22 = 25. 
(g) y2= 2 pz, Z-axis. Ans. A paraboloid of revolution, «2 + y? = 2 pz. 
ey? . 2 42 
Bye 7 beta ee Late Mee © 
(h) a + 7 1, X-axis. Ans. An ellipsoid of revolution, 2 oe i: + he als 
2 2 
(i) - - 5 =1, Y-axis. 


Hid y? g2 ne. 


a ob ag 
2 2 a 
() = a 1, X-axis. 
ae b2 a2 
Ans. An hyperboloid of revolution of two sheets, hae saa 1 


Ans. An hyperboloid of revolution of one sheet, 


2. Show that the following loci are either surfaces of revolution or ruled 
surfaces whose generators are parallel to one of the codrdinate planes. Con- 
struct and discuss the loci. 


(a) ye = 4a. (e) 492+ 47? — 2=16. 

(b) a2 —4y?4+ 22=0. (f) ay —22=0. 

(c) 2—ze+y=0. (g) v4 22=4. 

(d) wy + 2z=y. (h) (22+ 2)y=4a?(2a—y). 


8. Verify analytically that a sphere is generated by revolving a circle 
about a diameter. 

4. Show that the systems of spheres in problem 15, p. 382, may be gen- 
erated by revolving the systems of circles in Theorem VIII, p. 144, about 
the X-axis. 

5. Find the equation of the surface of revolution generated by revolving 
the circle «2 + y2 —2ax+ a2 —r?=0 about the Y-axis. Discuss the sur- 
face when a>r, @=r,anda<r. 

Ans. (#2 + y2?+ 2+ a? —17°)2= 4 a? (a2 + 22), When a>r the surface 
is called an anchor ring or torus. 

6. Find the équations of the ruled surfaces whose generators are the 
following systems of lines, and discuss the surfaces. 


(a) e+ y=kh, k(e@—y)= a. Ans. x*—y? = a?. 
(b) 4% —2y=kz, k(4u+4 2y) =z. Ans. 1642 —4y? = 22. 
(c) ©—2y=4kz, k(x —2y) =4. Ans. w—4y?=162z. 


(d) e+ ky +4z2=4k, ku —y—4kz=4, Ans. «2+ y?—1622= 16, 
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7. Find the equation of the cone whose vertex is the origin and whose 
elements cut the circle x? + y2=16, z= 2. Ans. 2+ y%—422=0. 


8. Find the equations of the cones of revolution whose axes are the 
coordinate axes and whose elements make an angle of ¢ with the axis of 
revolution. Ans. y2?+ 22 = 2? tan2¢; 22+ 22 = y? tan?¢; 22+ y2 = 22 tan? ¢. 

9. Find the equations of the cylinders of revolution whose axes are the 


coordinate axes and whose radii equal r. 
Ans. y2+ 2=77; 22+ g2= 72; 92 4+ 2 = 72, 


CHAPTER XXI 


TRANSFORMATION OF COORDINATES. DIFFERENT 
SYSTEMS OF COORDINATES 


171. Translation of the axes. 


Theorem I. The equations for translating the axes to a new 
origin O'(h, k, l) are 


(1) ex=ae'+h, y=yt+k eg=2'4+2 


Proof. Let the coédrdinates 
of any point before and after 
the translation of the axes be 
(a, y, 2) and (a', y', 2') respec- 
tively. Projecting OP and 
OO'P on each of the axes 
(Theorem II, p. 328), we get 
equations (1). Q.E.D. 


172. Rotation of the axes. » 


Theorem II. Jf «,, Bi, y13 %2) Bo, y2, aNd as, Bs ys are respec- 
tively the direction angles of three mutually perpendicular lines 
OX', OY', and OZ', then the equations for rotating the axes to the 
‘position O-X'Y'Z' are 
a =a! cosa,+y! cos a, + 2! Cos az, 
(iI) y =a! cos B, + y' cos B, +2! cos Bs, 
z=a' cosy, +y! cosy, + 2! cos y;.* 


* By Theorem III, p. 330, and Theorem VI, p. 335, we see that the direction cosines of 
OX’, OY’, and OZ satisfy the six equations 
cos? a, + cos? B, + cos? y, = 1, COS A, COS Ay + COS B; COS By + COS y; COS y, = 0, 
COS? ay + COS? By + COs? y. = 1, COS Ay COS Az + COS By COS Bz + COS yy COS ys = 0, 


cos? az + COs? Bz + Cos? ys = 1, COS ag COS a, + COS Bz COS By + COS yz COS y,; = 0. 


Hence only three of the nine constants in (II) are independent. 
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Proof. Let the codrdinates of any point P before and after 
the rotation of the axes be respec- 
tively (a, y, 2) and (a', y', z'). Pro- 
jecting OP and OA'BR'P on each of 
the axes OX, OY, and OZ, we get, by 
Corollary I, p. 328, and Theorems I 
and II, p. 328, equations (II). a.x.p. 


Theorem III. The degree of an equa- 
tion is unchanged by a transforma- 


tion of codrdinates. 


Hint. Show that any transformation of codrdinates may be effected by applying 
Theorems I and II successively, then that the degree cannot be raised by changing to new 
coordinates, and finally that it cannot be lowered. 


PROBLEMS 


1. Transform the equation 2?+4 y2—4274-2y—4z+1=0 by trans- 
lating the origin to the point (2, —1, —1). Ans. 2+ y2—4z=0. 

2. Transform the equation 57?+8y2+522-—4yz2+820+4ay—424+2y 
+4z=0 by rotating the axes to a position in which their direction cosines 
are respectively 2, 2, 4; +, —2, 2; 2,-—+, —2. Ans. 322+ 3y2= 22. 

3. Formulate a rule by which to simplify a given equation (a) by trans- 
lating the axes, (b) by rotating the axes. How many terms may, in general, 
be removed from a given equation by a general transformation of codrdinates ? 


4. Derive the equations for rotating the axes through an angle @ about 


(a) the Z-axis, (b) the X-axis, (c) the Y-axis. L= x’ cosé — y’ sind, 
Ans. (a) i = 2’ siné + y’ cos86, 
PST 


5. Simplify the following equations by translating the axes or by rotating 
them about one of the codrdinate axes. 


(a) 2+ y2 22-62 —8y+4+10z2=0. Ans, x27+ y? —22=0. 
(b) 3a? — 8ay —3y?—5224+5=0. Ans. v2 —y?+22=1. 
(c) y2+ 42% -16% —6y+16z24+9=0. Ans. y2+ 422=162. 

(d) 2”? — by? —522-6yz=0. Ans. x? — 4y? — 22=0. 


(e) 9a? — 25 y2+16 22— 242% 80%—60z2=0. Ans. 22 —y?=4z. 
6. Show that Ax + By + Cz + D=0 may be reduced to the form x = 0 
by a transformation of codrdinates. 


Hint. Remove the constant term by translating the axes, then remove the z-term 
by rotating the axes about the Y-axis, and finally remove the y-term by rotating about 
the Z-axis. 
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7. Show that the ry-term may always be removed from the equation 
Ag? + By? + Cz? 4+ Fry + K=0 by a rotation of the axes. 


8: Show that the yz-term may always be removed from the equation 
Ag? + By? + Cz? + Dyz + K=0 by rotating the axes. 


9. What are the direction cosines of OX, OY, and OZ (Fig., p. 392) 
referred to OX’, OY’, and OZ’? What six equations do they satisfy ? 


10. Show that the six equations obtained in problem 9 are equivalent to 
the six equations in the footnote, p. 391. 


11. If (a, y, z) and (2, 9’, 2’) are respectively the codrdinates of a point 
before and after a rotation of the axes, show that 


w+ y+ 2= art y+ 2%, 


173. Polar coérdinates. The line OP drawn from the origin 
to any point P is called the radius vector of P. Any point P 
determines four numbers, its radius vector p and the direction 
angles of OP, namely, a, 8, and y, which are called the polar 
coordinates of P. 

These numbers are not all independent 
since @, B, and y satisfy (III), p. 330. If two 


are known, the third may then be found, but 
all three are retained for the sake of symmetry. 


Conversely, any set of values of 
p, a, 8, and y which satisfy (III), 
p. 330, determine a point whose polar 
coérdinates are p, a, 8, and y. 

Projecting OP on each of the axes, 
we get, by Corollary I, p. 328, and Theorem I, p. 328, 


Theorem IV. The equations of transformation from rectangular 
to polar codrdinates are 


(IV) x=pcosa, y=pospf, z= pcosy. 
From Theorem (IV), p. 331, we obtain 
(l) pPrawtty te 


which expresses the radius vector in terms of a, y, and 2. 
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174. Spherical codrdinates. Any point P determines three 
numbers, namely, its radius vector p, the angle @ between the 
radius vector and the Z-axis, and the angle @ between the pro- 

jection of its radius vector on the 

XY-plane and the X-axis. These num- 

bers are called the spherical coordinates 

of P. 6 is called the colatitude and ¢ 
the longitude. 
Conversely, given values of p, 6, and ¢ 
X determine a point P whose spherical 
coordinates are (p, 0, ¢). 
Projecting OP on OA, we get 
A OM = psin 8, 


and then projecting OP and OMP on each of the axes, we obtain 


Theorem V. The equations of transformation from rectangular 
to spherical codrdinates are 


(V) x =psinOcos¢, y=psin@singd, z= pcos8. 
The equations of transformation from spherical to rectangular 
coérdinates may be obtained by solving (V) for p, 6, and ¢. 


175. Cylindrical coordinates. Any point P (a, y, z) determines 
three numbers, its distance 2 from the 
XY-plane and the polar codrdinates (7, $) 
of its projection (a, y, 0) on the XY-plane. 
These three numbers are called the cylin- 
drical coordinates of P. Conversely, three 
values of r, @, and 2 determine a point 
whose cylindrical coédrdinates are (7, ¢, 2). 
From Theorem I, p. 155, we have at once ¥ ‘A 


ia 


Theorem VI. The equations of transformation from rectangular 
to cylindrical codrdinates are 


(VI) x=rosd, y=rsingd, 2=2. 
The equations of transformation from cylindrical to rectangu- 
lar coordinates may be obtained by solving (VI) for 7, ¢, and 2. 
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PROBLEMS 


1. What is meant by the ‘‘locus of an equation”’ in the polar codrdinates 
p, &, B, and 7? in the spherical coérdinates p, 6, and ¢? in the cylindrical 
coordinates 7, ¢, and z? 


2. Show that the locus of an equation in polar coérdinates is symmét- 
rical with respect to the pole if only the form of the equation is changed 
when p is replaced by —p; with respect to one of the codrdinate planes 
if only the form of the equation is changed when a is replaced by z — a, 
68 by x — B, ory by x —y. Under what conditions will it be symmetrical 
with respect to each of the rectangular axes ? 


3. Find rules by which to determine when the locus of an equation in 
spherical or cylindrical codrdinates is symmetrical with respect to the origin, 
each of the rectangular axes, and each of the coérdinate planes. 


4. How may the intercepts of a surface on the rectangular axes be found 
if its equation in polar coordinates is given? if its equation in spherical 
coordinates is given ? if its equation in cylindrical codrdinates is given ? 


5. Transform the following equations into polar coérdinates. 


(a) £2 + y? + 22 = 26. ANS) p=" Ds 

(b) 22 + y2—22=0. Ans. =4. 

(c) 202 — y2— 22=0. Ans. a = cos-!4 V3. 
6. Transform the following equations into spherical coérdinates. 

(a) a+ y24+ 22=16. ANS spl 4. 

(b) 242+ 8y=0. Ans. = tan—1(— 4). 
(c) 8027 + 38 y?2 = 722. Ans. 6=tan-1t4 V21. 
7%. Transform the following equations into cylindrical coérdinates. 

(a) 5&—y=0. Ans. ¢=tan—15. 

(b) 22 +7? = 4. Ans 1 — 2: 


8. Find the equation in polar coérdinates of 
(a) a sphere whose center is the pole. 
(b) a cone of revolution whose axis is one of the codrdinate axes. 
Ans. (a) p=constant ; (b) a=constant, 8 = constant, or y = constant. 


9. Find the equation in spherical coérdinates of 


(a) a sphere whose center is the origin. 
(b) a plane through the Z-axis. 
(c) a cone of revolution whose axis is the Z-axis. 
Ans. (a) p=constant; (b) ¢= constant; (c) @ = constant. 
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10. Find the equation in cylindrical codrdinates of 


(a) a plane parallel to the X Y-plane. 
(b) a plane through the Z-axis. 
(c) a cylinder of revolution whose axis is the Z-axis. 
Ans. (a) z= constant; (b) ¢ = constant; (c) r = constant. 


11. In rectangular codrdinates a point is determined as the intersection 
ofthree mutually perpendicular planes (p. 326). Show that 


(a) in polar coérdinates a point is regarded as the intersection of a sphere 
and three cones of revolution which have an element in common. 

(b) in spherical codrdinates a point is regarded as the intersection of a 
sphere, a plane, and a cone of revolution which are mutually orthogonal. 

(c) in cylindrical coédrdinates a point is regarded as the intersection of 
two planes and a cylinder of revolution which are mutually orthogonal. 


12. Show that the square of the distance between two points whose polar 
cobrdinates are (p1, @1, 81, 1) and (p2, G2, Be, v2) is 
v2 = py? + po” — 2 pip2 (COS @1 COS &2 + COS fy COS Bz + COS ¥1 COS 2). 
13. Find the general equation of a plane in polar coérdinates. 
Ans..p(Acosa+ Bcos 8+ C cosy) + D=0. 


14. Find the general equation of a sphere in polar codrdinates. 
Ans. p?+ p(Gcosa+ Hceoss+Icosy)+ K=0. 


CHAPTER XXII 


QUADRIC SURFACES AND EQUATIONS OF THE SECOND 
DEGREE IN THREE VARIABLES 


176. Quadric surfaces. The locus of an equation of the second 
degree, of which the most general form is 


(1) Ax? +By?+C# 4+ Dyz+Hea+Fry+Go+Hy+lz+K =0, 


is called a quadric surface or conicoid. 


Theorem I. The intersection of a quadric with any plane is a 
conic or a degenerate conic. 


Proof. By a transformation of codrdinates any plane may be 
taken as the X Y-plane, x = 0, and referred to any axes the equa- 
tion of a quadric has the form (1) (Theorem III, p. 392). Then 
the equation of the curve of intersection referred to axes in its 
plane is (Rule, p. 345) 


Ag’? + Fry + By? + Ga + Hy +K=0, 


and the locus is therefore a conic or a degenerate conic (Theo- 
rem XIII, p. 196). Q.E.D. 


Corollary. The intersection of a cone of revolution with a plane 
is an ellipse, hyperbola, or parabola according as the plane cuts ail 
of the elements, is parallel to two elements (cutting some on one side 
of the vertex and some on the other), or is parallel to one element 
(cutting all the others on the same side of the vertex). 


Theorem II. The intersections of a quadric with a system of par- 
allel planes are, in general, similar contes. 


Proof. By a transformation of codrdinates one of the planes 
of the system may be taken as the X Y-plane, and hence the equa- 
tion of the system is z=, while that of the quadric has the 

397 
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form (1) (Theorem ITI, p. 392). Hence the equation of the curve 
in which the plane z = & intersects the quadric is (Rule, p. 345) 


(2) Ax?+Foay+By?+(Ek+G)e+(Dk+A)y+Ck?+Ik+K=0. 


For different values of & this equation represents a system of 
similar conics* (Corollary I, p. 295). Q.E.D. 


177. Simplification of the general equation of the second degree 
in three variables. If equation (1) be transformed by rotating 
the axes (Theorem II, p. 391), it can be shown that the new axes 
may be chosen so that the terms in yz, zx, and xy drop out and 
hence (1) reduces to the form 


Ale? + Bly? + Cl? 4+ Gle+ Hyt+l'z+K'=0. 


Transforming this equation by translating the axes (Theorem I, 
p. 391), it can be shown that the axes may be chosen so that the 
transformed equation has either the form 


(1) Aq? + B"y? a C"y2 = een — 0 
or the form 
(2) Allg? ae Bye at ["z = 0. 
If all of the coefficients in (1) and (2) are different from zero, 


(1) and (2) may, with a change in notation, be respectively written 
in the forms 


2 
(3) 448 ee a, 
aM Ne 
(4) mtg 


* If the invariants of (2) (Theorem VIII, p. 275) for two different values of & are respec- 
tively A, H, ® and A’, H’, 0’ then in order that the conics be similar the value of A given 

H’ 1 HS 

y = — — must be a real number. 
@’ 2 @ 

All the sections will belong to the same type because A will have the same sign for all 
values of k. If the sections are ellipses, H and © have opposite signs (Theorem IX, p. 277) 
and A will be real. The same is true if the sections are parabolas (p. 279). If the sections 
are hyperbolas, then, in general, for values of / between certain limits the hyperbolas will 
be similar, and for the remaining values of k, exclusive of the limits, the sections will also 
be similar (compare problem 3, p. 296). 
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The purpose of the following sections is to discuss the loci of 
these equations,* which are called central and non-central quadrics 
respectively. 

{f one or more of the coefficients in (1) or (2) are zero, the locus 
is called a degenerate quadric. 


If K” = 0, the locus of (1) is a cone (Theorem V, p. 385) unless the signs of A”, 
BY”, and C” are the same, in which case the locus is a point, namely, the origin. 

If one of the coefficients A”, B’, and C” is zero, the locus is a cylinder (Theo- 
rem IV, p. 383) whose elements are parallel to one of the axes and whose directrix 
is a conic of the elliptic or hyperbolic type (p. 195). If A” = 0, the locus will be a 
pair of intersecting planes or a line. 

If two of the coefficients A”, B”’, and O” are zero, the locus is a pair of parallel 
planes (coincident if K” = 0) or there is no locus. 

If one of the coefficients in (2) is zero, the locus is a cylinder (Theorem IV, p. 383) 
whose directrix is a parabola or a degenerate central conic. 

If two of the coefficients are zero, the locus is a pair of coincident planes. 
(A” and B” cannot be zero simultaneously, as the equation would cease to be of 
the second degree.) 


PROBLEMS 

1. Construct and discuss the loci of the following equations. 
(2) 9:2? — 364? + 422= 0, (e) 4y? — 25 = 0. 
(b) 1602 —4y? — 22 =0. (f) 8y?+722=0. 
~(¢) 422+ 227—16=0, (g) 8y2?+ 25z=0. 
(d) y2 — 927+ 36 =0. be eo =. 

2 92 
2. Discuss the locus of the equation aS oi oe +—=0 (a) if all the 


' signs agree; (b) if two signs are positive. When will i locus be a cone of 
revolution about the X-axis? the Y-axis? the Z-axis? 

3. Show geometrically by means of Theorem I that the sections of a 
cylinder whose equation is of the second degree made by planes cutting all 
of the elements are conics of the same type. Show also that the orthogonal 
projection on a plane of an ellipse is an ellipse; of an hyperbola is an hyper- 
bola; and of a parabola is a parabola. 

4. Show how to find the equations of the projections of a curve upon the 
coordinate planes by means of their projecting cylinders. 

5. Prove the Corollary to Theorem I by determining the nature of the 
intersection of the cone 2? + y? = tan?y - z? with the plane wv = tanB-z+ 0. 

6. Prove the Corollary to Theorem I by transforming x? + y? = tan? y - 2? 
by rotating the axes about OY through an angle @ and considering the sec- 
tions formed by the plane 2 = k if 6 2 y 


* There is a locus unless all of the coefticients of (3) are negative, when there is no locus, 
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2 


2 
178. The ellipsoid 4+ 4% 
ab 


s+ - =1. Ifall of the coefficients in 
(3), p. 898, are positive, the locus is called an ellipsoid. A discus- 
sion of its equation gives us the following properties. 

1. The ellipsoid is symmetrical with respect to each of the 
coérdinate planes and axes and the origin (Theorem IV, p. 346). 
These planes of symmetry are called the principal planes of the ~ 
ellipsoid. 

2. Its intercepts on the axes are respectively (Rule, p. 346) 


1 de ee 


The lines 4A'= 2a, BB'= 26, CC'= 2e are called the axes of 
the ellipsoid. 

3. Its traces on the principal planes are the ellipses ABA'B’, 
BCB'C', and AC A'C', whose equations are (p. 346) 


4, The equation of the curve in which a plane parallel to the 
XY-plane, z = k, intersects the ellipsoid is (Rule, p. 345) 


2 2 fe 2 g 
(1) 2+§=1-5. or. =——— + _ 7 —_ = 1 


The locus of this equa- 
tion is an ellipse, and for 
different values of & the 
ellipses are similar. If & 
increases from 0 to e, or 
decreases from 0 to —e, 
the plane recedes from the 
X Y-plane, and the axes of 
the ellipse decrease from 
2a and 26 respectively 
to 0 when the ellipse degenerates (p.195). Ifk >cork<—e, 
there is no locus, and hence the ellipsoid lies entirely between 
the planes z =+. 


SOIMaVAY TYYINAD 
SZOOYS OA FO propoqg.od AzT qooys auo JO prlopoqaod APT prosdyyay 


I aLviIg 
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In like manner the sections parallel to the YZ- and ZX-planes 
are similar ellipses whose axes decrease as the planes recede, and 
the ellipsoid les entirely between the planes x=+a and y=+0. 
Hence the ellipsoid is a closed surface. 

If a=4, the section (1) is a circle for values of & such that 
—¢<k<e, and hence the ellipsoid is an ellipsoid of revolution 
whose axis is the Z-axis. If 6 =c¢ or ¢ =a, it is an ellipsoid of 
revolution whose axis is the X- or Y-axis. 

If a =b =c, the ellipsoid is a sphere, for its equation may be 
written in the form 2? + y? + 2?= a”. 


2 2 2 
179. The hyperboloid of one sheet “ ue a 2, " —1. If two of 


the coefficients in (3), p. 398, are positive and one is negative, the 
locus is called an hyperboloid of one 
sheet. Consider first the equation 


iin y” wy 


(1) ee a 


A discussion of this equation gives 
us the following properties. 

1. The hyperboloid is symmetrical 
with respect to each of the codrdinate 
planes and axes and the origin (Theo- 
rem IV, p. 346). 

2. Its intercepts on the X- and 
Y-axes are respectively (Rule, p. 346) 


ea, yeah b, 


but it does not meet the Z-axis. 
3. Its traces on the coérdinate planes (p. 346) are the conics 


2 2 


Bee y 
De OUR A si 


Mea as o 
of which the first is the ellipse whose axes are 4A'= 2a and 
BB'= 2b, and the others are the hyperbolas whose transverse 
axes are BB' and A4' respectively. 
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4. The equation of the curve in which a plane parallel to the 
XY-plane, z = k, intersects the hyperboloid is (Rule, p. 345) 
2 2 2 
(2) 2 +4=14+5) or at 
3 (e +h?) 2 (c? + k?) 

The locus of this equation is an ellipse. If & increases from 
0 to o, or decreases from 0 to — w, the plane recedes from the 
XY-plane, and the axes of the ellipse increase indefinitely from 
2a and 26 respectively. Hence the surface recedes indefinitely 
from the X Y-plane and from the Z-axis. 

In like manner the sections formed by the planes x = k! and 
y = k" are seen to be hyperbolas. As k' and k" increase numer- 
ically the axes of the hyperbolas decrease, and when k!=+ a or 
k''=+ 6, the hyperbolas degenerate into intersecting lines. As 
k' and k" increase beyond this point, the directions of the trans- 
verse and conjugate axes are interchanged, and the lengths of 
these axes increase indefinitely. 


If either system of hyperbolas is projected orthogonally on the codrdinate 
plane to which the planes of the hyperbolas are parallel, the projected system 
will have the appearance of the system on p. 201. 


The hyperboloid (1) is said to “le along the Z-axis.” 
The equations 
i a a? 2 22 
2 it BE Pegs as ps 
are the equations of hyperboloids of one sheet which lie along 
the Y- and X-axes respectively. 

If a = 4, the hyperboloid (1) is a surface of revolution whose ~ 
axis is the Z-axis, because the section (2) becomes a circle. The 
hyperboloids (8) will be hyperboloids of revolution if a =e and 
b =c respectively. 

2 

180. The hyperboloid of two sheets _ sae If only 
one of the coefficients in (3), p. 398, is positive, the locus is 
called an hyperboloid of two sheets. Consider first the equation 

a? yy? 2? z 


(1) 5-43-51 


a UE Ge 
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1. The hyperboloid is symmetrical with respect to each of the 
coordinate planes and axes and the origin (Theorem IV, p. 346). 

2, Its intercepts on the X-axis are x =+a, but it does not 
cut the Y- and Z-axes. 

3. Its traces on the XY- and XZ-planes (p. 346) are respec- 
tively the hyperbolas 

2. 2 2 2 
f-fa S-2- 
which have the same transverse axis 4A'= 2a, but it does not 
cut the YZ-plane. 

4. The equation of the curve in which a plane parallel to 
the YZ-plane, « = k, intersects the hyperboloid of one. sheet is 
(Rule, p. 345) 

2 2 - 
Ea eee ae ee 
“ae 1a) oe (kK? — a) 

This equation has no locus if -a<k<a. Ifk=xa, the 
locus is a degenerate ellipse, and as & increases from a@ to , or 
decreases from — a to — », the 
locus is an ellipse whose axes 
increase indefinitely. Hence the 
surface consists of two branches 
or sheets which recede indefi- 
nitely from the YZ-plane and 
from the X-axis. 

Jn like manner the sections formed by all planes parallel 
to the X¥Y- and ZX-planes are hyperbolas whose axes increase 
indefinitely as their planes recede from the codrdinate planes. 

The hyperboloid (1) is said to “lie along the X-axis.” 

The equations 


ee x 
) Se ee on ee ree 


are the equations of hyperboloids of two sheets which lie along 
the Y- and Z-axes respectively. 
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If b=c, c=a, or a2=b, the hyperboloids (1) and (2) are 
respectively hyperboloids of revolution. 

It should be noticed that the locus of (3), p. 398, is an ellipsoid if all the terms 
on the left are positive, an hyperboloid of one sheet if but one term is negative, 
and an hyperboloid of two sheets if two terms are negative. If all the terms on 
the left are negative, there is no locus. If the locus is an hyperboloid, it will lie 
along the axis corresponding to the term whose sign differs from that of the other 
two terms. r 


PROBLEMS 


1. Discuss and construct the loci of the following equations. 


(a) 4227+ 9y? + 1627 =144. (e) 922-7? +927 = 36. 
(b) 422 + 9y? — 1622 = 144. (f) 2 —422-4y?=16. 
(c) 42? -—9y*? —16227=144. (g) 162? + y? + 1622 = 64. 
(d) 2? + 16y? + 2 = 64. (bh) 2#+7?-—2= 25. 
2. For what values of k or will the sections of the hyperboloid of one 
2 afk. of 
sheet, eee formed by the planes s=k or y=¥ be similar 
a c 2 2 2 
hyperbolas? the hyperboloid of two sheets ot = ? 
a c 


3. Show analytically that the intersection of an ellipsoid with any plane 
is a conic of the elliptic type. 


4. Show analytically that the section of an hyperboloid of (a) one sheet, 
(b) two sheets formed by a plane passing through the axis along which the 
hyperboloid lies, is an hyperbola. 


2 2 2 
5. Show that + _ e _ = = (Az + By + Cz)? is the equation of the cone 
c 


b2 
whose vertex is = origin which passes through the intersection of the 
2 
ellipsoid 2+e +251 and the plane Az + By + Cz=1. 
if cil ag i! 
(4-5 1 (pele Sgt PY (eet a 
6. Show that z (5 +Y¥ (3 =) +2 = 5) =0 is the equa- 


tion of the cone whose oe is the origin which passes through the 
intersection of the ellipsoid and the sphere z? + y? + z2 = r?. 


7. If, in problem 6,a>6>c and r= 65, show that the cone degenerates 
into a pair of planes whose intersections with the ellipsoid are circles. What 
is the nature of the cone ifr=a? ifr=c? 


8. Find the equations of the planes whose intersections with the ellipsoid 
9a? + 25y? + 1692? = 1 are circles. Ans. 44=+12z+k. 
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9. Find the equation of the cone whose vertex is the oe which passes 
y? g2 


through the intersection of (a) the hyperboloid of one sheet = _ ree eae fe 
c 
22 2 
(b) the hyperboloid of two sheets ce + Zs =1 with re sphere 2? + y2 
a c 


+22=y7%. For what value of r will the cone degenerate into a pair of planes 
whose intersections with the hyperboloid are ae: ? 


Ans. (@ya(—-S)+y (5-4 a a(s +5 =0;r=aifa>b. 


o)#(4-4 -P(5+5 5) -2 (Gt i 0; noreal value ofr. 


10. Find the equations of the two systems of planes whose intersections 
with (a) an ellipsoid, (b) an hyperboloid of one sheet, (c) an hyperboloid of 
two sheets, are circles. 


181. The elliptic paraboloid = ae = 2cz. If the coefficient 
of 7? in (4), p. 398, is mane ne locus is called an elliptic 
paraboloid. A discussion of its Z 
equation gives us the following 
properties. 


1. The elliptic paraboloid is 
symmetrical with respect to the 
YZ- and ZX-planes and the Z-axis 
(Theorem IV, p. 346). 

2. It passes through the origin 
(Theorem III, p. 345) but does not 
intersect the axes elsewhere (Rule, 


p- 346). 
3. Its traces on the codrdinate planes (p. 346) are respectively 
the conics 
a 7? x 2 
Bt pO ieee dae) as 2%, 


of which the first is a degenerate ellipse (p. 195) and the others 
are parabolas. 

_ A. The equation of the curve in which a plane parallel to the 
XY-plane, z= k, cuts the paraboloid is (Rule, p. 345) 


aye 


a? ao y 
. =+0- 2ck, or dark t beh 
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The curve is an ellipse if ¢ and & have the same sign, but there 
is no locus if ¢ and & have opposite signs. Henee, if ¢ is positive, 
the surface lies entirely above the XY-plane. If & increases 
from 0 to #, the plane recedeS from the X¥-plane and the axes 
of the stipes increase indefinitely. Hence the surface recedes 
indefinitely from the XY-plane and from the Z-axis. 

In like manner the sections parallel to the YZ- and ZX-planes 
‘are parabolas whose vertices recede from the X¥Y-plane as their 
planes recede from the codrdinate planes. 

The loci of the equations 

2 2 
(1) ait qa Zan, Zt hathy 
are elliptic paraboloids which lie along the X- and Y-axes 
respectively. 

If a=4, the first surface considered is a paraboloid of revolu- 
tion whose axis is the Z-axis; and if b=c¢ and a=c, the parab- 
oloids (1) are surfaces of revolution whose axes are respectively 
the X- and Y-axes. 

An elliptic paraboloid lies along the axis corresponding to the term of the first 


degree in its equation, and in the positive or negative direction of the axis 
according as that term is positive or negative. 


2 
182. The hyperbolic paraboloid ——  —2ez. If the coeffi 
a 


cient of 7 in (4), p. 398, is negative, the locus is called an hyperbolic 
paraboloid. 

1. The hyperbolic paraboloid is symmetrical with respect to - 
the YZ- and ZX-planes and the Z-axis (Theorem IV, p. 346). 

2. It passes through the origin (Theorem III, p. 345) but does 
not cut the axes elsewhere (Rule, p. 346). 

3. Its traces on the coordinate planes (p. 346) are respectively 
the conics : . 

y C 

Ao es 
of which the first is a degenerate i art, (p. 195) and the 
others are parabolas. 


. ee ey 
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4. The equation of the curve in which a plane parallel to the 


_XY-plane, z =k, cuts the paraboloid is (Rule, p. 345) 


on y? we 
UD ak = Fetch = 

The locus is an hyperbola. If ¢ is positive, the transverse axis 
of the hyperbola is parallel to the 
X- or Y-axis according as k is posi- 
tive or negative. If & increases 
from 0 to o, or decreases from 0 
to — o, the plane recedes from the 
XY-plane and the axes of the 
hyperbolas increase indefinitely. 
Hence the surface recedes indefi- 
nitely from the X¥Y-plane and the 
Z-axis. The surface has approximately the shape of a saddle. 

In like manner the sections parallel to the other coédrdinate 
planes are parabolas whose vertices recede from the X¥Y-plane as 
their planes recede from the coérdinate planes. 

The loci of the equations 


L 


Ge Une 


ah Att y? 
are hyperbolic paraboloids lying along the Y- and X-axes 
respectively. 


An hyperbolic paraboloid also lies along the axis which corresponds to the 
term of the first degree in its equation. 


PROBLEMS 
1. Discuss and construct the following loci. 
(a) y2+22=472. (c) 92% — 42? = 288 y. 
(b) y? — 22 = 42. (d) 1622+ 22= 64y. 


2. Prove that the parabolas of the systems obtained by cutting (a) an 
elliptic paraboloid, (b) an hyperbolic paraboloid by planes parallel to one 
of the coérdinate planes, are all equal. 

3. Show analytically that any plane parallel to the axis along which 
(a) an elliptic paraboloid, (b) an hyperbolic paraboloid lies, intersects the 
surface in a parabola. 
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4. Show analytically that any plane not parallel to the axis of an elliptic 
paraboloid intersects the surface in an ellipse. 


5. Show analytically that any plane not parallel to the axis of an hyper- 
bolic paraboloid intersects the surface in an hyperbola. 


6. Find the equation of the cone whose vertex is the origin which passes 
2 4/2 
through the intersection of the paraboloid = — = = 2cz and the sphere 
e+ y24+ 2 = 272. es : 
(ee PY Mapai) Veep acm 
Ans. & ( e)+y (G c) C—O, 
7. By means of problem 6 find the equations of two systems of planes 
whose intersections with the paraboloid are circles. 
183. Rectilinear generators. The equation of the hyperboloid 
of one sheet (p. 401) may be written in the form 
ae 2 
(1) ap ee: 
Gi wate 6? 
As this equation is the result of eliminating * from the equa- 
tions of the system of lines 


ge y\. © @ iy 
e+ ian(1 +3), a ==3(1 i); 


the hyperboloid is a ruled surface (p. 387). Equation (1) is also 
the result of eliminating & from the equations of the system of 


lines Aree y PO ce y 
f+ fax(1-$), ere 


and the hyperboloid may therefore be regarded in two ways as a 
ruled surface. 

In like manner the hyperbolic paraboloid contains the two 
systems of lines 


I Lp Leena 

Gene ho Gob iE 

d we IS oT SSE 
an te kz, i i 


These lines are called the rectilinear generators of these surfaces. 
Hence 

Theorem III. The hyperboloid of one sheet and the hyperbolic 
paraboloid have two systems of rectilinear generators, that is, they 
may be regarded in two ways as ruled surfaces. 


PLATE II 


Elliptic Paraboloid Hyperbolic Paraboloid 


NONCENTRAL QUADRICS 


Hyperboloid of one sheet Hyperbolic Paraboloid 


RULED QUADRICS 
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MISCELLANEOUS PROBLEMS 


1. Construct the following surfaces and shade that part of the first inter- 
cepted by the second. 
(a) w+ 4424+ 922 = 36, a2 4 y? 4+ 22 = 16. 
(b) 2? + y? + 22 = 64, a2 + y2 —8a=0. 
(c) 402+ y2-—42=0, a4 4y?2— 22-0, 
2. Construct the solids bounded by the surfaces (a) 2? + y? = a2, z= ma, 
2=0; (b) 2+ y2=a2, 07+ y2=2ax, z=0. 
8. Show that two rectilinear generators of (a) an hyperbolic paraboloid, 
(b) an hyperboloid of one sheet, pass through each point of the surface. 


4. If a plane passes through a rectilinear generator of a quadric, show 
that it will also pass through a second generator and that these generators do 
not belong to the same system. 

5. The equation of the hyperboloid of one sheet (p. 401) may be written 

2 2 
in the form A — = =1- eS By treating this equation as we treated equa- 
c a 
tion (1), p. 408, we obtain the equations of two systems of lines on the sur- 
face. Show that these systems of lines are identical with those already 


obtained. 

6. Show that a quadric may, in general, be passed through any nine 
points. 

7. Ifa>b>c, what is the nature of the locus of 

2 2 22 
SUE | lee 

if \>a?? if a? >rA>b2? if Be>A>c?? if A<c?? 

8. Show that the traces of the system of quadrics in problem 7 are confocal 
conics. 

9. Show that every rectilinear generator of the hyperbolic paraboloid 


1 


ees = 2cz is parallel to one of the planes = + Le ( 
02 Cam 

10. Prove that the projections of the rectilinear generators of (a) the 
hyperboloid of one sheet, (b) the hyperbolic paraboloid, on the principal 
planes are tangent to the traces of the surface on those planes. 

11. A plane passed through the center and a generator of an hyperboloid 
of one sheet intersects the surface in a second generator which is parallel to 
the first. 

12. Show how to generate each of the central quadrics by moving an 
ellipse whose axes are variable. 

13, Show how to generate each of the paraboloids by moving a parabola. 


CHAPTER XXIII ; 


RELATIONS BETWEEN A LINE AND QUADRIC. APPLICA- 
TIONS OF THE THEORY OF QUADRATICS 


184. The equation inp. Relative positions of a line and quadric. Con- 
sider any equation of the second degree, whose locus is a quadric surface, 
degenerate or non-degenerate, and a line whose parametric equations are 
(Theorem V, p. 369) 


(1) ZT=%+pcosa,y=yitpcosp, 2=—21+pcosy. 


If these values of x, y, and z satisfy the equation of the quadric, then the 
point P(x, y, z) on the line (1) will also lie on the quadric. Substituting 
from (1) in the equation of the quadric and arranging the result according 
to powers of p, the result is a quadratic 


(2) : Ap? + Bo +C=0 


whose roots are the directed distances from P(x, ¥1, 21) to the points of 
intersection of the line (1) and the quadric. The quadratic (2) is called 
the equation in p for the given quadric (compare § 94, p. 235). Hence we 
have the 

Rule to derive the equation in p for any quadric. 

Substitute the values of x, y, and z given by (1) in the equation of the quadric 
and arrange the result according to powers of p. 


Denoting the discriminant of (2), B2 — 4 AC, by A, it is evident from 
Theorem II, p. 3, that 

(a) the line is a secant of the quadric if A is positive. 

(b) the line is tangent to the quadric if A is zero. 

(c) the line does not meet the quadric if A is negative. 


If C=0, one root of (2) is zero (Case I, p. 4), and henée P, lies on the quadric. 

If B =0, the roots of (2) are numerically equal with opposite signs (Case II, p.4) and P, 
is the middle point of the chord formed by (1). 

1f A =0, one root of (2) is infinite (Theorem IV, p. 15) and the line is said to intersect 
the quadric at infinity. 

If B= C=0, both roots are zero (Case III, p. 5) and the line is said to be tangent to the 
quadric at P,. 

If A = B=0, both roots are infinite and the line is said to be tangent to the quadric at 
infinity. 

If A= B= C=0, any number is a root of (2), and hence all points on the line lie on the 
quadric (conipare p, 226), 

410 
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PROBLEMS 


1. Determine the relative positions of the following lines and quadrics. 
(a) ©= —6+ 2p, y=6—2p,2=38—1p, 4+ y2?+42=16. 

Ans. Secant. 
(b) c= $p, y=9+3p,z=1—Fp, y2+422=82. Ans. Do not meet. 
(c) ©=44 2p, y=—24+ 2p,2=54 4p, 2+ y2+ 22 = 36. 

Ans. Tangent. 
(d) e=341V3p, y=E+iV8p, 2=—-2—-1VBp, 2 2=2y. 


Ans. Line lies on quadric. 
Bei OP eae 


a » U2 + 4y2— 22 _47=—0. Ans. Secant. 
(e) 9 3 6 ae a20) n 
Cole ye et 
f =%= 241 4y2 — 9 22 = 36, 
Somos 51° OY = 


Ans. Secant with one point of intersection at infinity. 


2. Find the condition that the line x =2+pcosa, y=1-+ pcosB, 
2=—1+pcosy should be tangent to the paraboloid 22 — y2+3z=0. 
Ans. 4cosa —2cos6B —3cosy =0. 


3. Find the condition that Pj (#1, y1, 21) should be the middle point of the 
chord of the hyperboloid 2? — y? + 4z? = 16 formed by the line x = x + 2p, 
y= Yi —1p, 2=21— 2p. Ans. 2% +y,—-8%=0. 


185. Tangent planes. Consider the elliptic paraboloid 


v2 y? 
(1) Gee a 
and the line 
(2) - @=%+pcosa, y=yitpcosp, z=2%+ pcosy. 


Substituting from (2) in (1), we obtain the equation in p (p. 410) 


cos? @  cos?B - 2, COSa  y,cosB 
(3) ( a2 = b? e+ 2 a a 2 c-cosy )p 
ay 2 
es 


Tf P; (x1, Yi, 21) is to lie on (1), and (2) is to be tangent to (1) at Pi, both 
roots of (8) must be zero, and hence (Case III, p. 5) 


a ue 


%CoSa@  y,cosB we ma 
(4) x + 7 —ccosy=0, at ey a 
Solving (2) for the direction cosines, we get 
(5) cosa ==, cosp =2—™, cosy = = —*1. 
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Substituting from (5) in the first of equations (4), we get 


a@i(t—%) | y(y—1) _ ¢(%@ = %) 
ap bp p 


(6) 


as the condition that P(x, y, z) should lie on a line tangent to (1) at Pi. 
Simplifying (6) by means of the second of equations (4), we obtain 
LL 
(7) oY Val ee + 24). 
This is the equation of a plane (Theorem IJ, p. 349). Hence all of the 
lines tangent to (1) at P, lie in a plane which is called the tangent plane. 
This method may be summed up in the 


Rule to derive the equation of the plane which is tangent to a quadric at a 
given point Py (x1, 1, 21): 

First step. Derive the equation in p and set the coefficient of p and the 
constant term equal to zero. 

Second step. Solve the parametric equations of the line for its direction 
cosines and substitute in the first equation obtained in the first step. 

Third step. Simplify the equation obtained in the second step by means of 
the second equation obtained in the first step. The result is the required 
equation. 


By means of this Rule we obtain 
Theorem I. The equation of the plane which is tangent at P (x1, y1, 21) to the 


é OF Be Hye YY eye 
central quadric 4e ot be + aia lis + a + P + Ps 1; 
a z Hye Yu 
non-central quadric % + Y-2cz is 2 Wy = ¢c(2 + 2). 


Qe = be a b2 
Theorem II. The equation of the plane which is tangent to any quadric at 
P3 (1, Y1, 21) is found by substituting xx, yiy, and 22 for x, y?, and 22; 
(ye + Gy), &(Z1y + Y1z), and 4 (1% + 21x) for xy, yz, and zx; and (x +), 
4 (y+ y1), and 4(z + 2) for x, y, and z in the equation of the quadric. 


186. Polar planes. If P; is a point on a quadric, the equation of the 
tangent plane at P; may be found by Theorem II. If P, is not on the quad- 
ric, the plane found by Theorem II is called the polar plane of Py, and P, is 
called the pole of that plane. 

In particular, the polar plane of a point on a quadric is the plane tangent 
to the quadric at that point, and the pole of a tangent plane is the point of 
tangency. 


187. Circumscribed cones. All of the lines passing through a point not 
on a given quadric which are tangent to the surface form a cone which is 
said to be circumscribed about the quadric, 
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Ex.1. Find the equation of the cone circumscribed about the ellipsoid x2 + 3 y? 
+ 3z%= 9 whose vertex is the point P; (4, — 2, 4). 


Solution. The parametric equations of any line through P, are (Theorem V, 
p. 369) 


(1) %*=4+pcosa, y=—2+ pcosB, z=4+ pcosy. 


Substituting these values of x, y, and z in the equation of the ellipsoid, we obtain 
the equation in p 


(2) (cos?a@ + 3cos*B + 3 cos? y) p? + (8 cos @ — 12 cosB + 24 cosy) p + 67 = 0. 


If (1) is tangent to the ellipsoid, then [(), p. 410] 
(8) (8cos a — 12 cos + 24 cos y)2 — 4-67 (cos? a + 3 cos?B + 3 cos? y) = 0. 


Ql 


Solving (1) for the direction cosines, substituting in (3), and multiplying by p?, 
we get 
(4) [8(@@—4)—12(y + 2) + 24(z — 4)]? — 268[ (x — 4)? ++ 3(y + 2)?+3(z—4)7] =0 
as the condition that P (x, y, z) should lie on a line passing through P; which is 
tangent to the ellipsoid. Hence (4) is the equation of the required cone. 

That the locus of (4) is really a cone whose vertex is P, is easily seen by moving 


the origin to P; and applying Theorem V, p. 385. 
In constructing the figure, two divisions on each axis were taken for the unit. 


The reasoning employed in the solution of Ex. 1 justifies the 


Rule to find the equation of the cone whose vertex is P (a1, Y1, 21) which 
circumscribes a given quadric. 

First step. Derive the equation in p and set its discriminant equal to zero. 

Second step. In the result of the first step substitute the values of the direc- 
tion cosines of a line through P, obtained from the parametric equations of the 
line. The result is the required equation. 
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PROBLEMS 


1. Prove that the plane of the two rectilinear generators which pass 
through any point on a ruled quadric is the tangent plane at that point. 


2. Prove that every plane which passes through a rectilinear generator of 
a ruled quadric is tangent to the quadric at some point of that generator. 


3. Prove analytically that every plane tangent to a cone passes through 
the vertex. 


4. Prove that the polar plane of any point in a given plane passes through 
the pole of that plane. 


5. Prove that the pole of any plane which passes through a given point 
lies in the polar plane of that point. 


6. Prove that the curve of contact of a cone circumscribed about a 
quadric lies in the polar plane of the vertex. 


7. Show how to construct (a) the polar plane of a point outside of a 
quadric, (b) the pole of a plane which cuts the quadric, (c) the polar plane of 
a point within a quadric, (d) the pole of a plane which does not meet the 
quadric. 

8. Show that the polar plane of a point P, with respect to a sphere is 
perpendicular to the line drawn from the center to Py. 


9. Show analytically that the polar plane of a point P, with respect to a 
central quadric recedes from the center as P, approaches the center, and 
conversely. 


-10. Show that the distances from two points to the center of a sphere are 
proportional to the distances of each of these points from the polar plane of 
the other. 


11. Show how the ideas of ‘‘polar reciprocal curves” and ‘polar recip- 
rocation’’ with respect to a conic may be generalized to ‘‘ polar reciprocal 
surfaces’’ and ‘‘ polar reciprocation ’’ with respect to a quadric. 


12. What is the polar reciprocal of a cone or cylinder with respect toa _ 
sphere ? of a plane curve ? : 


18. Generalize problem 7, p. 320, for polar reciprocation with respect to 
a quadric. 


14. Prove a the eR. p from the origin to the plane which is tangent 


Steck iS we 
he ell = ao = : 
to the e ipsoid = se B —- =1 at P, is given by uae + bf ot 
15. Prove that the Ae Ax + By + Cz + D = 0 is tangent to the ellipsoid 
2 
“++ SH 1 it Ata? + Be 4 C28 = D 


\ 
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16. The locus of the point of intersection of three mutually perpendicular 
tangent planes to an ellipsoid is a sphere whose radius is a2 + b2 + c?. 


Hint. From problem 15 we get the equations of three tangent planes. Square and 
add these equations, making use of the conditions that the planes shall be mutually 
perpendicular. 

te Rape that the plane Aw + By + Cz + D=0 is tangent to the parabo- 


loid © — ca ne = 2cz if A2a%c + B2b2c = 2 CD. 


18. Show that the locus of the point of intersection of three mutually 
perpendicular tangent planes to a paraboloid is a plane. 


The line perpendicular to a plane which is tangent to a surface 
at the point of tangency is called the normal to the surface at 
that point. 


19. Find the equation of the normal to each of the quadrics at a point P,. 


20. If the normal to an ellipsoid at P; meets the principal planes in A, B, 
and C, then P,A, P,B, and P,C are in a constant ratio. 


21. Find the equation of the cone circumscribing a paraboloid whose 
vertex is Pj (1, Y1, 21)- 


.22. Find the equation of the cylinder circumscribing an ellipsoid if the 
direction angles of the elements of the cylinder are a, B, and y. 


188. Asymptotic directions and cones. If the coefficient of p? in the 
equation in p for any quadric is zero, one root is infinite (Theorem IV, p. 15), 
and the line meets the quadric in one point which is at an infinite distance 
from P,. The direction of such a line is called an asymptotic direction. It is 
evident that a line having an asymptotic direction of a quadric meets the 


; eadme in but one point in the finite part of space. 


It is easily proved that the coefficient of p? is formed by substituting 
cos a, cos 8, and cosy for x, y, and z in the terms of the second degree in 


- the equation of the quadric (compare the footnote, p. 236). Hence the 


direction cosines of the asymptotic directions of the non-degenerate quadrics 


a? y® gh wy? 
tatptanh az —b2 


Ce 


respectively satisfy the equations 


cos?a@ cos? cos? cos?a@  cos?8 
(1) === SE ee 0) SS SE — = 
a2 b2 c2 qQ2 b2 
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By considering the number of sets of real numbers satisfying these | 
equations for the various combinations of signs we obtain 

Theorem Ill. The hyperboloids and the hyperbolic paraboloid have an — 
infinite number of asymptotic directions, the elliptic paraboloid has one, and 
the ellipsoid has none. 


The lines passing through a given point P(x, ¥1, 21) which have the 
asymptotic directions of a quadric will, in general, form a cone. The 
equation of this cone for the hyperboloid of one sheet 


(2) 


is found as follows. The direction cosines of an asymptotic direction 


satisfy the equation 
cos?@ . cos?B cos? 


(3) + = 0. [by (1)] 


a b2 C2 


If the equations of a line through P are 


(4) LT=%m+pcosa, y=%+pcosp, 2=21,+pcosy, 
then 

v— _ zZ—2 
(5) cos @ = a cosp = 4% Le 08 aa 


Substituting in (8) and multiplying by p?, we get 


(« — %1)? nec CEN aig owl 
a2 b2 7) 


(6) 


as the condition that P(z, y, z) should lie on a line through P, which has an 
asymptotic direction of (2). Hence (6) is the equation of the cone whose 
vertex is P; and whose elements have the asymptotic directions of (2). 


That (6) is really the equation of a cone is verified by translating the origin to P,. 


In general, we have the 


Rule to find the equation of the cone of asymptotic directions of a quadric 
whose vertex is a given point. 

Set the coefficient of p* in the equation in p equal to zero, and substitute the. 
values of the direction cosines derived from the parametric equations of the 
line. 

If the coefficients of p? and p in the equation in p are both zero, then both 
roots are infinite * (Theorem IV, p. 15) and the line is called an asymptotic 
line. 


* This assumes that the constant term is not zero. If the constant term is zero, 
P, lies on the quadric, and when the coefficients of p? and p are both zero, any number 
is a root and the line lies entirely on the quadric. 


LINE AND QUADRIC y 417 


’ 


Let P; be any point not on the hyperboloid (2) and let us seek the condi- 
tions that a, 8, and y must satisfy if the line (4) is an asymptote. 
The equation in p for the hyperboloid is 


COs? & cos? B a con) ot i ne cos @ a Yi Cos B = ae 
a2 2 C2 a2 b2 2 


ahi Ope! > ae ) 
—+— ———-1)=0. 
ne = b2 c2 


If (4) is an asymptote, then, by definition, 


cos?a@ cos’ cos? 11 COS & cos 21 COS 
(7) SE ae LEED (ge UiCOR ee eceOsy eS 


q? 2 C2 a2 62 c2 


These are therefore the conditions which a, B, and y must satisfy. Equa- 
tions (7) can be solved for cos @ and cos 
in terms of cosy and there will be two 
solutions which may be real and unequal, 
real and equal, or imaginary, and from these 
we can determine two sets of numbers to 
which cosa, cos, and cosy are propor- 
tional. Hence there will pass through P, 
either two asymptotes, one, or none. 

But if Hy H= 9% = %y= 0, that is, if Ps is 
the center of the hyperboloid, the second of 
equations (7) is true for all values of a, B, 
and y; and as the first of equations (7) is 
identical with (3), we see that the elements 
of the cone of asymptotic directions whose 
vertex, is the center (0, 0, 0) are all asymp- 
totic lines. From (6) the equation of this cone, which is called the asymptotic 
cone, is seen to be 


Hence we have 


Theorem IV. The equation of the asymptotic cone of the hyperboloid of one 
sheet 
Cem Pae ets ae a ee 
a oe eins a 
The figure shows the hyperboloid (2) in outline and its asymptotic cone 
which lies entirely within the surface. As the hyperboloid recedes to infinity 
it approaches closer and closer to its asymptotic cone in the same way that 
an hyperbola approaches its asymptotes (Theorem IX, p. 190). 
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In like manner we may prove the following theorem. 


F x bots ae Ali 
_hyperboloid of two sheets a eae oe ane a= 9; 
; : P gy a we 
hyperbolic paraboloid A age 2cz is a BR —) > 


The latter cone degenerates into a pair of intersecting planes. 


PROBLEMS 


1. Show that a plane perpendicular to the axis of an hyperbolic parab- 
oloid intersects the surface in an hyperbola whose asymptotes form the 
intersection of the plane with the asymptotic cone. 


2. Show that a plane passing through the axis of an hyperboloid inter- 
sects the surface in an hyperbola whose asymptotes form the intersection of 
the plane with the asymptotic cone. 

Hint. Rotate the axes about the axis of the hyperboloid. 


3. Show that the asymptotic directions of any quadric are determined 
by the locus of the equation obtained by setting the terms of the second 
degree equal to zero. 

4, Show that a plane passing through the center and a generator of an 
hyperboloid of one sheet is tangent to the asymptotic cone. 


5. Show that any plane parallel to an element of the asymptotic cone of 
an hyperboloid intersects the hyperboloid in a parabola. 


6. Show that a plane tangent to the asymptotic cone of an hyperboloid 
cuts the hyperboloid in two parallel lines. 


7. Show that every asymptotic line of an hyperboloid is parallel to an 
element of the asymptotic cone and lies in the plane tangent to the cone 
along that element. 
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8. By means of problem 7 show how to construct the asymptotic lines 
of an hyperboloid which pass through any point P; other than the center. 
Show that there will be two, one, or no asymptotic lines through P, 
according as P, is outside of, on, or inside of the asymptotic cone. 


9. Show that the hyperboloids ~ — 4% _# aro ai 
: ow tha e yperboloids = — % — = — land — at at age! 
have the same asymptotic cone. How are they situated relative to this cone ? 
10. Show that two asymptotes of an hyperbolic paraboloid pass through 
every point not on the asymptotic cone, and that each of these lines is par- 


allel to one of the planes which form the cone. 


189. Centers. A point Pj (a1, y1, 21) is a center of symmetry of a quadric 
if it is the middle point of every chord passing through it. In order that P,; 
shall be the middle point of a chord, the roots of the equation in p must be 
equal numerically with opposite signs, and hence (Case II, p. 4) the coefficient 
of p must be zero. The coefficient of p in the equation in p for the general 
equation of the second degree is easily seen to be 

(2 Az, + Fy; + Hz, + G)cosa 
+ (Fa; + 2 By; + Dz; + H)cosB + (Hx; + Dy; + 2 Cz; + I) cosy. 

This is zero for all lines passing through P,, that is, for all values of 
cos a, cos 8, and cosy, when and only when the three parentheses are zero. 
Setting these parentheses equal to zero and solving for 21, y1, and 21, we obtain 
the coordinates of the center. 

By means of the discussion in § 163, p. 374, we see that a quadric may 
have a single center, that there may be no center, or that all of the points 
of a line or of a plane may be centers. 

190. Diametral planes. The locus of the middle points of a system of 
parallel chords of a quadric is found to be a plane which is called a diametral 


plane. 
Consider the ellipsoid 


(1) ates 5 +5 


and the system of parallel lines 
(2) Z=%+pcosa, y=Yyitpcosp, z=21+pcosy. 


These equations represent a system of parallel lines if z,, y,, and z, are arbitrary 
while a, B, and y are constant. 


The equation in p for (1) is 
(3) (“= cos?B cos? “)p a4 2(# cosa@ . y,cosB i Z1 COSY a 


a? b2 c2 a2 “ b2 


Oe Ope Tota se 
ea Sastre) EA 
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If P; is the middle point of the chord of (1) formed by the line (2), then 
the roots of (38) must be numerically equal with opposite signs ; and hence 


(Case II, p. 4) 
COSA Y1,COSB 2 Cosy 
(4) a2 Fi 52 + 2 


is the condition that P; shall be the middle point of the chord. 
But (4) is the condition that P; should lie in the plane 


=a, 


ZCosSa , ycosB . Zcosy _ 
a? b? ve a a 
and this is therefore the equation of the locus of the middle points of all 
chords whose direction angles are a, 8, and y. 
By proceeding in this manner with the other quadrics we obtain 


Theorem VI. The equation of the diametral plane bisecting all chords whose 
direction angles are a, ee and y i the 


: Rs . ,xcsa  ycosp bia fa 
central quadric —+—+—=1is As 
q == a2 =p tes Ge a’ + b2 an 
, ? _ «cosa ycosB ts 
non-central quadric = + ae =2¢z 18 = ae ccos y. 
PROBLEMS 


1. Determine geometrically the number of centers of each of the types of 
quadrics and degenerate quadrics. 


2. Find the equation of the diametral plane of the locus of the general 
equation of the second degree bisecting all chords whose direction angles are 
a, B,y. From the form of the equation prove that the plane passes through 
the center of the quadric if there is a center. 


3. Prove that every plane through the center of a central quadric or 
parallel to the axis of a paraboloid is a diametral plane, and find the direc- 
tion cosines of the chords which it bisects. 


4. The line of intersection of two diametral planes is called a diameter. 
Show that a central quadric has three diameters such that the plane of any 
two bisects all chords parallel to the third. Such lines are called conjugate 
diameters, and the plane of any two is said to be conjugate to the third. 


5. Find the equation of the plane which bisects all chords of (a) a cen- 
tral quadric, (b) a paraboloid, which are parallel to the diameter passing 
through a point P; on the quadric. 

6. The planes tangent to a quadric at the extremities of a diameter are 
parallel to the conjugate diametral plane. 
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7. The sum of the squares of the projections of three conjugate semi- 
diameters of an ellipsoid on each of the axes of the ellipsoid is constant. 


Hint. Let P,, P., and P; be the extremities of three conjugate diameters. Find the 
conditions that these points are on the ellipsoid and that any two are on the plane 
conjugate to the diameter through the third. Then show that 
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are the direction cosines of three mutually perpendicular lines, and that if these lines 
be chosen as axes, then 
1, 2 Xs Yr Yo, Ys 
aaa De te 


are also the direction cosines of three lines. Then apply Theorem III, p, 330. 
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8. By means of problem 7 show that the sum of the squares of three 
conjugate semi-diameters of an ellipsoid is equal to a? + b* + c?, 
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INDEX 


Abscissa, 24 

Absolute invariant, 270 
Algebraic equation, 17; curve, 72 
Anchor ring, 389 

Arbitrary constant, 1 

Auxiliary circle, 206 


Cardioid, 158, 258, 302 

Center of similitude of circles, 296 
Central conic, 188; quadric, 399 
Cissoid of Diocles, 253, 263, 299 
Complete quadrilateral, 123 
Conchoid of Nicomedes, 251 
Condition for tangency, 230 
Confocal conics, 203 

Congruent figures, 281 

Conicoid, 397 

Conjugate diameters of quadrics, 420 
Cubical parabola, 72 

Curtate cycloid, 259 

Cycloid, 256 


Degenerate ellipse, 195; hyperbola, 
195; parabola, 196; quadric, 399 

Direction cosines of a line, 123, 330, 
864 

Director circle, 261 

Discriminant of the equation of a 
circle, 181; of the general equation 
of the second degree, 265; of a 
quadratic, 2 


Epicycloid, 259 
Equations of a transformation, 281 


Euclidean transformation, 281 
External angle, 121 


Fixed point, 285 
Focal radii of conics, 193, 194 
Four-leaved rose, 263 


Graph of an equation, 83 


Homothetic figures, 291 
Hyperbolic spiral, 249 
Hypocycloid, 259; of four cusps, 257 


Intercepts, 73 

Internal angle, 121 

Invariant, 270; line, 288; point, 285 
Involute of a circle, 259 


Latus rectum, 181 

Lemniscate of Bernoulli, 153, 248, 
262, 300 

Limagon of Pascal, 258, 262, 302 

Limiting points of a system of circles, 
144 


Normal to a curve, 210; length of, 
214; to a surface, 415 


Ordinate, 24 
Orthogonal circles, 143; systems of 
circles, 308 


Parabolic spiral, 263 
Parameter, 1 
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Peaucellier’s Inversor, 309 Subnormal, 214 
Point-cirele, 131 Subtangent, 214 
Polar reciprocal curves, 313, 317 
Prolate cycloid, 259 Torus, 389 

Traces of a surface, 346 
Radian, 19 Transcendental equation, 17 
Radical axis, 137, 382 Transformation, 281 
Reciprocal spiral, 249 Trisectrix of Maclaurin, 303 
Self-conjugate triangles, 319 Vertex of a conic, 174, 175 
Semicubical parabola, 209 
Spiral of Archimedes, 249 Witch of Agnesi, 250 


Strophoid, 262, 263, 301 
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MATHEMATICAL TEXTS 


Edited by PercEy F. Smiru, Ph.D., Professor of Mathematics in the Sheffield 
Scientific School of Yale University 


ELEMENTS OF THE DIFFERENTIAL AND INTEGRAL CAL- 


CULUS (Revised Edition) . . . 6 BWM 9G oad oo aeyO) 
By W. A. Ceanier : 

ELEMENTS OF ANALYTIC ant eae ae neath Sth ag telson Serer) 
By P. F. Smiru and A. S. Gate 

NEW ANALYTIC GEOMETRY. ... 5 SO ch GO. eo Or, tt HK) 
By P. F. Smit andes S. Gus 

UNCRODU ELON TOVANALYTICIGEOMEDRY =9 5% 5 5 0. «1-25 
By P. F, Smiru and A. S. Gate 

ELEMENTARY ANALYSIS .. . Gah Ooo tae Sasso) 

By P. F. Smiru and We i eae 
AM DNYVINIG BOP AEN IONS] 9G Ge to po oo Go oe oe oe Belo) 


By H. E. Hawkes 


TEXTBOOK ON THE STRENGTH OF MATERIALS ees 
Edition) .. : 3.00 
‘Bys. E, ict aad Es he Hiamoce 


PROBE MowN DHE oDRENGLH OF MATERIALS «9. . 5 . 1.25 
By Witi1am Kent SHEPARD 


PLANE AND SPHERICAL TRIGONOMETRY AND FOUR- 


PEACH ELABIER S1ORMLOGARTGDE NUS aes) aaxkubl fle) a0 ve ee2s 
By W. A. GRANVILLE 
PUANE AND SPHERICAL TRIGONOMETRY «= 3 . « = «= = _ 5:00 


By W. A. GRANVILLE 
PLANE TRIGONOMETRY AND FOUR-PLACE TABLES OF 


OG ATOMMEUN Samm ee ese cate GRC) ee Gif om fetis, " 1L00 
By W. A. GRANVILLE . 
EOUR:PEACH LABEESION LOGARIDHMS  . s «01 =. « « 50 
By W. A. GRANVILLE 
THEORETICAL MECHANICS... Hea ote eee 
By P. F. Smiru AaeeWe R. Des 
PLANE GEOMETRY... . 9 ote 6 — Hoe) 
By WILLIAM Bere aad ELarenson E. Wes 
FIRST COURSEAN ALGEBRA .... oe tee £200: 
By EH. E. Hawkes, Witiiam A, Lusy, and ane C. TOUTON 
SECOND COURSE IN ALGEBRA .. . 3 +0 75 
By H. E. Hawkes, Wrviiam A. Lusy, oad ee C. TouTon 
COMPLETE SCHOOL ALGEBRA .. . 5 ae 


By H. E. Hawkes, Wrxiiam A. Lusy, and Beare c Tourn 
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NEW ANALYTIC GEOMETRY 


By Prercey F. Smitu, Professor of Mathematics, Sheffield Scien- 
tific School, Yale University, and ARTHUR SULLIVAN GALE, 
Professor of Mathematics, University of Rochester 


12mo, cloth, 342 pages, illustrated, $1.50 


HE “ New Analytic Geometry ”’ aims to meet the present- 

day demand for a text which will provide adequate and 
thorough preparation for the calculus and applied mathematics. 
The subject matter which it presents differs in many important 
respects from that included in the current textbooks on the 


subject. Some distinctive features are the following: 


The simplicity and directness of the proofs. 

The numerous tables to assist in calculations. 

The large number of tested problems and the omission of answers 
to these when any useful purpose is served. 

The attention given to curve plotting, including applications to the 
graphical solution of transcendental equations, to sketching sine curves, 
motion curves, and other transcendental curves used in engineering. 

A chapter on the setting up and graphical study of functions arising 
from concrete problems. ; 

The concise treatment of the parabola, ellipse, and hyperbola, and 
the general equation of the second degree, and the description of the 
importance of these curves in the arts. 

The expression of the simpler formulas in determinant form. 

The variety of locus problems and the use of parametric equations 
in solving them and in curve plotting. 

The attention paid to the careful sketching of loci in space. 

A chapter on the derivation of empirical equations to fit observed 
data. 
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RECENT BOOKS IN HIGHER 
MATHEMATICS 


HIGHER ALGEBRA 


By Hersert E. Hawkes, Columbia University. $1.40 


A THOROUGH development of college algebra that will be found especially 
adapted for use in technical schools. The reasonable use of graphical methods, 
care in finding the limit of error in numerical computations, and the use of tables 
in extracting roots are all features in accord with modern instruction in applied 
mathematics. 


THEORY OF FUNCTIONS OF REAL VARIABLES 
By James Pierpont, Yale University. Vol. I, $4.50; Vol. II, $5.00 


“A. most admirable exposition of what in modern times have come to be re- 
garded as the unshakable foundations of analysis. Hitherto, in order to gain a 
knowledge of the best that has been done in the subject, it has been necessary 
to repair to foreign institutions ; now it is no longer necessary to have recourse 
to foreign tongues, thanks to Professor Pierpont’s simple and scholarly presenta- 
tion.” — The Nation. 


FUNCTIONS OF A COMPLEX VARIABLE 


By James Prirerront, Yale University. $5.00 


ADAPTED to the needs both of students of applied mathematics and of those 
specializing in pure mathematics. The elliptic functions and linear homogeneous 
differential equations of order two are treated, and the functions of Legendre, 
Laplace, Bessel, and Lamé are studied in some detail. i 


MATHEMATICAL THEORY OF INVESTMENT 


\ 


By Ernest Brown SKINNER, University of Wisconsin. $2.25 


THE mathematical material that will prove most useful to the modern educated 
business man. The book treats the theory of interest, both simple and compound, 
the theory of bond values, depreciation, sinking funds, the amortization of debts 
by various plans, inheritance taxes, old-age pensions, and life insurance. 


MATHEMATICAL THEORY OF HEAT CONDUCTION 


By L. R. InGErsot, University of Wisconsin, and O. J. ZopEL. $1.60 


A TEXT in Fourier’s Series and Heat Conduction, presenting along with the 
theory a large number of practical applications of special value to geologists and 
engineers. These include problems in the tempering of steels, freezing of con- 
crete, electric and thermit welding, and similar questions. The book presents 
an excellent first course in mathematical physics. 
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A TREATISE, ON THE 
DIFFERENTIAL GEOMETRY OF 
CURVES AND SURFACES 


By LUTHER P, EISENHART, Preceptor in Mathematics in Princeton University 


8vo, cloth, 474 pages, with diagrams, $4.50 


ISENHART’S “Differential Geometry” introduces the 

student to the methods of differential geometry, and to 
the theory of curves and surfaces developed thereby, in such 
a way that he will be prepared to read the more extensive 
foreign treatises and journal articles. The reader is supposed 
to possess a knowledge of the calculus, elementary differential 
equations, and the elements of coordinate geometry of three 
dimensions. Hence the first half of the book may be used with 
seniors, and the remainder will constitute a full-year course for 
graduate students. 

The method generally used is that of Gauss, common among 
German and Italian writers, but the kinematical method, fre- 
quently adopted in France, has been developed and applied 
where more feasible. This has been done not only because 
it furnishes the student with a powerful operator, but also for 
the reason that it develops geometrical thinking. 

There are several hundred problems, some of which are 
direct applications of the accompanying sections, but many 
are theorems which might properly be established in a more 
extensive treatise. 
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